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SECOND HANKEL DETERMINANT BOUNDS FOR
BI-UNIVALENT FUNCTIONS WITH RESPECT TO
SYMMETRIC CONJUGATE POINTS DEFINED BY HORADAM
POLYNOMIALS

JAYARAMAN SIVAPALAN! AND SAMY MURTHY?

ABSTRACT. In this investigation, we propose to make use of the Horadam
polynomials, we consider a class of bi-univalent functions with respect to
symmetric conjugate points. For functions belonging to this class, we find
the second Hankel determinant inequality for defined class of bi-univalent
functions. Some interesting remarks of the results presented here are also
investigated.
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1. Introduction and definitions

Let A denote the class of functions of the form
f(2)=z+az?+ - (1.1)
which are analytic in
U={z:2z€Cand |z| < 1}.
We denote S by the class of univalent functions in U. Further, we know that
every univalent function has an inverse f~!, defined by

FHfR) =2 zeU

and
PO @) = w, hwl < 7o) ro(7) g,

where
fHw) = w — agw? + (242 — az)w® — (5a3 — bagaz + az)w? + - - .

A function f € A is said to be bi-univalent in U if both a function f and it’s
inverse f~! are univalent in U. Let o denote the class of bi-univalent functions in U
given by (1.1). After Brannan and Taha [12],Srivastava et al[43] only revived the
study of bi-univalent functions and its related work. After this paper we could see
huge number of papers. [1-3,5,7-9,11,15,17,24,25,28,30,34-36,38,40,41,46-48] (also,
the references therein) in this line by defining various subclasses of bi-univalent
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functions to discuss the initial TaylorMaclaurin coefficient estimates |az|, |as| and
|a4.

For analytic functions f and g in U, f is said to be subordinate to g if there
exists an analytic function w such that

w(0) =0, lw(z)| <1 and f(z) = g(w(z)), zeU.
It is denoted by
f=<g (z € ) that is f(z) < g(2), zeU.
In particular, when g is univalent in U,
f=<g (2€U) & f(0)=g(0) and f(U) Cg(U).
For a, b, p, ¢ € R, the Horadam polynomials A, (z, a, b; p, q) := h,(x) are
given by the recurrence relation (see [23, 24]):
hn(z) = pahp—1(x)+ qhn—a(z), n €N (1.2)
here
h(z) =a; ha(z) = bx. (1.3)
The generating function of the Horadam polynomials i, (z) (see [24]) is given
by
a+ (b— ap)xz

. 1.4
1—prz— gz (1.4)

o0
(z, 2) := Z i ()21 =

n=1
Here, and in what follows, the argument = € R is independent of the argument

z € C; that is, = # R(2).

It is observed that for special values of the parameters involved in this poly-
nomial leads to different some other polynomials like the Lucas polynomials, the
Fibonacci polynomials, the Pell polynomials, the Pell-Lucas polynomials and the

Chebyshev polynomials for more details (see, [1, 2, 24, 41]).
A function f € § is said to be starlike with respect to symmetric points (S7,) if

%(L@_> >0, zeU.
f(z) = f(=2)

A function f € S is convex with respect to symmetric conjugate points (Cs) if

ol __Grey
(1) - 7=2))

The classes S, and C,. were studied by El-Ashwah and Thomas [21]. For more
details of the above said classes and its subclasses one could refer [6, 38, 40, 45, 46].

71 >0, zeU.

Definition 1.1. A function f € o is said to be in the class Pg («, ), if

2:f'(2) | 2 (2f'(2))’ 2022 f"(2) +22f'(2)

1A= (50 -T09) ez (f0)-T02) +0-a) (fz) - 7))
<z, z)+1-a, 2€U
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COEFFICIENT ESTIMATES FOR BI-UNIVALENT FUNCTIONS

and
2wy’ (w) n 2 (wg' (w))’ B 20w?g" (w) + 2wy’ (w)
9(w) =9(=0)  (g(w) —g(w)) " aw (g(w) — g(=w)) +(1-a) (g(w) ~9(=))
< I(z, w)+1—a, welU
hold.

Various, results for the special values of the parameters involved given as follws:

(1) In particular, when a = 1, we have PZ(1, z) := 8%, (), if

L/(L I(z, 2)+1—a zelU
o fn AT e
and
M%H(x,w}—l—l—a, wel
g(w) — g(—w)
hold.
(2) When o =0, PZ,(0, z) :=CZ.(x) if
21'(2) - < II(z, 2) +1—a, zeU
(1) - 7))
and
2 (wg'(w))’ - < I(z, w)+1—a, wel
(9(w) —5C=a))
hold.

3) fa=p=x=1,b=2and ¢ =0, then we have
2zf' 1
z2f'(2) - +z

— zeU.
fz) = f(=2) 11—z
defined as
an nt1 -0 Opig—1
Qn+1 An42 e Qn+4q—2
Hy(n) = : : : : (ar =1).
Qn+tq—1 Qniqg—2 Qn+42q—2

The Hankel determinants Hz(1) = az—a3 and H3(2) = azas—a3 are well-known
as Fekete-Szego and second Hankel determinant functionals respectively. Further
Fekete and Szegd [22] introduced the generalized functional a3 — da3, where § is
some real number. In 1969, Keogh and Merkes [27] studied the Fekete-Szeg6 prob-
lem for the classes §* and K. In 2001, Srivastava et al. [43] solved completely the
Fekete-Szego problem for the family C; := {f € A : R (e"f/(z)) >0, -5 <n <
Z, z € D} and obtained improvement of |ag — a3| for the smaller set C;. Recently,
Kowalczyk et al. [28] discussed the developments involving the Fekete-Szego func-
tional |az — da3|, where 0 < § < 1 as well as the corresponding Hankel determinant
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for the Taylor-Maclaurin coefficients {an }nem {13 of normalized univalent func-
tions of the form (1.1). Similarly, several authors have investigated upper bounds
for the Hankel determinant of functions belonging to various subclasses of uni-
valent functions [3, 4, 11, 12, 15, 30, 32, 34] and the references therein. On the
other hand, Zaprawa [49, 50] extended the study on Fekete-Szegd problem to some
specific classes of bi-univalent functions. Very recently, the upper bounds of Ho(2)
for the classes S% () and K,(8) were discussed by Deniz et al. [19]. Later, the
upper bounds of Hz(2) for various subclasses of o were obtained by Altinkaya and
Yalgin [9], Caglar et al. [16], Kanas et al. [25], Karthiyayini and Sivasankari [26],
Motamednezhad et al. [31], Orhan et al. [35, 36, 37] and Srivastava et al. [42].

2. Main Result

In the following theorem, we estimate the second Hankel determinant inequality
for functions functions in PZ_(a, x). To prove our result we need the following
lemmas.

Lemma 2.1. [20] Let u be analytic function in the unit disk U, with w(0) = 0, and
|u(2)| < 1 for all z € D, with the power series expansion u(z) = u1z + ugz® +- -+ .
Then, |un| <1 for all n € N. Furthermore, |un| = 1 for some n € N if and only
ifu(z) = e?2", 0 € R.

Lemma 2.2. [25] If (z) = ¥z + 2% + -+, 2 € U, is a Schwarz function, then
¢2 = .I(l - 1/’%) )
Y3 = (1= 9])(1 = [x*)s — 1 (1 — 97)a?,

for some x, s, with |x| <1 and |s| < 1.

Theorem 2.3. For 0 < a < 1 and let f(2) = z + azz? + --- be in the class
PE (o, ). Then

R, ifR<0, P<-Q
jasas a3 < P+Q+R, if (Q=0,P=-%)or(Q<0,P=-Q)
APRQT i Q>0,P< 22,
where,
P |8bx (bp2x3 + (apq + bq)x) (2 — a)® — bzt (a? — 120 + 2)|
64(4 — 3a)(2 — )4
b2r?(2a2 — 8a+7) bx(aq + bpz?)
8(3—20)2(4—3a)(2—a) 4(4—-30)(2- )
b33 (302 + 60 — 70)
T 32(4—3a)(3 - 2a)(2 — a)?
bx(aq + bpx?) b3z3(3a? + 60a — 70) b22?(8a? — 28a + 23)
@= 44 - 3a)(2 — a) + 32(4—30)(3—2a)(2—a)?  8(4—3a)(2-a)(3—2a)?
b2x?
R=—7——71—.
4(3 — 20)2
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Proof. For 0 < a <1 let f of the form (1.1) be in the class PZ.(«, z), then there
exists Schwarz functions u(z) and v(w) given by

uw(z) = urz + u22® + uz2® + - - VzeU
and
v(w) = viw + vow? + vaw? + -+ Yw e U
such that
2:f'(2) 2 =) 222" (2) + 22f'(2)

f@ =T (50 -702) " ax (1) - T03) + (- o) (f2) - 7))
=I(z,u(z))+1—a
2y’ (w) 2 (wg'(w) 2aw%g" (1) + 2ug'(w)

g(w) — g(—w) (g(w) — M) / ow (g(w) - g(—u_))) +(1-a) (g(w) - M)

Or, equivalently,

2zf’& N 2 (zf'(2)) B 2022 f"(2) + 22f(2)
fO=TC2) (1) -T9) 0z (f(2) - F2) + (1 -a) (fz) - T2)
=1+ hao(z)urz + [ha(z)ug + ha(z)ui]z® + - - (2.1)
wg(w) _ 2wgw) 20wy (w) + 2wy (w)
9w) =900)  (g(w) ~g0w))  aw (o(w) ~500)) +(1-a) (g(w) ~g(-w))
=1+ hy(x)viw + [ho(z)vs + hz(z)vi]w? + - - . (2.2)

It is fairly we known that,

lu(2)] = |urz + ugz® +uzz® +---| < 1
and

lo(w)] = |[vyw + vow? + vzw® + -] < 1
then

lug| <1 and lvg] <1, k e N.
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Also, from the Definition 1.1, we have

2:f(2) 2 (2f'(2))’ 202° " (2) + 22f'(2)

J@ -T2 (10 -TD) 0z (1) - FD) + (- (£) - D))
=142(2 - a)agz +2(3 — 2a)azz? + [4(4 — 3a)ay + 2a2a3(20% + 3a — 6)]2° + - - -
(2.3)

2ug(w) | 2wg(w) 20wy (w) + 2wg' (w)
9w) =9=0)  (g(w) —g(=m))  aw (g(w) ~g(=w)) + (1 - a) (g(w) - g(~w))
=1-2(2 - a)asw + 2(3 — 2)(2a3 — az)w?

— [4(4 — 3a)(5a3 — 5agaz + ag) + 2(a® + 3a + 8)(2a3 — azaz)|w® + - - - .
(2.4)

Comparing the coefficients of like terms in equations (2.1),(2.3) and (2.2), (2.4),
we have

22 — a)as = h(x)us (2.5)
2(3 — 20)ag = ha(x)ug + hs(z)u? (2.6)
4(4 — 3a)ay + 2aza3(20° 4+ 3a — 6) = ha(x)uz + 2ha(2)urug + ha(x)ui  (2.7)
—2(2 — a)ag = ha(z)u1 (2.8)
2(3 — 2a)(2a5 — az) = ha(x)vs + ha(x)v} (2.9)
and
— [4(4 — 30)(5a3 — Bagas + as) + 2(a” + 3o+ 8)(2a5 — azas)]
= ho(x)v3 + 2h3(z)v1va + hy(2)V}. (2.10)
From equations (2.5) and (2.8), we get
up = —v1. (2.11)
It follows from (2.5) that
as = ;(22(‘75_)1;1) (2.12)
Subtracting (2.9) from (2.6), we have
a5 = ha(@)(uz — v2) +al= ha(z)(uz — v2) 4 h3(@)ut (2.13)

4(3 — 2a)
Subtracting (2.10) from (2.7), we have
2(2a2 + 3a — 6) 4(4 — 3a)

4(3 — 2a) 4(2 — a)?

2(a? + 3a + 8)

aq = 8(4—3a) (2a3 — azaz) — 8(4—3q) a2a3 — m@ag — 5azas)
(2.14)
3 i 3a) [ha(2)(us — v3) + 2hs(w)ur (uz + v2) + 2ha(z)ui]. (2.15)

234
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Now, from the equations (2.12), (2.13) and (2.15), we have
o (8ha(x)(2 — a)® — h3(x)(a? — 1200+ 2)
0204 = 03 = ( : 64(4 — 3a)(2 — )" ) ha()u
(3a? + 60a — 70)h3(z)u? (ug — ve)
T 64(4—30)(3—20)(2 — )2
ha(x)*ur (us —v3) | ha(x)hs(@)u
16(4 — 30)(2 — a) 8(4— 3a)

+

1(uz +v2)  h3(2)(uz — v2)?
2—a) 1633 —2a)2
(2.16)

By the Lemma 2.2, we find that

up — vy = (z —y)(1 —u) since wuy =—u;
uz +v2 = (z+y)(1 —ul)
=1 —uf)(1 ~[2*)s — ur(1 - uf)a®
=1 =)A= [y*)t = vi(l = of)y?
uz —wvs = (1—uf)[(1— |2[*)s — (1= [y1*)t] —ur (1 — u})(2® + °)

for some z,y,s,t with |z] < 1,|y| < 1,]s] < 1,[¢t| < 1. Taking modulus on both
sides, then equation (2.16) becomes

2| (8ha(x)(2 — a)® — h3(x)(a® — 120+ 2)
lazas —az| = ’ ( 64(4 — 30)(2 — a)? ) ha()ui
(3a? + 60a — 70)h3 (z)u2(1 — u)(z — y)
B 64(4 — 3a)(3 — 20)(2 — a)?
+ Iy (A=l = oP)s = (1= )] = w1 = D(e? + 47)
hao(x)hs(@)ui(z +y)(1 —ui)  h3(z)(z —y)*(1 —ui)® ’
8(4—3a)(2— a) 16(3 — 20)2
8ha(@)(2 — a)® — K(x)(0? — 120+ 2) B3(@)us (1 — u2)
<
- 64(4 — 3a)(2 — a)* 8(4—3a)(2 — )
ha(2)hs () (302 + 600 — T0)h3(z) \ ,
+ (8(4 - 3a)€2 —a) 644 —3a)(3—2a)(2— a)2> ur(t = up)(lzl + [yl)
+ D)) )+ PEHE

hz( ) +

Since, |u1| < 1, we may assume that u; = u € [0, 1], so we have

|8ha(z)(2 — a)® — h3(x)(a? — 12a + 2)| () h%(x)u(l —u?)
64(4 — 3a)(2 — a)* —3a)(2 —a)

*3u
ha(x)hs(x) (3a? + 60a — 70)h3(z) 201 — V(|
(5 s ) a0 =)ol + o)

'LL2)2

lasas — a3] <

4-30)(2—a) 644 —30)(3 — 2a)

W@ )1 - ) M) :
+ 16(4 —3a)(2 — a) (|| +|y|) W(|x|+|y|)
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Now, for v; = |z| <1 and 72 = |y| < 1, we obtain
|azas — a3| < F(y1, 72) = S1+ S2(m1 +72) + S3(77 + %) + Sa(n +12)?
where,

~[8Bha(2)(2 — a)® — h3(z)(a? — 120+ 2)]
Si= = 64(4 — 30)(2 — a)? ha(wyu’ +
g = ha(x)hs(x) (3a? + 60a — 70)h3(x)
T (8(4 —30)(2—a) ' 64(4—3a)(3—20)(2— @)

5, = ho(z)?(u? — u)(1 — u?)

h3(x)u(l — u?)
S(4—30)2—a) ="

2) u?(1—u?) >0

61302 —a) ="
o, _ Palaf( -y

>0.
16(3 — 2a)2  — 0

Now we need to maximize the function F'(vy1,72) on the closed square [0, 1] x
[0,1] for u € [0,1].With regards to F(v1,72) = F(v2,7), it is sufficient that, we
investigate maximum of

G(v2) = F(y2,72) = S1 + 27252 4+ 273 (S3 +254) on 7 €[0,1] (2.17)
according to u € (0, 1), u = 0 and v = 1. Firstly, if we let w = 1, then we obtain
_[8ha(z)(2 — @) — h3(z)(a? — 12a + 2)]

max{G(”yz);”yz € [0, 1]}— 611 —30)(2 — )t ha(x).

Secondly, letting u = 0, we get

_ AR3(x)d h3(a)d
C02) = 5B —20) ~ 13— 207"

Hence we can see that
2
mas{ Gl € 10,11} = G(1) = 25
Finally, we let w € (0,1). Considering the equation (2.17) for 0 < v, < 1, we get
(1) If S5+ 254 > 0, it is clear that
G'(v2) = 4(S3 +2S4)72 +252 >0
for 0 < 72 < 1 and any fixed u € (0, 1) ie., G(72) is an increasing function.
Hence max{G(”yz); e € [0, 1]} — G(1) = 8; + 2S5 + 285 + 45,
(2) If S5+ 2854 < 0, then we consider for critical point
. SQ . SQ
P20 T T8, 125, 2K
for any fixed u € (0,1), where K = —(S3 + 254) > 0 the following two
cases
Case 1: For vy, = f—;’( > 1, it follows that K < % < Sy and so So+S55+254 > 0,
therefore G(0) = S1 < 51 + 2S5 + 255 + 454 = G(1).
Case 2: For v, = 25—;’( < 1, since So > 0, we get % < S;. Therefore,
G0)=5 <851+ % = G(y2,) < S1 + S2. Considering the above cases for point
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of u, it follows that the function G(v2) get, its maximum when S3 + 254 > 0, it
means

max{G(”yz); e € [0, 1]} — G(1) = Sy + 255 + 255 + 454

Therefore, mazF(y1,72) = F(1,1) on the boundary of the square. Let K : [0, 1] —
R
K(u) = mazF(y1,72) = F(1,1) = S1 + 252 + 253 + 45,.

By replacing the values of Ss, Ss, .53, .54 in the above function K, we have

|8ha(x)ha(x)(2 — )3 — (a? — 12a + 2)h5(x)]
64(4 — 3a)(2 — )4

S1 4+ 2855 + 255 + 45, =

L@ h3(z)
4(3-2a)? 8(4—-3a)(2— )
ho()hs(z) h3(z) (302 4+ 60a —70) | ,
TA4-30)2-a) 32(4-30)(3-2a)2—a)|"
ho()hs(x) h3(x)(3a2 + 60a — 70)
T IE 302 —a) 3204 -30)3—2a)2—a)?
h3 (@) h3(z) 2 h3 (@)
tRA 30)(2—a) 23— 20[)2] Yt IB =202
Letting u? = ¢, we get
Sy + 285 +283+ 8, = P> + Qe+ R, (2.18)
where,
p_ |8ha(z)ha(x)(2 — a)® — (a? — 12a + 2)hi(x)| h3(z)
64(4 — 3a)(2 — a)* 4(3 — 20)2
h3(x) ho(z)hs(z) h3(z) (302 4 60a — 70)
T 8(4-3a)2-0a) 4(4-3a)2-a) 32(4—3a)(3—20)(2— a)?
_ ha(@)ha(2) h3(x)(3a2 + 60a — 70)
@= 44-30)(2—a) 324 —30)(3 —2a)(2 — a)?
N h3() _ h3(=)
8(4—3a)2—a) 2(3-2a)?
_ 3=
k= 4(3 — 2a)?

Then with the help of optimal value of quadratic expression, further, using (1.2)
and (1.3), we get the required result. This completes the proof of the theorem. [

Corollary 2.4. Let f(z) = z+ a2 + -+ be in the class S%,(z). Then

Ry, fQ1<0, P <-Qu
jasas — 3| < S P+ Qut Ry, if (Quz0,Pr= %) or (@i <0, P2 -Q1)
RIS Q> 0P < =2
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where,
P _ |8bz(bp?2® + (apq + bg)x) + 9b*2*| b2z br(aq + bpr?) n 7h323
' 64(4 — 30)(2 — a)? 8 4 32
bz (aq + bpx? 3z 3b%x?
Q, = trleatbpr’) B
4 32 8
b2
Rl == T
Corollary 2.5. For0 < a <1 and let f(z) = z+ag22+--- be in the class CZ.(x).
Then
R, ifQ1 <0, Pr<—Q2
lagay —a3| < { Po+ Qa2+ Ry, if (Qz >0,P > —%) or(Q2 <0, P, > —(Q2)
LG Q> 0P < TR
where,
P _ 13202 (bp?x® + (apq + bq)x) — b*z| n 7v22?  br(aq + bpx?) n 35033
2T 2048 576 32 768
Qs = br(aq + bpz?) 356323 23b%x?
2T 32 768 576
b2
Ry = —.
27736
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