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Abstract. In the present research paper, the Sumudu Transform is treated
as a Henstock - Kurzweil Integral. Some existential conditions are obtained.

Some properties are considered. It is given that Sumudu Transform exists as

Henstock - Kurzweil Integral and finally the Inversion Theorem is established.
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1. Introduction
If f : [0,∞] → R then its Sumudu Transform at 1/v ∈ C is defined as the

integral

1/v

∫ ∞

0

f(t)e−t/vdt.

In previous decades many authors are interested to study the Sumudu Trans-
form in a classical way on the real line. Due to its simple formulation and con-
sequent special and useful properties, the Sumudu Transform has already much
promised [2, 3, 4].
In above equation the function e−t/v, 1/v ∈ C is not in Bv[0,∞) but it is in
Bv(I) for any compact I ⊂ [0,∞). Because of this we can not consider Sumudu
Transform as Henstock Kurzweil Integral directly. Hence we can not get any spe-
cial condition for the existence of Sumudu Transform as a Henstock - Kurzweil
Integral. In present work we give some different existence conditions. All ele-
mentary properties are discussed by this method. The Inverse Sumudu Transform
is obtained by method of post generalization method [6]. Also the present work
somewhere essential to reverse the order of repeated integrals which is justified in
[8].
In this paper we consider, Sumudu Transform as a Henstock - Kurzweil Integral.
The Henstock - Kurzweil Integral is a generalisation of Reimann, Lebesgue, Den-
joy and Perron’s, but we consider here it in terms of Riemann sums.
The rest of the paper is arranged as under: In section 2, basic notations and results
are given. Existential conditions and properties are obtained in section 3. Hen-
stock - Kurzweil Sumudu transform of derivative of some functions are obtained
as an application in section 4. In section 5, inversion result is proved.
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2 T. G. THANGE AND S.S.GANGANE

2. Preliminaries
Following notations and results are used through out paper.

Let 0 ≤ p ≤ q ≤ ∞ and denote the space of all Henstock - Kurzweil integrable
functions on [p, q] as HK([p, q])

HKloc = {f ∈ HK(I), I ⊂ [0,∞) is compact}
BV(I) = {fis bounded variationonI}
BV(∞) = {f ∈ BV(a,∞] for some p ∈ [0,∞]}

Definition 2.1. [5] Let E ⊆ I and f : I → R belongs to AC∗
δ(E) if for each

ϵ > 0, there exist ω > 0 and a Gauge δ on E such that
∑n
i=1|f(di) − f(ci)| < ϵ

whenever P = (xi, [ci, di])
n
i=1 is a δ fine subpartition of E and

∑n
i=1(di − ci) < ω.

Let f belongs to ACG∗
δ(I) if I be written as a countable union of sets on each of

which the function f is AC∗
δ.

Definition 2.2. [10]Let gn be functions on [p, q], we say that gn is of uniform
bounded variation on [p, q], if there is constant K such that |gn| ≤ K, V (gn) ≤ K, ∀ n.
Theorem 2.3. [10] Let {gn} be a sequence of uniform bounded variation on [p, q]
and if f : [a, b] → R is HK Integrable, such that gn → g, then

∫ q
p
fgn →

∫ q
p
fg as

n→ ∞.

Theorem 2.4. (Chartier-Dirichlet’s Test) [1] Let f and g be functions defined on
[p,∞). Suppose that

i) g ∈ HK[p, c] for every c ≥ p , and G defined by G(x) =
x∫
p

g(x)dx is bounded on

[p,∞) ;
ii) f is of bounded variation on [p,∞) and lim

x→∞
= 0,

then fg ∈ HK([p,∞)).

Theorem 2.5. (Dubois-Reymond’s Test) [1] Let f and ψ be functions defined on
[p,∞) and suppose that:

i) f ∈ HK([p, c]) for all c ≥ a and F (x) =
x∫
p

f is bounded on [p,∞)

ii) ψ is differentiable on [p,∞) and ψ
′
is Lebesgue integrable on [p,∞)

iii) lim
x→∞

F (x)ψ(x) exists

then fψ ∈ HK([p,∞)).

Theorem 2.6. [12] Let 0 < ω < q− p and ψ(x) ∈ C2, (p ≤ x ≤ p+ω), ψ
′
(p) = 0,

ψ
′′
(p) < 0, ψ(x) is non increasing on (p, q]. If f(x) ∈ HK([p, q]). Then∫ q
p
f(x)ekψ(x)dx→ f(p)ekψ(p)( −π

2kψ”(p)
)

1
2 as k → ∞.

Theorem 2.7. [12] If p < q, γ > 0 then
∫ q
p
e−kγ(x−p)

2

dx→ 1
2

√
π
kγ as k → ∞.

3. Properties of Existence
We consider the problem of existence of Sumudu transform as a Henstock-

Kurzweil integral.If function f be locally integrable i.e. f ∈ SLoc(o,∞) and f is
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ON HENSTOCK - KURZWEIL SUMUDU TRANSFORM 3

of exponential order,that is, for some constants M ; t0 > 0 and real k, f satisfies
|f(t)| ≤ Mekt for all t ≥ t0[13]. However we give different existential conditions
in the section.
Theorem 3.1. If f : [0,∞) → R be continuous function such that F (x) =∫ x
0
f ; 0 ≤ x <∞ is bounded on [0,∞), then Sumudu Transform S{f(t)}(v) of f(t)

exists. That is,
S{f(t)}(v) = 1/v

∫∞
0
f(t)e−t/vdt; Re( 1v > 0.

Proof. Since the function e−t/v : [0,∞) → R is continuous on [0,∞) with

lim
t→∞

e−t/v = 0, Re(
1

v
) > 0, and (e−t/v)

′
is absolutely integrable over [0,∞). The

result follows from Du Bois - Reymond Test [7].
Theorem 3.2. If S{f(t)}(v) = 1/v

∫∞
0
e−t/vdt exists for Re( 1v ) > 0, then f(t) ∈

HKLoc.

Proof. Note that the function t ∈ e−t/v, 1
v ∈ C , as function of real variable t

is not of bounded variation on [0,∞) but is of bounded variation on any compact
interval [a, b] .
Theorem 3.3. Let f ∈ HKLOC then the Sumudu Transform of f(x) exists, if
f ∈ HK([0,∞)) ∩ BV(∞).

Proof. Proof follows from [9] and [11].

4. Applications

The usual algebraic properties of linearity, translation, dilation, modulation
etc. familiar from the Henstock - Kurzweil Sumudu transform, proof of which
are easy. Also some other reasons which are analogous to the classical way with
some changes in the hypothesis which we discuss below. In this section we find
the Henstock - Kurzweil Sumudu transform of derivative of functions.
4.1. Henstock - Kurzweil Sumudu Transform of Derivative.

Theorem 4.1. If f : [0,∞) → (R) be a function and f(t) ∈ ACG∗
δ(R) such that

lim
t→∞

f(t)

et/v
= 0, then 1

v ∈ C , both S{f(t)}(v) and S{f ′
(t)}(v) fail to exist or

S{f ′
(t)} 1

v = S{f(t)}−f(0)
v .

Proof.

G1(V ) = F1(1/v)

G1(V ) =
G(v)− f(0)

v

G1(V ) =
1

v
G(v)− f(v)

G1(V ) = S{f(t)} − f(0)

v

S{f
′
(t)}1

v
=

S{f(t)} − f(0)

v
by fact that derivative of ACG∗

δ function is always Henstock - Kurzweil inte-
grable and Hakes theorem [1].
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4 T. G. THANGE AND S.S.GANGANE

generally considered condition on f as for k = 0, 1, ..., (n− 1), f (k) are ACG∗
δ(R)

and lim
t→∞

f (k)(t)

et/v
= 0.

4.2. Henstock - Kurzweil Sumudu Transform of tf(t).

Theorem 4.2. Let f : [0,∞) → R be function such that S{f(t)}(v) = f̄(1/v)
defined on a compact interval that is [ξ, ζ], ξ, ζ ∈ R. Define g(t) = tf(t). If g(t) ∈
HK(R)+. then S{g(t)}(v) exists and

S{g(t)}(v) = [S{f(t)}(1/v)]
′
a.e.,

1

v
∈ R.

Proof.
Suppose that

S{f(t)}(1/v) = f̄(1/v) =

∫ ∞

0

e−t/vf(t)dt

exists on [ξ, ζ], ξ, ζ ∈ R. Define g(t) = tf(t), for differentiating under the Henstock
- Kurzweil integral we have the necessary and sufficient condition∫ ∞

t=0

∫ q

v=p

e−t/vtf(t)dv dt =

∫ q

v=p

∫ ∞

t=0

e−t/vf(t)dt dv

for all [p, q] ∈ [ξ, ζ] [10]. Observe that the L.H.S. of above equation exists
therefore by Lemma 25(a)[9] above equation hold. Hence we differentiate under
the Henstock - Kurzweil integral, we get∫ q

v=a

∫ ∞

t=0

e−t/vtf(t)dt dv =

∫ q

p

(f̄(1/v))
′
ds

for all [p, q] ∈ [ξ, ζ]. Therefore

S{tf(t)}(v) = v[S{f(t)}(1/v)]
′
a.e.

on [ξ, ζ]. Hence the derivative of the Sumudu Transform of f(t) exists a.e. on [ξ, ζ].

We can generalize this result as follows: If for n ∈ N, tnf(t) is a Henstock -
Kurzweil integrable then

S{tnf(t)}
exists and

S{tnf(t)} = vn{S(f(t))}n

. Hence derivative of any order of S{f(t)} exists a.e. So S{f(t)} is analytic a.e.
4.3. Henstock - Kurzweil Sumudu Transform of 1

t .

Theorem 4.3. Let f : [0,∞) ∈ R, if S{f(t)}(v) = f̄(1/v) exists and
f(t)
t ∈ HK(R)+ then S{f(t)}v exists and∫ ∞

0

e−t/v
f(t)

t
dt =

∫ ∞

v

f̄(τ)dτ,
1

v
∈ R.
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ON HENSTOCK - KURZWEIL SUMUDU TRANSFORM 5

Proof.
Since f(t)

t is Henstock-Kurzweil integral and e−t/v is of bounded variation on
compact interval then S{f(t)}v exists and by Lemma 25(a) in [8], we have∫ ∞

0

e−t/v
f(t)

t
dt =

∫ ∞

1/v

f̄(τ)d(τ).

4.4. Henstock - Kurzweil Transform of Integration.

Theorem 4.4. Let f : [0,∞) ∈ R be Henstock - Kurzweil integrable function and
S{f(t)}(v) exists, then

S{
∫ t
0
f(τ)dτ}(v) exists and

S{
∫ t

0

f(τ)dτ}(v) = vG(v){vS[f(t)]}.

Proof.
Let f(t) =

∫ t
0
f(τ)dτ, t ∈ R.

and if f is Henstock-Kurzweil integrable, then we have, lim
t→∞

F (t)

bounded a.e. on R and by using integration by parts we get

S{
∫ t

0

f(τ)dτ}(v) = vG(v){vS[f(t)]}.

5. Inversion

In order to obtain inverse of Henstock - Kurzweil Sumudu Transform we use
Post’s generalized differentiation method [6].

Theorem 5.1. Let 0 < ω < q − p and ψ(x) ∈ C2, (p ≤ x ≤ p + ω), ψ
′
(p) = 0,

ψ
′′
(p) < 0, ψ(x) is non increasing on (p, q]. If f(x) ∈ HK([p, q]), then

∫ q

p

f(x)ekψ(x)dx→ f(p)ekψ(p)(
−π

2kψ”(p)
)

1
2

as k → ∞.

Proof. Consider the integral

Ik =

q∫
p

[f(x)− f(p)]ek[ψ(x)−ψ(p)]dx.

We show that Ik → 0 as n→ ∞

gk(x) =

{
ek[ψ(x)−ψ(p) if x ∈ (p, q]

o if x = p

Then gk(x) = ek(ψ(x)−ψ(p) → 0, ∀ x ϵ [p, q] as k → ∞ is of uniform bounded
variation on R with gk(x) → 0 as k → ∞. Now by Theorem 2.3, we say that
Ik → 0 as k → ∞ and the result follows by Theorem 2.6.
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6 T. G. THANGE AND S.S.GANGANE

Theorem 5.2. Suppose 0 < ω < q − p, and ψ(x) ∈ C2, (q − ω ≤ x ≤ q),

ψ
′
(q) = 0, ψ”(q) < 0, ψ(x) non decreasing on [p, q). If f(x) ∈ HK([p, q]), then∫ q

p

f(x)ekψ(x)dx→ f(q)ekψ(q)(
−π

2kψ”(q)
)

1
2

as k → ∞.

Similarly this result can be proved.
Theorem 5.3. Inversion Theorem
If f(x) → HK((0,∞)) and if the Sumudu Transform of f(t), S{f(t)}(v) =
1
v

∫∞
0
e−

t
v f(t)dt exists , then

lim
k→∞

1

k!
(
k

t
)k+1

∫ ∞

0

1

z
e

−kz
t zkf(z)dz = f(t)

Proof. The Inversion Theorem follows immediately, if we prove the following,

(1) If
f(t) → HK([t,∞)), 0 < t ≤ x <∞,
then

lim
k→∞

(
k

t
)k+1

∫ ∞

t

1

z
e

−kz
t zkf(z)dz =

f(t)

2

(2) If
f(t) → HK((0, t]), (0 < x ≤ t),
then

lim
k→∞

(
k

t
)k+1

∫ t

0

1

z
e

−kz
t zkf(z)dz =

f(t)

2
.

We have the relation∫ q

p

f(t)ekψ(x)dx = f(p)ekψ(p)
(

−π
2kψ”(p)

) 1
2

as k → ∞. Take p = t so then∫ q

t

f(t)ekψ(x)dx = f(t)ekψ(t)
(

−π
2kψ”(t)

) 1
2

.

By using Stirling’s Formula and taking ψ(x) = Inx− x
t we get

lim
k→∞

1

k!

(
k

t

)k+1 ∫ q

t

f(x)e
−kx

t xkdx =
f(t)

2
.

Applying Hake’s theorem we get

lim
k→∞

1

k!

(
k

t

)k+1 ∫ ∞

t

f(x)e
−kx

t xkdx =
f(t)

2
.

Similarly we prove the second result. Hence the result.
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