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A STUDY ON (p,()-CIRCULANT POLYNOMIAL MATRICES

R. MUTHAMILSELVAM AND G. RAMESH

ABSTRACT. (p,()- Circulant polynomial matrices are defined. Its additive
properties are investigated and characterizations are also given.

1. Introduction

Let (a1(a),az(a),...an(a)) be an ordered n-tuple of polynomials with coeffi-
cients in the field of complex numbers and let them generate the circulant poly-
nomial matrix [1][3] [4] of order n:

a1(a)  ag(a) an(a)
Aoy = | ()l el (1
az(a) az(a) ... ai(a)

We shall often denote this circulant polynomial matrix as
A(a) = Circ(ar (@), az(q), ..., an(a)) (1.2)

In this paper, we define the (p, {)-circulant polynomial matrix and also, we
examine some fundamental properties.

We found a characterization of (p, ¢)-circulant polynomial matrix. Let I, («)
be the unit n x n polynomial matrix.

Let A(a) € Cpxn(a), then AT (), A*(a) and |A(a)| be its transpose, adjoint
and the determinant respectively.

2. (p,¢)-Circulant Polynomial Matrices

Here we define (p, ¢)-circulant polynomial matrix. Also, we generalize
some properties of (p, ¢)-circulant matrices found in [2], [5], [6], [7].

Definition 2.1. If a polynomial matrix is of the form,

Ala) =
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ao(c) ay (@) as (@) ap—2(a)
Pan—1(c) ap(a) — Can—1(a) a1 (@) an—3(a)
pan—2()  pap—1(a) — Can—2(a)  ao(@) —Can—1(a) .. an—a(c)
P 5(0) pon_3(0) — Can_5(0) an-1(0) —Can2(@) —  an_sla)

pas(0)  paz(a) —Cas(0)  pas(a) ~Caz(@) .. ao(a) —Cani(a)

pay(a) paz(a) — Car(a) paz(a) — Caz(a) ... ap—1(a) = Can—2(e)

)
it is known as a (p, {)-circulant polynomial matrix. which is denoted by
A(a) = Cp0)(ao(a), ar(a), ..., an—1()).

Remark 2.2. (i) If ( = 0, then A(a) is a p-circulant polynomial matrix.
(ii)The polynomial matrix b(a) = C, ¢)(0,1,0,...0) is referred to as funda-
mental (p, () circulant matrix.

Example 2.3. A 4X4 (3,2)-circulant polynomial matrix is given below.

a+a? 11—« -3+ a—2a? 2+ 2a + 3a?

Ala) = 6+ 6+ 9a?  —4 — 3a — 5a? l-«o —3+a—2a2
T | -943a—-6a% 12+4+4a+1302 —4—3a —5a? e

3 —3a 11 — 5o — 602 12 +4a —13a® —4 — 3a + 5a?

= AO + Aloé + AQCVQ where A() = C(372)(0, ]., —3, 2), A1 = 0(372)(1, —]., 1, 2)
and A2 = C(372)(1,07 —2, 3)

that is
0 1 -3 2 1 -1 1 2 1 0 -2
6 -4 1 -3 6 -3 -1 1 9 -5 0
Ao = -9 12 -4 1 A= 3 4 -3 -1 Az = -6 13 -5
3 —11 12 -4 -3 5 4 -3 0 -6 13

Proposition 2.4. If A(a),B(a) are (p,()-circulant polynomial matrices, then
A(a) + B(a), A(a) — B(a), aA(a) where « is a scalar, are also (p,()-circulant
polynomial matrices.

Proposition 2.5. A polynomial matriz A(a) is a (p,¢)-circulant polynomial ma-
n—1

triz if and only if A(a) = fa(a)(b()) = <Z ai(a)bi(a)>.

=0
Theorem 2.6. A matriz with polynomial coefficients A(a) € C"*™(a) is a (p, )-
circulant polynomial matriz if and only if A(a)b(a) = b(a)A(a).

Proof. Assume A(a) is a (p, ¢)-circulant polynomial matrix.

We must demonstrate our worth A(a)b(a) = b(a) A(«)

Let A(a)b(a) = C(,¢)(ao(a),ai(a),...an_1()) be a (p,()-circulant polynomial
n—1

matrix. Then A(a) = (;0 ai(a)bi(a))

= (a)b(a) = b(a)A(a).
Conversely, assume that A(a)b(a) = b(a)A(«). Let us prove A(a) is a (p, )-
circulant polynomial matrix.
If A(a)b(e) = b(a)A(a), then
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bT () AT () = (a)bT( )
(b1) (@) AT (@) = AT(a)(b7)*(a), i = L.2,...
If e;() is the i*" column of I,,(a), then
bT(a)ei(a) =ei11(a) fori=1,2,..n—1.
Thus, we have (b7)(a)e;(a) = e;j11() for i = 1,2,..n — 1.
Now AT (a) = AT(a)I, ()

= AT(a)[e1(a), e2ar, .. ., en(a)]

= AT(a)le1(a), b (a)erar, ..., (b7)" " (a)er(a)]

= [AT(a)er(a), AT ()b (a)eq, . . ., AT () (1) Ha)er ()]
= [AT(a)er(a), bt (a) AT (a)eiq, . . ., (BT L(a) AT (a)eq ()]
= [B(a), (1) (@)B(N), .., (B7)™ (@) BV

where A\T'(a) is the first row of A(a).
Let AT(a) = (ag(@),a1(a, ..., an_1()))

Thus A(a) — (f a; a)eHl(a))

+

A7(0) = (S a@)ecn @), E s @ern (@), S a0 (@ein(e)
=5 s (e (@ @ (@), 61 (@) )
=5 a0 () (@)es (@), () (@)er @), (67 s )
=T wlt ) @)es @) eaa). o)
=% w07 (@)
= Ala) = "__: as(a)b(a)
Hence A(a) is a (p, ¢)-circulant polynomial matrix. O

Corollary 2.7. |A(«)| # 0 is a (p,()-circulant polynomial matriz if and only if
A= a) is a (p,¢)-circulant polynomial matriz.

Proof. Given that |A(«)| # 0 is a (p, ¢)-circulant polynomial matrix.

< A(a)b(a) = bla) A()

< A Y a)b(a) = bla)A™(a)

<= A7!(a) is a (p, {)-circulant polynomial matrix. O

Theorem 2.8. If A(a), B(«) are (p, ¢)-circulant polynomial matrices, then A(a)B(«)
and B(a)A(«) are (p, ¢)-circulant polynomial matrices and A(a) B(a) = B(a)A(«).

Proof. Given that A(a), B(«) are (p, ¢)-circulant polynomial matrices.

From theorem (2.6), we have A(a)b(a) = b(a)A(«w) and B(a)b(a) = b(o) B(«).

Now [A(a)B(a)]b(a) = A(a)[B(a)b(a)]
= A(a)[b(e) B(a)]
= [A(@)b(a)]B(a)
= b(a)[A(a)B(a)]

Thus A(a)B(«) is a (p, ¢)-circulant polynomial matrix.
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Hence B(a)A(«) is a (p, ¢)-circulant polynomial matrix.
We can deduce from proposition that (2.5), we assume that A(a) = f(b(«)) and
B(a) = g(b(a)).

= A(a)B(a) = B(a)A(a) O

3. Conclusion

some of the characterization of (p,()-circulant polynomial matrices are
discussed here. In the same way, the other properties can be extended.
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