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Abstract. Consider a single server queueing model wherein the server can take
two types of vacation, namely, type I vacation and type II vacation. The server
will take type I vacation / longer duration vacation, once the server completes
the service to all customers in the system and the server will take type II
vacation / shorter duration vacation, once the server finds the system empty
after returning from type I vacation. Also type Il vacation can be interrupted if
the number of customers in the system reaches some predefined thresholds.
The explicit analytical expressions of transient state probabilities are derived
using the generating function technique. To support the theoretical results, we

added numerical illustrations.
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1. Introduction

1.1 Literature Survey

In a real-time scenario, it is quite natural that the server will not be available
for a certain period of time due to sudden breakdown or due to the maintenance
work or when the server is involved in some other secondary task and so on. The
period during which server is unavailable is called vacation period of the server. The
vacation queueing model was introduced by Levy and Yechialli [8]. To know more
about the vacation queueing model, the readers may refer to Doshi [4,5], Takagi [14]
and Tian and Zhang [15]. Further, Servi and Finn [11] were the first to introduce the
idea of working vacation in an
M /M /1 queueing model.

Li and Tian [9] introduce the concept of vacation interruption for an
M/M/1 queue. Li, Tian and Ma [10] analyzed the GI/M/1 queue with working
vacations and vacation interruption. Zhang and Hou [17] dealt with the concept of
working vacations and vacation interruption in a M /G /1 queue. Ayyappan, Sekar and
Ganapathi [2] made a similar study in an M/M/1 retrial queue. Sreenivasan,
Chakravarthy and Krishnamoorthy [12] introduced the threshold concept in queueing
models wherein the server on vacation may be interrupted when the queue size

reaches some specified value, say N(1 < N < ).

In recent times, Ibe and Isijola [6] introduced a different type of vacation
called differentiated vacations in which a server can take two types of vacations: longer
duration vacation and shorter duration vacation. Longer duration vacation means at
the end of zero customers; the server can take a vacation of specific duration whereas
shorter duration refers to the short break post the longer duration vacation when the
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server has no customer in the queue. For example, in our mobile phones, the sleep
mode can be thought of as a differentiated vacation. Also, the reader may refer to
papers by Alouf, Altman, and Azad [1], Ibe and Isijola[7], Vijayashree and Janani [16]
and Suranga Sampath and Jicheng Liu [13] for an in-depth study on queues subject to
differentiated vacation.

One of the potential applications of vacation queueing model is in Wireless
Sensor Networks (WSN). WSN consists of several smaller devices called server nodes
with multiple energy levels and various computational limits. A massive task in
network design is minimizing energy consumption. To minimize energy consumption,
the vacation queueing model plays a vital role in modeling and analyzing the sensor
nodes (Boutoumi and Nawel Gharbi [3]). By considering the need for efficient energy-
saving schemes in WSN, Isijola and Ibe [7] introduced vacation interruption with
some threshold in differentiated vacation and derived the steady- state probabilities.

Certain other reallife situations are modeled according to this type of
vacation policy. For example, a doctor in the hospital might take short break of
specified duration amidst his busy schedule. However, there are situations wherein he
may be necessitated to extend his duration of non-availability to a longer time. Yet,
during an emergency need of the patient, the doctor’s vacation can be interrupted
depending upon the need. Similarly, the vacation of an active soldier may be
interrupted due to urgent defense needs and many more such practical scenario does
exist.

1.2 Importance of the considered model

Consider the sleep mode in IEEE 802.16E. The sleep modes in IEEE
802.16E power saving mechanism are of two types. The type 1 mode is based on
binary increasing sleep window size while the type 2 mode has constant sleep window
size. The Subscriber Station (SS) sleep mode mechanism is setup into repetitive sleep
cycles to save energy. The sleep mode technology run as follows. The SS
communicates with Base Station (BS) during busy period to send and receive data
packets. The SS stays in an idle state for some random duration if there is no data
traffic between SS and BS. Upon completion of idle state and still if there are no data
traffic between SS and BS, then the SS will send a message to BS requesting
permission to undergo sleep mode. After receiving mobile sleep response from BS
station, it goes to the sleeping mode. Also, the sleep mode can be interrupted with
some threshold when the data traffic is large. We have modelled the above scenario as
differentiated vacation queueing model with interruption and we derived the transient
probabilities of the same.

Most of the papers related to vacation queueing models provide only the
steady -state analysis. However, steady- state analysis cannot be applied to systems that
never approach equilibrium whereas transient analysis helps to analyse the system at
any arbitrary time. Therefore, in this paper, the transient analysis of an M /M /1queue
with differentiated vacation and partial interruption policy is addressed.

Furnished below are the details of the remaining sections of this paper.

e  Section 2describes the model

e  Section 3 provides the time-dependent probabilities of the model
e  Section 4 presents the numerical illustrations

e  Section 5 gives the concluding remarks
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2. Model Description

Consider a single server queueing model. The pattern of arrivals, service and
vacations are as follows.

e Arrivals follow Poisson distribution with parameter 4

e  Service time follow exponential distribution with parameter p

e  Vacation time follow exponential distribution with two different
parameters y;andy,for type I and type Il vacationrespectively

The server takes type | vacation once the server completes the service to all customers
in the system and the server takes type Il vacation once the server finds the system
empty after returning from type I vacation. Also, the type II vacation of the server can
be interrupted if the number of customers in the system reaches some predefined

threshold, say k.

Let x(t) represents the cumulative number of customers in the system
and JJ(t)denotes the server state. The state, J(t) = 0 refers to the functional state of
the server, JJ(t) = 1 refers to type 1 vacation state of the server and J(t) = 2 refers to
type 2 vacation state of the server. Then, (X(t),]](t)) defines a continuous time
Markov process with state space,
S={0,1)u02)Umj);n=12..;j=0,12} The pictorial representation of
the model is given in Figure 1.

Figure 1. Representation of the Model

The meaning of P, ;(t) is the time-dependent probability for the system to
be in state j with 1 customers at time t. Assume that initially, Py ;(0) = 1. Then,

Po(t) = —(u+ DPyo(t) + puPyo(t) + y2P1o(t) + 1 P11 (1), (2.1)
P‘r’l,()(t) =—(u+ A)Pn,o(t) + .UPn+1,0(t) + an—Lo(t) + V2P, () + ]’1Pn,1(t)i
n=23..(ky—1), (2.2)

Pp,o(6) = = (U + D) Py, () + APpy—1,0() + 1Ppey41,0() + V1 Pry 1 (0)
+ APy,-1,2(0), (2.3)
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Pro(®) = —(u+ D)Ppo(t) + puPpyy1o(t) + APp_16(t) + 1 Pps(t);

n=(ky+1),(ky+2) ...

Poi(8) = =(A+y1)Po(£) + uPyo(L),
Poa(®) = =(A+y)Pys(t) + APy 1 (0);in = 1,23, ..,
Po2(t) = —APo2 () +¥1Po (),

and

Pro(t) = —(A+v)Pyo(t) + AP, -1 ,(t);n = 1,2,3, ... (k, — 1).

3. Time Dependent Probabilities

(2.4)

(2.5)
(2.6)

2.7)

(2.8)

This section provides explicit analytical expressions for the time dependent
probabilities of the model described above. Taking Laplace transform of equations

(2.5) to (2.8) leads to

Sﬁo,l )=1-(1+ V1)130,1(5) + #131,0(5);
Sﬁn,l )=—-(A+ yl)pn,l(s) + Apn—m(s) ;n=123,..
Sﬁo,z(s) = _lpo,z(s) + ylﬁO,l(S)'

and

Spn,z (s)=—-@A+ Vz)pn,z (s)+ Mﬁn—m (s),n=1,23,..(k; — 1).

The above equations can be rewritten as,

~ 1 U ~
P = + P, (s),
01(5) s+A+y; s+A4y, 10(5)
B .(s) = A B_i.(s)= A Py,(s);n=1,23
mS S T Ay, Y T G p Ay 0N T A
~ % .
Po,z(s) = (S_’_—ll)POJ(S);
and
Pra(s) = —— By (8) = By ()
n2) = Ty, 2 T ) 02
= A1 P (sin=12..(k,—1
= GE DG ATy a®in=12.. (k=1

Substituting for 130'1 (s) from equation (3.1) in the above equations yields,
A N Au
(s+A+y)™t  (s+A1+y)ntt

Poa(s) = Bo(s) ;n =123, ..

5 _ V1 Vil 5
O P TCE v ol oury s youry g LA LI

and
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A'yq
+DGE+A1+y)(+A+y)m
+ A"y
E+DE+A1+y)E+A+y)"

Pn,z(s) =

p1,0(5)i

n=12..(k—1).  (3.4)

Taking inverse Laplace transform of the equations (3.1) to (3.4) gives,

Py (t) = e~ It 4 =yt Py, (1), (3.5)
At
Poa(8) == (e= @+t 4 pe=G4mlt s p () ;n = 12.. (3.6)
Py, (t) = yie ™M x (e_(“yl)t + lie_(Myl)t * P1,o(t))y 3.7
and

e—(/1+y2)ttn—1

(n—-1)!
e—(/1+y2)ttn—1
Tl | e T e —e e Pro(®) |3

n=12..(k, —1).(3.8)

Hence, all the vacation state probabilities (both type I and type II) are expressed in
terms of Py o(t).

Evaluation of P, o(t) forn=1,2..(k, — 1)

Define
ka—1

Q) = ) Pup(®)2",

then

0@ —

z,t ,

= Z Pl o(t)z".
n=1

Multiplying equation (2.1) by z and equation(2.2) by z™ and summing it over all
possible values of n, we get after some algebra,

dQ(z,t)
ot

- (—(A + 1) +g+ Az) Q(zt)

= —uP; (1) + ‘ukalo(t)Zkz—l - Asz_l,o(t)Zkz
kp—1 ko1

t V1 z P1(®)z" +v, Z P, (t)z™
n=1 n=1
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Upon integrating the above linear differential equation with respect to ‘t’, we obtain

Qz 1)

kp—1
t
= [ [ ~#Pio0) + 1Peo 0125 = APy, 0 0D2 412 Y Pas 2"
0 n=1
kp—1
+ P n | o= t-9) o (5+22)(t=9)
V2 n2 (V)2 |e ez dy. (3.9)
n=1

Ifa= ZWand B = \/%, then ex p (S + lz) t = Ym——(B2)"I,(at), where I,(t) is

the modified Bessel function of order n. Using the above fact in equation (3.9) and
hence comparing the coefficients of z" forn = 1,2,3....k, — 1 results in,

Ppo(t) = f —uPy o (V) B™, (alt — y))e~@HE gy
0

t
+ f 1Py, o B2 i (a(t — y)) e~ HHWE) gy
0

t
* f ~APu, o IB" Ly (@t = y))e @y
0

kp—1
t
+1 f Z Py B i (a(t — y))eHHWEDN gy
0 =
Koot

t
+7, f Z P (B i (a(t — y))e~HHWED gy
0 =31

1<n<k,—1(3.10)

Taking Laplace Transform on both the sides of the equation (3.10) leads to,

~ ~ w—-Vor—az) 1
Pn,o(s) = _HPLO(S) 2u o —a?
w— wz — (12 n—-ky+1 1
+ uP
#Piao(s) ( 2p ) Vo? —a?
~ w—vVw?—a? femm 1
) AP"“"’(S)( 2u ) Vot —a
= . w—vVw?—a? e 1
+ Z B,
"L w0 (5) =
= . w—Vw? — a? e 1
7. ) B (s>< ) —
2 - 1,2 2# (1)2 — 6(2

Substituting for P, ;(s) and P, ,(s) from equation (3.2) and equation (3.4) in the

above equation leads to,
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Puo(s) = —mPyo(s) (LY =) 1
n,OS_ I'l'l,OS 2# m

n-kp+1

~ w—Vw? — a? 1
+ .“sz,o(s) 21 07 — o2
1P w—Vw?—a? famm 1
- sz_l,o(s) 2u o — o2
kp—1 Iy
— 1
+y; Z (s+/1+y1)l+1(
i=
o) .
u s
1o 2u w? — a2

Aih
+DGE+A2+y)+A+7y,)0
+72 Z 5 3\ ;
I3) —a) 1

; . w —
=111 P
( + 4P (5)) ( 2u 7 — o2
n=123....k;—1 (3.11)

kp—1

With n = k, — 1 in equation (3.11), we get

Pry-10(9) (1 + Agip2(s))

R R 1
= —puPy(5)Go(s) + Py, o(5) N
+(1

kp—1

. Al
+,uP1_0(s)) Z <(S‘|';/—+V1)'+1

i=1

+ ratry ) Gi(s) (3.12)
GG+ A+1r)G+A+7,) ) I '

where

kp—1—i

5.(s) = (2= w? —al 1 i—o12 (k, — 1)
gi\s) = 20 m,l—,,... 2 .

Taking inverse Laplace transform for the equation (3.12), we get
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oo

Pa10® = Y (~Ag2®)”

j=0
* _.“PLo(t) * go(t) + Hpkz,o(t) * Io(“t)e_(“”)t
+(8() + uPo(®))
R amaertg
a [m’ ——a®
i=1 )
ka—1 ‘ e—(+r)tpi-1
+ Z O e G DT
i=1
N AGRRIP (3.13)
where
1 ky—1-i,—(A+wp)t :
g:(t) = W& 2 e Ly,—q-iat), i =012 ..k, — 1.

In a similar way, inverse Laplace transform of equation (3.11) results in,
a n
Ppo(t) = [_HPLO () * (Z) e~ (At I ((xt)]

a \Nk2t1
) e_a+”)t1n—kz+1(at)]

+#Pn® (5

: e
— |APi-1,0(t) * (ﬂ) e~ (it Iy, —n(at)

+[(60) + Py (®)

ko—1

e~ @Hytpi . - Grtyict
* Z (}’1,1’ — Vi Aie Mt x e~ 71)
i=1 L (l — 1)
a n-—i
* (E) e— @A+t IL_i(a)|;n=123....k,— 1

Hence,P,o(t), 1 <n <k, —1 is expressed in terms of Py, o(t), Py, , o(t)and
Py 4(t) in the above equation where Py,_; (t) is given by equation (3.13). Below, we
present the method of finding P, o(t) in terms of Py o(t)forn = ky, k, + 1, ...

Evaluation of P, o(t) forn = k;, k; + 1, ...

Define
B(z,t) = Z P, o()2",

n=~k,
then
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9B(zt) ~

= = an,o(t)zn.
n==k,

Multiplying equation (2.3) by z and equation(2.4) by z™ and summing it over all
possible values of n, we get after some algebra,
0B (z,t)
at

- (—(/1 +u) + g + Az) B(z,t)
= APy, o(®)z"2 + APy,  ,(£)z*2 — Py, o (£)z"2 71

11 ) Py

n=k,
After integrating the above equation with respect to ‘t’ leads to,

B(z,t)

t
= [ [ APrao@2 + 2Py 2075 = By o257
0

+7 Z Po.(t)z" e—(l+u)(t—y)e(%+lz)(t—y)dy.

(3.14)
n=k,
Along the similar lines as before, comparing the coefficients of z" for
n =k, k, +1... leads to,
Pn,O(t)
t
= [ 2By 0@l (e = y2)e Dy
0
t
[ APy s OIBH Iy (e = ) BNy
0
t
- f KPiy o B2 Iy, (a(t — ) e PN dy
0
t — .
+V1f Z Pi’l(y)ﬁ"_‘ln_i(a(t
0 iZk,
— y))e—(lﬂt)(t—y) dy. (3.15)

Taking Laplace transform for the equation (3.15), we get

~ - w—Vw? — a? nke 1
Poo(s) = APg,_10(s) | ————

2u Vo? = a?
~ w—vVw?—a? e 1
+ lsz—Lz(S) ( 2u ) Jol—a2
n—ky+1
B (s) w—Vw? - a? 1
a0t 21 Vor—a?
N iﬁ ©) w—Vw? — a? " 1
Y1 i1 S 2/.1 m

i=ky

Substituting for P, ; (s) and pk2—1,2 (s) from equation (3.2) and equation (3.4) in the

above equation leads to,
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Pn,O(S)
~ w—Vw?—a? nke 1
= AP, _
k> 1,0(5)( 2u ) Jorl—a2
s X2y, (14 pPio(s)) w—Vor—a?\""* 1
(+DE+2+y)(s+A+y)ke? 2u w? — a?
> > n—k,+1 1
. w—Vw?—a
—ubP

+ i i (14 1Pyo(s)) Rl (S S
7/1. - (s+ A4yt HPolS 2u Vo —az
1=Kz

n= kz, kz + 1, T (3.16)
With n = k, in equation (3.16), we get after simplification

Piyo () (1 + 1Gi,—2(5))

= Aﬁkz—l,o(s)

~ 1 A2y,
+(1+ uP.
( H 1.0(5)) VoZ—az(E+DE+A1+y)(+A+y)kt
+n Z A3, G17
i=k;,

where [;(s) =

_ 2_2k2_i
L (“’ Jol-a iz kg ky 41,

1
(s4+A+y)it+1 2u ) (\/mz—az)
Taking inverse Laplace transform for the equation (3.17), we get

Py, 0(t)

= Z (—#gkz—z (t))*j

j=0

#4 =APiyms,o(8) + e G (at) + (8(6) + uPyo(1))

e—(/1+yz)ttkz—2
% lkz)/l <e—(/1+;4)t10(a,t) % e—/lt % e—(/1+y1)t * —>

(ky — 2)!
+v i AL, (3.18)
i=k,
where
L) = %e‘(’”ﬂ)tlb_i(at) * @l =kyky+1... .

Substituting the equation (3.17) in equation (3.12) leads to,
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Prr-0() (14 201,2(5))
= _Hp1,o (5)go(s)

m| 1
) [APiy-10(8) —
w

— q?

+—H ( ug
E —HYGk,-2
\/wz—azm:O

Akzh
VoZ—az2(+D)(E+A1+y)(s+A+y,)ke1

+ (1 + uﬁllo(s))

1 ) ()

i=ky

+ (1
kp—1

FLo I LG+ 2+ )™

1’2/1!}’1 0 (3.19)
(s+/1)(s+l+y1)(s+l+y) ’ '

Taking inverse Laplace transform for the equation (3.19)

P _1,0(t)
= D F)
j=0

* | —uPyo(t) * go(t) + pe~ AW (at)

D (4G12®) "+ (5 + b))

m=0
©

e—(/1+yz)ttk2—2 )
x| A2y, (6_(’1“‘)”0 (at) * e~ x e~ (A+rDt 4 —(kz Y ) +7 Zc:(/llli(f))
1=Kz

k —_
271 ylﬂie_uﬂ'l)tti yz/l"e‘(’”h)tt"‘l

+ (6(t) + HP1,o(t)) * Z ( i + =1 x e M « e_(“yl)t)

i=1

*g;(8)], (3.20)
where

F(t) = Agk,-2(t) — <#9_(A+”)tlo (at) x e~ AW (at) * Z (_Hgkz—z(t))*m)-

m=0

In a similar way, substituting equation (3.12) in equation (3.17) leads to,
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pkz,o(s) (1 + UGk,-2 (3))

= P, o ()G (s) szzo ~AGiy2())

m

= 1
t Y —AGy,- z(s)) HPk2 o(s)
VoI —a? m:=:0 — 2

+(1
ko—1

. Y A
+HP1,0(5)) £, <(s+/1+]/1)i+1
}’2/1 Y1
(s+/1)(s+/'l+y1)(s+/1+y)

)ﬁi(s)

+(1

/1sz1
Vo —a2(+ D +A1+y)(s+ A+ y,)ket

+ Y1 Z Aiz\i(s) .

i=ks

+ HPLO(S))

Taking inverse Laplace transform of the above equation results in,
Peyo(®) = Y (<6(©)”
j=0
* [ =Py o (8) * go(2) * e~ HWE [ (at)

> (~2gi,20) " + =0+t (at)

m=0

«(5(t) + UP; o (t)) * (_'ugkz—Z(t))*m

L

ky—1
* Z 9:(t)

i=1

yllie_uﬂ/l)tti yz)lie‘(’1+1’2)fti‘1
’ ( il Y]
+(8(6) + uP,o(®))

* e—lt * e—(l+y1)t>

e—(l+y2)ttk2—2
% ﬂkzh <e—(l+u)t10(at) % e—lt * e—(/1+y1)t % —>

(ky = 2)!

©

1 ) (o) ||,

i=ky
(3.21)

where
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G(t) = UGi,—(t) — <#€_(“’mlo (at) * de= MWL (at) Z (—AGk,—2 (t))*m)

m=0

Also, the inverse Laplace transform of equation (3.16) yields

a n—k;
Poo(t) = [lpkz—m (t) * (ﬂ) e~(+ut I, (at)]
[ n-1

t
+ | e A x @AV 4 e‘(’“”z)tm * (8(t) + Pro(Dp)

>a n—k,
* (ﬁ) e~wry (at)]

a
2p

n-kp+1
— [Py, 0 (2) * ( ) e_(“#)tln—kzﬂ(“t)]

N _ tt _

+ Z Vllve_(“h)t._, * +Y1V2/1le_lt * (5(t) + P1,o(t)ll)
— i!

a n-i 2
* (E) e'( +it In_i(at).
Hence, Ppo(t), ky <1 < o is expressed in terms of P, _; o(t) and Py, o(t) which are
expressed in terms of Pjo(t) in equation (3.20) and equation (3.21) respectively.
Therefore, all the probabilities are expressed purely in terms of P (t).Using the
normalization condition given by

ky—1 ky—1 ©

D PO+ ) P@+ ) Pup®+ D Pap® =1,
n=0 n=0 n=1 n=k;
the term Py (t) can be explicitly determined.
Remark:
i) Let m,, ; denote the steady state probability. Mathematically, let

Tnj = }:1_1;1;10 Pn,j(t)
By the final value theorem of Laplace transform which states
lim P, ;(¢) = limsP, ;(s
lim P, (8) = lim P, ,(5)

It is observed that 7, ; = lirgl Sl’jn'j (5).Therefore from equation (3.2)
S

limsP,,(s) = li i G
lim 5Py, (s) = lim s Grity)™  GEratyy 10(5)

Au
Tpa = Wﬂm-

The above equation is same as equation obtained by Ibe and Isijola [14]

Similarly, from equation (3.4)
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A1
+DGE+A+y)E+HA1+y)"

s—0

limsP,,(s) =lims (
5-0 !

+ Y1k B, o (s)
GG+DE+A+y)+A1+p)m M0

Hence,

ST e <. S
S TE S e

which coincides with the steady state probability obtained by Ibe and Isijola
(14].

ii) When there is no vacation interruption, Py, o(t) is given by

Pro@= 11 [ D Pa@IF st =)
0 k=1

— L (a(t — y))_)e‘(l*'#)(t—y) dy
72 f Z P2 B * (i (a(t = )
0 k=1

~ Lya(t = y))e 0 dy,

which coincides with the result obtained by Vijayashree and
Janani[16].

4. Numerical Analysis

This section presents the way in whichP, ;(t), mean and variance of the
system behaves as time progresses for different parameter values. Even though the
system under consideration is of infinite capacity, for the purpose of numerical
analysis n is limited to 20.

Figure 2 presents the behavior ofPy,(t) against time for A = 0.4,u =
0.6and y, = 1. The server is in Type I vacation initially with zero customers.
Therefore, all the probabilities for Py 4(t) start at one. As we allow customers to join
the system even during Type I vacation, we find that the possibility for the system to
be empty decreases with an increase in time. Further, at a given instant of time,
Py 1 (t)decreases with increases in ¥;. This is because as y; increases, the server is more
likely to avail another vacation of shorter duration (Type II).

135



M/M /1 QUEUEING MODEL WITH DIFFERENTIATED VACATION AND
INTERRUPTION

0.9

0.8 [

0.7

o
o

Probabilities,P (t)
o o
~ [

0.3

v,=0.04 )
A ¥;=0.02 v,=02
0.2 T -
0.1 }
0
15 20 25 30
Time,t

Figure 2. Py (t) versust

Figure 3 and Figure 4 depicts the graph of P,;(t) against time ¢ for the
same parameter values along with y; = 0.9 and varying values of n. All the values for
P, ;(t) start at zero as we assumed that the server is in type I vacation initially with
zero customers.We observe that at a particular instant of time, the probability to find
the system with fewer customers is relatively high. However, for a specific value of n,
the probability value increases during the initial period, it reaches a peak and gradually
decreases until it converges. Also, the peak probability reduces with an increase in n
due to the specific choice of y;.

136



K.V. VIJAYASHREE, B. JANANI “AND K. AMBIKA

x10°%

25

Probabilities, P, (t)
&
T

05

%1078

0.9 -

0.8 -

0.7 -

Probabilities,P

04

0.3

02

0.1

Figure 4. P,, ;1 (t) versus t

137



M/M /1 QUEUEING MODEL WITH DIFFERENTIATED VACATION AND
INTERRUPTION

Figure 5 and Figure 6 depicts the behavior of P, ,(t)versus tfor varying
values of n. The values of P, ,(t) are equal to zero at the initial state, increase steadily
till it reaches a specific value and gradually decreases. For our choice of the parameter
values, we observe that for the low value of n, it is more likely for the system to be in
state(n, 2) initially and the probability reduces drastically as time progresses. The
behavior is justified by the fact that arrivals continue to join the system at the rate A
even during type II vacation. Furthermore with y, = 1, the system is more likely to
make a transition from (1, 0) to (n, 2) for the corresponding n as time progresses.

x10°

Probabilities, Pn_z(t)

Figure 5. P,,(t) versust
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Figure 7 and Figure 8 depicts the behavior of P, ,(t) against time for
varying values of n. It is observed that for a particular value of n the transient state
probability increases as time progresses and converges to the corresponding steady-
state probabilities. Note that for a specific n, P, (t) increases steadily as the transition
into the state (n,0) can take place either from (n — 1,0) at the rate A or from
(n, 1) at the rate y;or from (n,2) at the rate y,.However, for a particular value of ¢
the value of the probability decreases with increase in the number of customer in the
system. This is because it is more probable to find the system with fewer customers at
any time as service takes place continuously at an exponential rate with parameter,u =

0.6.
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Table 1 presents the values of the steady state probabilities for the different choices of
n as depicted in the various figures as converging probabilities.
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n P4 n P, n Pho

10 5.6974e-07 3 0.4094*10” 7 0.2426%10"
11 1.7550e-07 4 0.1173*10 8 0.1610*10"
12 5.4063¢-08 5 3.3630e-04 9 0.1065*10"
13 1.6655e-08 6 9.6411e-05 10 0.7023*10*
14 5.1311e-09 7 2.7645e-05 13 0.1984*10”
15 1.5809e-09 15 1.1336e-09 16 6.2081e-04
16 4.8711e-09 16 3.2393e-10 17 4117404
17 1.5010e-10 17 9.2566e¢-11 18 2.7316e-04
18 4.6254e-11 18 2.6452¢-11 19 1.8136e-04

Table 1: Steady State Probabilities for varying values of n

Figure 9 describes how the mean value changes according to varying values of ;. The
mean value increases when the value of y;decreases. Figure 10 describes how the
variance value changes according to varying values of ¥;.The variance value also

increases when the value of y; decreases.
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Figure 9. Mean versus t
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Figure 10. Variance versus t
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