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NEW SUBCLASS ANALYTIC FUNCTIONS ASSOCIATED WITH
POLYLOGARITHM FUNCTION DEFINED BY A LINEAR
DIFFERENTIAL OPERATOR

M. THIRUCHERAN, M. VINOTH KUMAR*, AND T. STALIN**

ABSTRACT. In this paper, we introduce and study a new subclass SZ,A,B,b(a)7
involving polylogarithm functions which are associated with differential op-
erator. we also obtain coefficient estimates, distortion theorem, radius of
starlikeness and covex and extreme point of the class SZ,A,J,b(O‘)'

& 2000 Mathematics Subject Classification 30C45.

1. Introduction

Let A represent the class of analytic function £(z) which is normalized by £(0) =
£/(0) —1 =0 £(z) of the form
£(z) :z—i—Zakzk, (1.1)
k=2
which are analytic in the unit disk U{= z: |z| < 1}. The Hadamard product of
gz) =2+ bt (1.2)
k=2
and f(z), given in (1.1), is defined by

(fxg)(2) = Z+Zakbkzk- (1.3)
k=2

The standard polylogarithm function was studied by Leibniz and Bernoulli in
1969 [9]. For A € N, with A > 2, the polylogarithm function (which is a absolutely
convergent series) is defined by

e k

Lix (z) = ¢ (2) = ]; GR

Recently, Auther in [10], considered various functional identities by using poly-
logarithm functions.

(1.4)
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For A € N, ReX > 1 and Re ¢ > —1 the A order polylogarithm function is

defined by
> 1 /1 ( (1>>/\1 -
(¢;2) = z | log | - dt. 1.5
2:1 k+c) TN o t L=tz (15)

For f € A, Al-Shagsi [2] introduced the following operator.

Or (62) = (14 ) da (¢, 2) % £(2) = (1;;;))* /O1 et (log (1)>A_1 £(tz)dt,

(1.6)
where A € N, Re A > 1 and Re ¢ > 0.

Now a days, the work using polylogarithm has been intensified brightly owing
to its importance in several fields of mathematics, such as algebra, topology, ge-
ometry and quantum theory [6, 7).

Recntly Al-Shagsi and Darus [2], Danyal Soybas Santosh B. Joshi and Haridas
Pawar [8],S. Oi [11], Al-Shagsi and Darus [12], T. Stalin et al. [13] and M.
Thirucheran et al. [14] generalized Ruscheweyh and Salagean operators using
polylogarithm functions on class A of analytic functions in the open unit disc
U={z:|z| < 1}.

By motivated by the aforementioned work, we introduce the new subclass involving
differential operator as below:

For (§) € A, we now introduce the linear differential operator

n—1 - n 1+c A k
L) = L0 (E350) =€+ L1+ (b= D" (125) wets )
k=2

which is a convolution of the well known operators of Al-Oboudi [1] and Al-Shagsi
2.
| ]Note that,
(i). L5, = D", Salagean [3]
(ii). £y s = Dj, Al-Oboudi [1]
(iii). L3 5 =¥a (¢,€), Al-shagsi [2].
(iv). £8’5 =f(¢) and L, = &/(€), Ma.W and D.Minda [5].
Furthermore details about polylogarithm functions see Ponnusamy.S [?].
Hence,

0 — oo 1+c A k
£94(8) = €+ 372, (32) g,

L} 57(€) = (1 = 0) ha (e, €) + 66 (¥a (¢,€)) = E+ 35 [L+ (k= 1) 4] (k-&-i)/\ ar"
= L sf(€): L3 55(8) = Las (L2,5(8))

similarly,

A
£3,51(6) = Las (£355(6)) = €+ Xi2a 1+ (= 1) o] () ang”.

Let p be the class of functions of the form p(¢) = 1 + p1¢ + p2¢? + ...,analytic
in U, which satisty Re {p({)} > 0.
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Definition 1.1. A function §(§) € A, given by (1.1), is said to be in the class
S5 .5.5(0(€)), which satisfies

1 (€63, £(0) EL311(©)
1 — ’7_1 — -l
’ (ﬁ?,af(i) ) ’ | 23 51(©)

-1
b
where n, A\ € Ny, 5> 0,0 > 0,b>0,¢ € p.

< (), (1.8)

Remark 1.2. For, ¢(§) = %, then Sp_ 5,(6(£)) = Sp ., 5(a) be the class
of f € A satisfies

1 (EL35(8)) §LY 51(8))
Re|14+ | 222> 1| g2 >
‘ ( b ( 23,470 ) G
where n, A € No,8>0,6 >0,b>0,¢0 € p,0<a<1.

-1

) > a, (1.9)

2. The Second Section
Theorem 2.1. Let £ be defined by (1.9). Then £ € ngé’b(a) if and only if

0o A
S (kb — b8 — k+ 1 — b+ ba)[L+ (k — 1)d]" (1 +C) lag] < (1 —a)b  (2.1)

Pt k+c
where 0 < a < 1,n€ Ng=NU{0},6>0,b>0,A>0.
Proof:

Suppose that the inequality (2.1) is true and |z| < 1.
Then it shows that the value of

L (2052 1\ g 2(DisE()
1+5< D;"(sf(z) 1) 5 D;‘ﬁf(z)
radius (1 — «)b,

A
which gives S2°° (kb — b —k+ 1 —b+ba)[1 + (k—1)8] (}f) lax| < (1—a)b.
Hence £(z) satisfies the condition (2.1).

Conwversely,

Let us assume that the function £ defined by (1.9) in the class S 5,(a), then
z(DY} s£(2))’ z(D} 5£(2))

Re (143 (Fmee —1) -8 e 1) 2 e

if we choose the value of z on the real azs and let z — 1= through real values, we

obtain \

5% (kb3 — b3 — k + 1 — b+ ba)[l + (k — 1)8]" (g) lak| < (1= a)b.

Hence the result is sharp.

— 1| lies in a circle with center |w| =1 and

3. Extreme Points

Theorem 3.1. Let £1(2) = z,£4(2) = 2+ > pon nkq;(';\))bzk, k=23, ..,

A
where p(\) = S22 (kb3 — b — k + 1 — b + ba)[1 + (k — 1)d]" (,%) . Then
£ € 8§\ s5.() if and only if it can be expressed in the form £(z) = Y77, mtr(2),
where ng, > 0 and Y oo n = 1.
Proof: Let £(z) = > p—, mkfr(2)
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[e%S) 1—a)b
=z+ Zk:2 Nk (w(i)) 2

= ()
=(1—a)bd> 272 nk

— (1= (T = m)

< (1 — )b,

which shows that £ € Sj , 5, ().
Conversely,

Suppose that £ € Sj , 5, ().

: (I—a)b 4. _
Since |a| < w(;f) k=23, ...

A S
Let m, < %ﬂh =1=2 0
Then we obtain £(z) =Y po; etk (2).

4. Radius of Starlikeness and Convexity

Theorem 4.1. The class Sj , 5,(c) is conver .
Proof:

Let the function £j(2) = z + > pey ak ;2% ar; > 0,7 = 1,2 lie in the class £ €
S§ .s.0(Q0), it is sufficient to prove that h(z) = (v +1)£1(2) —vf2(2) € Sj  5,().
Since h(z) = z + > pey [(1 +¥)ax 1 — yag 2] 2%, which implies that

S (kDB — b8 — k41— b+ ba)[L + (k — 1)3]" (};g)Au +7)ak

A
(kb8 —bB — k+1 = b+ ba)[1 + (k= 1)o]" ($££) yaps
<@+ -a)b—y(1—a
< (1—a)b.
Therefore h € Sj y 5, ().
Hence S , 5,(a) is convex.

Theorem 4.2. Let £(z) = z + Y o |ax| 2%, £ € S§ asp(Q), then £ is close-to-
convez of order 0(0 < o < 1) in the disc |z| <11,

1
(10)[(kbﬂbﬁk+1b+ba)[1+(k1)5]"(;1§)*]) k=1 .

where ry := < G
Theorem 4.3. Let £(z) = 2 + Y o, |ax| 2%, £ € S5 asp(), then £ is starlike of
order o in the disc |z] < ra,

1
o _bA— _ o _ n( 14c\A k-1
where vy = inf ((1 )[(kbB—bB k:;l_gb)J(rf_L[)l;r(k D" (3££) ]) (k>9).

Theorem 4.4. Let £(2) = 2 + > po, |ax| 2%, £ € SE asp(@), then £ is convex of
order o
in the disc |z| < rs,

—c —_bB— _ o _ n(14c\A k-1
where rs3 = an <(1 (B =05 kkﬁ(_]:_s;_(bl_)([j):(k QU (k+6) ]) a(k > 2).
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5. Distortion Theorem

Theorem 5.1. Let £(z) = 2z + Y po, Jag| 2%, £ € S§ a.s.p() then for |z| = r, we
have

2
r— —r= < [£(z)

and 1 —

(1—a)b (%)A
ST G rab—b-nayor o O

(1—a)b (%)A

(Bb+ab—b—1)(1+9)

A
2(1 — a)b (%)
(Bb+ab—b—1)(1+46)

A
21— (4£2)
(Bb+ab—b—1)(1+90)

—r < |£'(2)] <1+ 7.

(5.2)
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