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A NEW SUBCLASS OF MEROMORPHIC FUNCTIONS
ASSOCIATED WITH RAPID OPERATOR

S.SREELAKSHMI AND RAJKUMAR N.INGLE

ABSTRACT. In this paper, we introduce and study new class My (w, 9, u, 6)
of meromorphic univalent functions defined in U* = {z : 2z € C and 0 <
|z] < 1} = U \{0}.We obtain coefficients inequaities, distortion theorems,
extreme points, closure theorems, radius of convexity estimates and modified
Hadamard products.

1. Introduction

Let X* denote the class of meromorphic function of the form
1 o0
=7 n n, n=0 1.1
FE= 2w (o 20) (11)

which are analytic in the punctured unit disc U* ={z:z2€ C and 0 < |2z| < 1} =
U \{0}. Let g(z) € £* be given by

1 o)
9(z) = -+ Z:lbnz" (1.2)
then the Hadamard product (or convolution) of f(z) and g(z) is given by
1 oo
n=1
A function f € ¥* is meromorphic starlike of order w(0 < w < 1), if
2f'(2) }
—Re >w, (z€eU). 1.4
{50 cev) (1.9

The class of such functions is denoted by ¥*(w). A function f € ¥* is meromorphic
convex of order w(0 < w < 1), if

2"(2)
f'(z)
The class of such functions is denoted by ¥} (w). The classes ¥*(w) and X} (w)
were introduced and studied by Pommerenke [5], Miller [3], Mogra et al. [4], Cho
[2] , Venkateswarlu et al. [8].

In [1], Atshan and Kulkarni introduced Rapid-operator for analytic functions and

Re{1+ }>w, (ze€U). (1.5)
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Rosy and Sunil Varma [6] modified their operator to meromorphic functions as
follows.

Lemma 1.1. For f € ¥* given by (1.1), 0 < up <1 and 0 < 6§ < 1, if the operator
Sz 1 X — X* s defined by

then -
SZf(z) = % + Z L(n,u,0)anz" (1.7)
n=1

where L(n, u,0) = (1 — u)"“% and I is the familar Gamma function.

Definition 1.2. For 0 <w <1,0< 9 <1,0< u<1,0<0<1landn e N,
we denote by M, (w,¥, u, ), the subclass of ¥* consisting of functions of the form
(1.1) and satisfying the analytic criterion

2(SU()) +1
22(86f(2)) + (2w — 1)

Unless otherwise mentioned, we assume throughout this paper that 0 < w < 1,
0<¥9<1,0<u<1,0<6<1l,neNand z€U"

<9 (z €U (1.8)

2. Coefficient Estimates
Theorem 2.1. The function f(z) € M,(w,¥, u,0) if and only if

i[n(l + 9L (n, p, 0)a, < 29(1 —w). (2.1)

n=1
Proof. Suppose (2.1) holds, so
[22(SRf(2)) +1] = 9I(2(Spf(2)) + (2w — 1))

n=1 =

=] 3 nL(n,u,0)a,z" -9 ‘2(0.) — 1)+ > nL(n,u,0)a,z""!
n=1

L(n, p, 0)a,r"t| — o {2(w - 1)+ > nL(n,p, H)anr"H}

n=1

<Xn
n=1

= S n(1+9)L(n, p, 0)a,r"tt — 29(1 — w)
n=1

Since the above inequality holds for all 7,0 < r < 1,

letting 7 — 17, we have

18

n(l+9)L(n,p,0)a, —29(1 —w) <0

n=1

by (2.1), hence f(z) € M,(w,?, 1, 0).
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Conversely, suppose that f(z) is in the class M, (w, 9, i, #), then
> nL(n, p, 0)a,z" 1
_ n=1 — S 19
2(1 —w) = > nL(n, u,0)a,zn+1
n=1

zz(SZf(z))' +1
22(5’2]‘(2))’ + (2w —1)

Using the fact that Re(z) < |z| for all z, we have

2(S0f(2)) +1 2 nL(n, . )an" "t
K n=

2(577(2)) + (2w — 1) <9 (22

- 2(1 —w) — > nL(n, u, 0)a,z"*t!

n=1
If we choose z to be real so that zz(Szf(z))’ isreal. Upon cleaning the denominator
in (2.2) and letting z — 1~ through positive values, we obtain

o0

> n[l +9]L(n, 1, 0)a, < 20(1 —w).
n=1
This completes the proof of the theorem. ([
Corollary 2.2. Let the function f(z) denoted by (1.1) be in M, (w, ¥, i, 0), then
29(1 — w)
n > 1),
R T T e G
with equality for the function
1 20(1 —
O (2.

z  n[l+ 9| L(n,u,0)
3. Distortion Theorems

Theorem 3.1. Let the function f(z) € M,(w, 9, u,0), then for
0<|z|=r<1, we have

1 20(1 — w) _ _1 20(1 — w)
P G Y o T ) L A i s ey g T 1)(972):
3.1
with equality for the function
1 209(1 — w) n
1@ = T e+ 00 19)” (3:2)
Proof. Suppose that f is in M, (w, ¥, i, 0). In view of Theorem 2.3, we have
(14 9)(1 — )0 +1)(0+2) i ay, < i n[l + 9 L(n, u, 0)a, < 29(1 —w)
n=1 n=1
. Then
> 20(1 — w)
;“"S A+ 01— 026+ 10+2) (3:3)
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Consequently, we obtain

1 o0
F@I= |2+ S a| < L +Zan|z|
n=1
1 oo
<—+r Gn
n=1
1 29(1 — w)
< 3.4
=S T U —pRe+n0+2) (3:4)
Also,
1 - n 1 - n
|f(2)| = ;‘FZGWZ' > m — Zan|z| '
n=1 n=1
1y
= Tnzl Gp
1 29(1 — w)
— . 3.5
) A-p2@+1)0+2) (3:5)
Hence, (3.1) follows. O
Theorem 3.2. Let the function f € M, (w,d,u,8), then for
0<|z| =r <1, we have
1 29(1 — w) )
— <
2T aroa-pre+ o) =)
i . 29(1 — w)
(1+9)(1—p)2(0+1)(0+2))
(3.6)

with equality for the function f(z) given by (3.2).
Proof. From theorem (2.1) and (3.3), we have,

N 29(1 — w)
;nan = 14+ —w2O@+1)(0+2) (3.7)

The remaining part of the proof is similar to the proof of Theorem 3.1, so we omit
the details. (I

4. Closure Theorems

Let the functions f;(z) be defined for j = 1,2,...,m by
1 n
=7 n,j< n,j > 0 4.1
Z+§7:a,JZ (an,;j ) (4.1)

Theorem 4.1. Let f;(z) € My (w,V,11,0),(j =1,2,...m). Then the function

1 & "
- Zan’j z (4.2)
J=1

oo

n=1

292



ANEW SUBCLASS OF MEROMORPHIC...

is in My (w, 9, u, 0).

Proof. Sincef;(z) € My (w,9,,0),(j =1,2,....m), it follows from Theorem (2.1),
that

oo

Z n[l + 9| L(n, p, )a,,; < 29(1 —w),

n=1

for every j = 1,2,....,m. Hence

Z 1+ 9)L(n,u,0) (;Za”vj)
j=1

n=1

%Z [Z 1L(n, . e)an,j] < 20(1 —w).

From Theorem 2.1, it follows that h(z) € M, (w, 9, u, 0)
This completes the proof. O

Theorem 4.2. The class M, (w, ¥, u,0) is closed under convex linear combina-
tions.

Proof. Let f;(2),(j = 1,2) defined by (4.1) be in the class M, (w,V, 11, 0), then it
is sufficient to show that

h(z) =Efi(z) + (1 =& fa(2), (0<E£<T) (4.3)
is in the class M,,(w, 9, i, 0). Since

h(z) = % + ) [bany + (1= Ean2)2", (4.4)

n=1

then, we have from Theorem 2.1, that

n[l+ I|L(n, g, 0)[Ean1 + (1 — &)an,2]

i

<2891 —w)+29(1 - &1 —w) =29(1 —w)
So, h(z) € My (w, ¥, u, ). O

Theorem 4.3. Let 0 < p <1, then
Mﬂ(wv Q9a /’La 0) g Mn(ﬂ) 197 /.L, 9)

where
B (1+9)(1-w)
) (45)
Proof. Letf(z) € M, (w,?,u,8d), then
n[l+9]L .0
Z ;9 1_2)“ Jan < 1. (4.6)

n=1
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We need to find the value of p such that

oo

) ML@,#,&)% <1 (4.7)

n=1

In view of equations (4.6) and (4.7), we have

nfl + 4] n[l +9]L(n, pu, 0)
S LIS v Tc
That is
<1 (1 +9)(1 —w)
- (1429 —9)
. which completes the proof of theorem. O
Theorem 4.4. Let fo(z) =1 and
1 29(1 —
falz)= -+ UCD) 2" n>1. (4.8)

z  n[l+ 9| L(n,u,6)

Then f(z) is in the class My (w, ¥, u,8) if and only if, it can be expressed in the
form

F(2) = tinfa(2) (4.9)
n=0
where p, >0 and > pp, = 1.
n=0
Proof. Assume that
> 1 209(1 — w)
_ _1 ", 4.1
/) ;M”f"(z) z +n2::1 nll + 9]L(n, , 0)"™ (4.10)
Then it follows that
oo 29(1 — w) n[l + Y] L(n, u, 6)

7= n[l + 9] L(n, u, G)Mn' 29(1 — w)
= Z,Un:l—luogl,
n=1

which implies that f(z) € M, (w,?, u, 0).

Conversely, assume that the function f(z) defined by (1.1) be in the class
My (w, 3, 11, 0).

Then
29(1 — w)

=+ 9L, 0)

Setting
_ n[L+J]L(n, p,0)
b= =00 —wy

n>1
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and
(oo}
Mo = 1- Z Moy
n=1
we can see that f(z) can be expressed in the form (4.9).
This completes the proof of the theorem.

5. Integral Operators
Theorem 5.1. Let the function f(z) € M, (w, ¥, u,0). Then the integral operator

Fo(z) = c/o uCf(u,z)dz, (0<u<I1;¢>0) (5.1)

is in the class My(§), where

20¢(1 — w)
)

The result is sharp for the function f(z) given by (3.2)

Proof. Let f(z) € My(§), then

(5.2)

o0

1
1 c
Fo.(z) = C/o ulf(u,2)dz = -t ngl manz” (5.3)

It is sufficient to show that

o0

;(n—kc—kl)(l—g)angl (54)

Since f(z) € My (w,¥, i, 0), then

S A0, o

n=1

From (5.4) and (5.5), we have
ne < n(l+9)L(n, u,0)

(n+c+1)1-¢) — 201 —w)

Then
20¢(1 — w)

e R

Since
20¢(1 — w)

1+ 9)(n+c+1)
is an increasing function of n (n > 1), we obtain

209¢(1 — w)
(14 9)(c+2)

and hence the proof of theorem 5.1 is completed.

H(n)=1

E<H(1)=1
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6. Radius of Convexity

Theorem 6.1. Let the function f(z) € My(w,9,u,0). Then f(z) is meromorphi-

cally convez of order § (0<§ < 1) in0 < |z| <r, where

(L+9)(1 = 8)L(n, p.0) """
T§{2Mn+2—®ﬂ—w)}

The result is sharp.

Proof. We must show that

21"(2)
f'(z)
where 7 is given by (6.1). Indeed, we find from (6.2) that
2f"(2)| _ o~ nn+ Day |2

I'(2) n=11— 3 naglz|nt!

n=1

‘2—!— <1-4for0<|z] <,

<

2+

This will be bounded by 1 — 4, if

> 26

Z 771(” + )anr"“ <1.
1-96

n=1

But by using Theorem 2.1, (6.3) will be true, if
nn+2-109) .. < n[l + 9 L(n, 1, 0)

1-0 | =7 2001-w)
. Then

o [ =)L)
|l 2Wn+2-90)(1—-w)
This completes the proof of theorem.

7. Modified Hadamard Product

(6.1)

(6.2)

For f;(2) (j = 1,2) defined by (4.1), the modified Hadamard product of fi(2)

and f2(z) defined by

(f1* f2)(z f*JrZanlanﬂ (f2* f1)(2)

Theorem 7.1. Let f;(z) € M,(w, 9,1, 0) (j =1,2).
Then (f1 x f2)(2) € My (6,9, 1, 0), where
b=1- 209(1 — w)?
(14+9)(1—w)?2O0+1)(0+2)

The result is sharp for the functions f;(z),(j = 1,2) given by

56) = )
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Proof. Using the technique for Schild and Silverman [7], we need to find the largest

¢ such that
2 n[l + 9] L(n, u, 0)
Z Un,10n,2 S 1
— 201 - ¢)
Since f;(z) € Mp(w, ¥, 1,0), (j =1,2), we readily see that
2 n[l +9]L(n, i, 0)
<
z:: Wl —w) St
and

2 n[l 4+ 9] L(n, i, 0)
<1.
Z 21 —w) 2=

By the Cauchy Schwarz inequality, we have

1+ 299
Z 219 \/a'n,lafn,Z <1l

Thus it is sufficient to show that

n[l + 9 L(n, 1, 0) n[l + Y] L(n, pu,0)
< \/
219(1 — ¢) Un,10n,2 > 219(1 — w) QUn,10n,2

or equivalently that

1—
V 0n,10n 2 S (1_(51))

Connecting with (7.7), it is sufficient to prove that

29(1 — w)
n[l+ 9| L(n,p,0) — (1 —w)’

It follows from (7.10) that

20(1 — w)?
n[l + 9| L(n, p, 0)

p<1-

Now defining the function G(n) by

20(1 — w)?
n[l +9)L(n, 1, 0)

Gn)=1-
We see that G(n) is an increasing function of n(n > 1).
Therefore, we conclude that

20(1 — w)?
(A= w20+ 1)(0+2)

which evidently completes the proof of the theorem.

6 <G(1) =
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