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Abstract. In this paper, we introduce and study a new subclass Snβ,λ,δ,b(α),

involving polylogarithm functions which are associated with differential op-

erator. we also obtain coefficient estimates, distortion theorem, radius of
starlikeness and covex and extreme point of the class Snβ,λ,δ,b(α).
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1. Introduction

Let A represent the class of analytic function f(z) which is normalized by f(0) =
f′(0)− 1 = 0 f(z ) of the form

f(z ) = z +

∞∑
k=2

akzk, (1.1)

which are analytic in the unit disk U{= z : |z | < 1}. The Hadamard product of

g(z ) = z +

∞∑
k=2

bkzk, (1.2)

and f(z ), given in (1.1), is defined by

(f ∗ g)(z ) = z +

∞∑
k=2

akbkzk. (1.3)

The standard polylogarithm function was studied by Leibniz and Bernoulli in
1969 [9]. For λ ∈ N, with λ ≥ 2, the polylogarithm function (which is a absolutely
convergent series) is defined by

Liλ (z ) = φλ (z ) =

∞∑
k=1

zk

(k)
λ
. (1.4)

Recently, Auther in [10], considered various functional identities by using poly-
logarithm functions.
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For λ ∈ N, Reλ > 1 and Re c > −1 the λth order polylogarithm function is
defined by

φλ (c; z ) =

∞∑
k=1

zk

(k + c)
λ

=
1

Γ (λ)

∫ 1

0

z

(
log

(
1

t

))λ−1
tc

1− tz
dt. (1.5)

For f ∈ A, Al-Shaqsi [2] introduced the following operator.

ψλ (c; z ) = (1 + c)
λ
φλ (c, z ) ∗ f(z) =

(1 + c)
λ

Γ (λ)

∫ 1

0

tc−1
(
log

(
1

t

))λ−1
f(tz)dt,

(1.6)
where λ ∈ N, Re λ > 1 and Re c > 0.

Now a days, the work using polylogarithm has been intensified brightly owing
to its importance in several fields of mathematics, such as algebra, topology, ge-
ometry and quantum theory [6, 7].
Recntly Al-Shaqsi and Darus [2], Danyal Soybas Santosh B. Joshi and Haridas
Pawar [8],S. Oi [11], Al-Shaqsi and Darus [12], T. Stalin et al. [13] and M.
Thirucheran et al. [14] generalized Ruscheweyh and Salagean operators using
polylogarithm functions on class A of analytic functions in the open unit disc
U = {z : |z| < 1}.
By motivated by the aforementioned work, we introduce the new subclass involving
differential operator as below:

For f(ξ) ∈ A, we now introduce the linear differential operator

Lnλ,δf(ξ) = Lλ,δ
(
Ln−1λ,δ f(ξ)

)
= ξ +

∞∑
k=2

[1 + (k − 1) δ]
n

(
1 + c

k + c

)λ
akξ

k, (1.7)

which is a convolution of the well known operators of Al-Oboudi [1] and Al-Shaqsi
[2].

Note that,
(i). Ln0,1 = Dn, Salagean [3]
(ii). Ln0,δ = Dnδ , Al-Oboudi [1]

(iii). L0
λ,δ = ψλ (c, ξ) , Al-shaqsi [2].

(iv). L0
0,δ = f(ξ) and L1

0,1 = ξf′(ξ), Ma.W and D.Minda [5].

Furthermore details about polylogarithm functions see Ponnusamy.S [?].
Hence,

L0
λ,δf(ξ) = ξ +

∑∞
k=2

(
1+c
k+c

)λ
akξ

k,

L1
λ,δf(ξ) = (1− δ)ψλ (c, ξ) + δξ (ψλ (c, ξ))

′
= ξ+

∑∞
k=2 [1 + (k − 1) δ]

(
1+c
k+c

)λ
akξ

k

= Lλ,δf(ξ), L2
λ,δf(ξ) = Lλ,δ (Lλ,δf(ξ)) ,

similarly,

Lnλ,δf(ξ) = Lλ,δ
(
Ln−1λ,δ f(ξ)

)
= ξ +

∑∞
k=2 [1 + (k − 1) δ]

n
(

1+c
k+c

)λ
akξ

k.

Let p be the class of functions of the form p(ζ) = 1 + p1ζ + p2ζ
2 + ...,analytic

in U , which satisfy Re {p(ζ)} > 0.
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Definition 1.1. A function f(ξ) ∈ A, given by (1.1), is said to be in the class
Snβ,γ,δ,b(φ(ξ)), which satisfies

1 +
1

b

(
ξLnλ,δf(ξ))′

Lnλ,δf(ξ)
− 1

)
− β

∣∣∣∣∣ξLnλ,δf(ξ))′

Lnλ,δf(ξ)
− 1

∣∣∣∣∣ ≺ φ(ξ), (1.8)

where n, λ ∈ N0, β > 0, δ > 0, b > 0, φ ∈ p.

Remark 1.2. For, φ(ξ) = 1+(1−2α)ξ
(1−ξ) , then Snβ,γ,δ,b(φ(ξ)) ≡ Snβ,γ,δ,b(α) be the class

of f ∈ A satisfies

Re

(
1 +

1

b

(
ξLnλ,δf(ξ))′

Lnλ,δf(ξ)
− 1

)
− β

∣∣∣∣∣ξLnλ,δf(ξ))′

Lnλ,δf(ξ)
− 1

∣∣∣∣∣
)
> α, (1.9)

where n, λ ∈ N0, β > 0, δ > 0, b > 0, φ ∈ p, 0 ≤ α ≤ 1.

2. The Second Section

Theorem 2.1. Let f be defined by (1.9). Then f ∈ Snβ,γ,δ,b(α) if and only if

∞∑
k=2

(kbβ − bβ − k + 1− b+ bα)[1 + (k − 1)δ]n
(

1 + c

k + c

)λ
|ak| ≤ (1− α)b (2.1)

where 0 ≤ α < 1, n ∈ N0 = N ∪ {0} , δ > 0, b > 0, λ ≥ 0.
Proof:

Suppose that the inequality (2.1) is true and |z | < 1.
Then it shows that the value of

1+ 1
b

(
z(Dnλ,δf(z))

′

Dnλ,δf(z)
− 1
)
−β

∣∣∣ z(Dnλ,δf(z))′Dnλ,δf(z)
− 1
∣∣∣ lies in a circle with center |w | = 1 and

radius (1− α)b,

which gives
∑∞
k=2(kbβ− bβ−k+ 1− b+ bα)[1 + (k− 1)δ]n

(
1+c
k+c

)λ
|ak| ≤ (1−α)b.

Hence f(z ) satisfies the condition (2.1).
Conversely,
Let us assume that the function f defined by (1.9) in the class Snβ,γ,δ,b(α), then

Re
(

1 + 1
b

(
z(Dnλ,δf(z))

′

Dnλ,δf(z)
− 1
)
− β

∣∣∣ z(Dnλ,δf(z))′Dnλ,δf(z)
− 1
∣∣∣) > α,

if we choose the value of z on the real azs and let z → 1− through real values, we
obtain∑∞
k=2(kbβ − bβ − k + 1− b+ bα)[1 + (k − 1)δ]n

(
1+c
k+c

)λ
|ak| ≤ (1− α)b.

Hence the result is sharp.

3. Extreme Points

Theorem 3.1. Let f1(z ) = z , fk(z ) = z +
∑∞
k=2 ηk

(1−α)b
ψ(λ) zk, k = 2, 3, ....,

where ψ(λ) =
∑∞
k=2(kbβ − bβ − k + 1 − b + bα)[1 + (k − 1)δ]n

(
1+c
k+c

)λ
. Then

f ∈ Snβ,λ,δ,b(α) if and only if it can be expressed in the form f(z ) =
∑∞
k=1 ηkfk(z ),

where ηk > 0 and
∑∞
k=1 ηk = 1.

Proof: Let f(z ) =
∑∞
k=1 ηkfk(z )
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= z +
∑∞
k=2 ηk

(1−α)b
ψ(λ) zk

=
∑∞
k=2 ηk

(1−α)b
ψ(λ) (ψ(λ)

= (1− α)b
∑∞
k=1 ηk

= (1− α)b(1− η1)
< (1− α)b,
which shows that f ∈ Snβ,λ,δ,b(α).
Conversely,
Suppose that f ∈ Snβ,λ,δ,b(α).

Since |ak| ≤ (1−α)b
ψ(λ) , k = 2, 3, ...

Let ηk ≤ ψ(λ)
(1−α)b , η1 = 1−

∑∞
k=2 ηk.

Then we obtain f(z ) =
∑∞
k=1 ηkfk(z ).

4. Radius of Starlikeness and Convexity

Theorem 4.1. The class Snβ,λ,δ,b(α) is convex .
Proof:

Let the function fj(z ) = z +
∑∞
k=2 ak,jz

k, ak,j ≥ 0, j = 1, 2 lie in the class f ∈
Snβ,λ,δ,b(α), it is sufficient to prove that h(z ) = (γ + 1)f1(z )− γf2(z ) ∈ Snβ,λ,δ,b(α).

Since h(z ) = z +
∑∞
k=2 [(1 + γ)ak,1 − γak,2] zk, which implies that∑∞

k=2(kbβ − bβ − k + 1− b+ bα)[1 + (k − 1)δ]n
(

1+c
k+c

)λ
(1 + γ)ak,1

−(kbβ − bβ − k + 1− b+ bα)[1 + (k − 1)δ]n
(

1+c
k+c

)λ
γak,2

≤ (1 + γ)(1− α)b− γ(1− α)b
≤ (1− α)b.

Therefore h ∈ Snβ,λ,δ,b(α).

Hence Snβ,λ,δ,b(α) is convex.

Theorem 4.2. Let f(z ) = z +
∑∞
k=2 |ak| zk, f ∈ Snβ,λ,δ,b(α), then f is close-to-

convex of order σ(0 ≤ σ < 1) in the disc |z | < r1,

where r1 :=

(
(1−σ)[(kbβ−bβ−k+1−b+bα)[1+(k−1)δ]n( 1+c

k+c )
λ
]

(k)(1−α)b

) 1
k−1

.

Theorem 4.3. Let f(z ) = z +
∑∞
k=2 |ak| zk, f ∈ Snβ,λ,δ,b(α), then f is starlike of

order σ in the disc |z | < r2,

where r2 := inf

(
(1−σ)[(kbβ−bβ−k+1−b+bα)[1+(k−1)δ]n( 1+c

k+c )
λ
]

(k−σ)(1−α)b

) 1
k−1

, (k ≥ 2).

Theorem 4.4. Let f(z ) = z +
∑∞
k=2 |ak| zk, f ∈ Snβ,λ,δ,b(α), then f is convex of

order σ
in the disc |z | < r3,

where r3 := inf

(
(1−σ)[(kbβ−bβ−k+1−b+bα)[1+(k−1)δ]n( 1+c

k+c )
λ
]

k(k−σ)(1−α)b

) 1
k−1

, (k ≥ 2).
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5. Distortion Theorem

Theorem 5.1. Let f(z ) = z +
∑∞
k=2 |ak| zk, f ∈ Snβ,λ,δ,b(α),then for |z | = r, we

have

r−
(1− α)b

(
1+c
2+c

)λ
(βb+ αb− b− 1)(1 + δ)n

r2 ≤ |f(z )| ≤ r+
(1− α)b

(
1+c
2+c

)λ
(βb+ αb− b− 1)(1 + δ)n

r2, (5.1)

and 1−
2(1− α)b

(
1+c
2+c

)λ
(βb+ αb− b− 1)(1 + δ)n

r ≤ |f′(z )| ≤ 1 +
2(1− α)b

(
1+c
2+c

)λ
(βb+ αb− b− 1)(1 + δ)n

r.

(5.2)
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