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ALMOST HEPTIC SPLINES FOR MODIFIED (0,2,4,6)
INTERPOLATORY PROBLEM

KULBHUSHAN SINGH, FAIZ ATAHAR*

ABSTRACT. In this paper we consider a modified lacunary interpolation
problem in which we have function values, second, fourth and sixth
derivatives at node points, for which we derive a heptic spline belongsto a set
of spline functions s,z which approximates the given function. First we have
shown that such spline function exists uniquely. Then the theorem of
convergence has also been proved.

1. Introduction
There are several communications in the field of lacunary interpolation [1],[2],
Recently K. Singh [10] has obtained a quartic spline function.
On the same lines In this present paper we consider a birkhoff interpolation problem
which we call modified (0,2,4,6) problem, using almost heptic splines s(x) &€ 7
where for the given partition
P: 0=Xo<X1<...<xXp1<Xp=1

Of theunit interval [0,1], S,7denotes the class of spline functions (x) such that

Q) S(X) e Iy, k=1,2,...,n-2,

2 S(X) € I, k=0,1...n-1;  Wherex & [Xi,Xk+1]

®3) S(x) e CX(1)
Also we denote Xk+1— Xk = hi for all k=0,1,2...n-1.
We prove the existence and uniqueness of spline functions and then show that they
convergeto the given function f(x) e C’(1) up to derivative of order 7.

2. Theorem 2.1
Given P and the real numbers ym,ym@,ym® and yn®, m=0,1...n; yo»,yn® there
exist a unique spline function s,(x) e Sy7 such that
(2.2) S @ (Xm)=ym®, m=0,1,2...n; g=0,2,4,6

)

@ 1
(22 p (X0)=y( )0, Sp( )(Xn)=Yn( :
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Proof: Weset (2.3) S(X) = so(X) when X € [Xo,X4]
So(X) = sm(X) when X € [Xm,Xm+1], m=1,2...n-2
So(X) = $ha(X) when X € [Xn-1,Xn],

Using interpolatory conditions (2.1),(2.2) and (2.3) we have
(2.4)  sp(x) = vot+ (x-Xo) yo(l) + (x-x0)2/2! YQQ) + (x-xn)jff)! ags3 + (x-x0)4/'4.’ }"0(4) + (x-xo)5/5!a0_5
+ (X-xo)ﬁ/ﬁ‘.yo(é) + (x-xo)m/ﬂam + (X-Xo)(g)fg!ﬂo_g
(2.5)  su(X) = Y+ (X-Xm)am1 + (x—xm)l/’ZIymm +(x—xm)3/3!am_3 + (x—x0)4f4!3f1,1(4) +
(x-Xpm) /3 ams + (x—xo)é/G.'yufS) +(x-X) /7 A
26 50a(®) = Yar + (xKa)anrs + (%0 2y ot + (x%00) /305 (RXp) A yan
+ (x—x,,_l)s/S lap.1s + (x—xl,.1)5/6!§f11_1(5) +( x—xl,_1)7/7‘.au_1_7 +(x—xn.1)8/8‘.au.1_g

The coefficient involved in the above equation determine by remaining interpolatory
conditions and the continuity requirement that sy(x) & c*(1). Applying these
conditions we get following equations: (2.7)

1 =0 + hoyo™ +ho/21y0® +hy’/31ag 3+ho 4y +ho’/5lag s +ho/61y0™® +ho T1a07

+ho¥/8laps

¥ = wo® +ho a3 + hg* 21y + hy'/31ag s +h 4 lve® +hus-"'5!ao:?+h06-"'5 lagg

1 =3 + hyapsthy’21y,® +hy*/3lag 7+ hy'ags

719 = y0® +hoa; +ho'/21ags

(2.8) Va1 = Yo Thantin 1 than 721y +hay /3 lag 3+ e 4 ye” +Hha /5 lag st 61y +
b /Tlam 7

Va1 = v Hhotan 5o /2 e Pt hon 318 5has 141y O b /5 lam 7

Va1 @ = yu® + hpams Hh 21y ® +h'/3lam;
V1@ = ¥ia® + D7
(29 Ya= Yol thaganrthe 20y @ o3 lag g 5 Hhy Y41y, Ot by 518, 5 +hy 6!
Vo1 ® +hg Mlag g 7+, 18 lag) 8

2, M, 3, 4, 5,
Yol = Vou ™ + hyag 5 Hhy 720y Dby 3 lagy sth Y41y, © +hy VS tag

6|.
+hp/6lagas

4 4 2, 3, 4,
o = yp® + hp1an15 tha 121y01® + ho /3 lag 7Hhe 4lan 5

Vo®= yo1 @+ hetan1 7 ther2lan s
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From these equations we obtained ay3,805,80,7, ,8,8m1,8m3,8m,5, &m.7, 8-11,8n-1.3,80-1,5,0n-
1,7 and Gn-1,8.

The unique existence of these coefficients shows unique existence of the spline
function Sy(x).

The coefficients of this polynomial are given bel ow

a03 = 168/ 171 [(¥1-Vo-hyo -0/ 2 170 @-ho /4176 -6 v0'®) -110,%/ 168 (v, @-15P-hg*/2 1y -
ho*/41y0®) + 13/7h0* (v1P-y0®- ho*/21v6®) — 137/60480he° (v1@-vo)]
a0.s = 1007 [-168/1 702 (y1-Yo-hoyo P-120/2 1y P-ho/ 1y, P-ho® /6130 ) +28/17(y1 P-y0@-1/21 0™
he*/4ty6@) + T 17007 D=y P-070/216®) #1051 (37 @3, ]
a7 = 12/b° [1680/1 7h* (y1-yo-hoyo-ho™/2 150 -1/ 4 10 -1/ 61y @) -280/1 71 (v ™-v6 Py /2!
Vo 141y @) +10/17 (37 P30 P02 16 ®) -23/20407 (31 -y )]
agg = 2M7 [-20160/17Th(y1-Yo-Tip¥o Iy ™/ 2y P/ 1y P-hy 61y, @) + 3360/1 7h*(y; P-yy®
ho?/2156P-ho /4150 =120/ 1 T3, D=3 ho21y0™) + 40/17(3, -0 ) ]
Am 1™ hy? [(Ym+l-ym-llsz“ 2 !)fu,(z)-11m4/'4 !yO(4)-llm6/’6 !yo(G)) i /3! (ymﬂ(z)-ym(z)-hmz& !ym(4) —
by /41y, @) +70*360(vm1® —Va b 21y @) 1, 57336(Vie Py ®)
A3 = T ! [711m4/’360(ym+1(6)-ym(6)) — hy /3! (ym+1(4)-ym(4) 711m2/’2!ym(6)) +(ym+1(2)-ym(2)-hm2/2!ym(4)
hy /41y ]
s = 1y 1 /3! Vet D) et Py b 20y )]
7= M [Vt -y
a1 = 170/837[1674/170hy1(Ya-Yae1-ho1 /2 yot -h 0178 yu Db /61yt @) -251 1hy,.1/340
o P-Y1P-hp 221y P-ho 181y @) + 3348h,.,7/680(y -yt D-hy 721y )
+ 5004h,,_14/850(yn((’)-yn.|((’)) +hn-l}’uAl(h'hn-12}’11-1(4]"')’11-1(I)]
an.13 = 4250/7533 01> (yaryn1 =hoet/20Yn1 -hoet /4y Dby /61yt ©)-9207/2720h,,.,
(VoY1 P 20y -hot 41y @) <7553/2380h,1 (Vo - Ynt D= 20y @)
10044h,,.1*/3360(yn -y51 ) +279h0.1/34 01 D=3 001/2¥001P=5/80 1 Yt @ + 71/ 3y ]
an.1.5= 5022/1870h,1 (VoY1 =1 /21yt @-hoet /4100 D-ho /61y, @) +3348/850h,,.,°
(=Y D=y /21y 1-hoy 441y, @) -5859/2890h,1(yo -yt P-hac 1720 yna @)
+11718h.1*/2380(v0 -yt ) +55h,1/81y31 P+106h,.1 /68y P+ 1 Thy /5y 1+

2 6)
hy.1 Yn-1 ;
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ang 7= 15066/27200,1 (Yo-Yoo1 —ha 172! ya P-4y @-hy /61y ) +13392/2210h,,°
(V0¥ Py 72 b 41y, )-14229/2380h0, 0 (v eyt b 221y )
11718 hy /28900y, “-y,1 ) +4400h,1/56 7y, + 742, /340y, +264h,.1/625y,., "
+ 12hy 65y,
A= 18414/4250001 (vt —Doar /20 Yo Pl /4y D=1 /61y, @) +15903/2380h,,.,
(¥n =01 P-hy 2y by 4y @) + 17577/3740000° (v -yt P-hp 22y ) +
19251 hot (v @-yua @) + 7150h,.0/1134y,., % + 848h,.1*/476 v +308h,,.1/1500 y,, !
132h,/325 v
This proves the theorem.

3. Theorem 3.1
Let fi(x) & C'(1). Then for the unigue spline function s,(x) mentioned in Theorem 2. 1with ym,ym"” etc being associated
with function f(x), that is yu=f(xu) . V"= {7(xu,) etc; we have for
XE [XmXmo1] ,m=0,1,2,...n-1,

(3.1) Jsp () (%)) <Cpg W™ wo(h) L q=0,1...7.

Here we take hn=h for all m=0,1,...,n-1 and denote the modulus of continuity of
f(x)=C7(1) byW-(h) .The coefficient Cp4 are different constant mentioned below in
the proof below

Proof-:

Let X € [Xo,X1]. Then from equation (2.4) we have

So™(x) ~17(x) = a0 -(x-x0)ao -1 "(x)

| 2160/17h(y1-yo-hoyo'-ho /2y /41y -hu/6!ye'®) -3360/1 703y, P-yo'?  ho2lye™ —h*/dy,'®)
+120/1 70 (yy D-yo V-h20/21y6®) -23/17h(y, @-yo'®) + (x-x0) 2/0% [-20160/17h’(y1-Yo-hayo'"-ho*/2!yo > -h*/41ye -
heo/6!y6®) + 3360/ 17h*(y, @ -y0® - ho*/21yo-ho*/41ye®) -120/170%(y, -y - h*/21yo™) + 40/17(y, -y ) £ (x)|

Therefore

Is0”(x)-F7(x)| < 120160/17h"(ho/3 !y +ho™/51yo™+ ho /7! (M) )-3360/17h%(yo +h*/31yo™+ h*/5!F (e) -
120/170(hoyo ™ +h*/317( a)-23/176 (Brs) -40320/17h7 (Wo/31yo" +ho /5tye™ ho'/7! £ (nm) ) + 6720/1 7 (o +h*/3Lye ™+
h¥/5 (em)) -240/1 7h? (hoyo ™+ /317 ) ) +80/17 £(Br) |

<7 () -28/17 (€)-20/17 £7( tn) -23/17 £ (Bn) -32/17 £ () +56/17 (1 )-40/17 £( 1) +80/17
£ (Bl

[ 56 7(x)-F(x)] < 120/17w+(h).
Here Xms< Nm<em<om<Pm<xm+1.

Using interpolatory conditions, we have
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56 = 37 1sg G —F7 ()1 dx

= (x-Xq) w7(h)

<120/7 h wa(h)
Again from equation (2.4) using Taylor’s theorem, we have
| $07(x) ~£(x)| < 50h*/17w1(h)
Further

80 M 0-F 0 < [ 15§ () — £5 ()] dx

<[x1-xo| | 30”(%) £ (x)|
< 50h°/17ws(h)
We using again Taylor’s theorem from equation (2.4) we have

Iso®(x)-(x)| < 30h*/17 w+(h)
Again using interpolatory condition, we have

Iso?'x)- Pl < [7* |55 —Fldx

< 30h’/17 wi(h)
Similarly,
Iso' ()1 (x)] < 30h%/17 wa(h)
[so(x)-f(x)] < 30h7/17 w(h)
This proves Theorem 3.1 for xe[x0,x |
For X € [XmXm+1] , m=1,2,...n-2,we have from (2.5),using Taylor’s Theorem
fsm"()-1(x) | < | am7-1'(x)]
<(ha ' (et Py ) (%))
<(h” (hanf (Ba))-17(x)
<ws(h)
Iso'“C0)-°(0)] < If:m s (x) — f7(x)|dx

< | XXn| [5m0 (X)-F ()
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<h ws(h)
s (%)-F(X) | < Jams+ oy O +hin/2 an7 —£(x)|
< B /31t Py ™) Yt Py b 72y )] iy O+
B [yt -y 1) |
<3h?*/2w(h)
Further
s 0 ()] < If,fm ls5 (x) — F2(x)|dx
< [x=x] Jsi’ () ()|
< 3h*/2ws(h)
5 P(%)-P(X)] < [ams+hmym e /2 am s+h* /31y, O+hy, 4 ta,, 5|
< 5h*/2w+(h)
In the same way
s (x)-£(x)] < 5h*/2w+(h)
s (x)- £1(x)] < Th®/2w(h)
And [s,,(x)-f(x)] < 7h"/2 w+(h)

This gives theresult for X & [Xm,Xm+1]

Proof for x & [Xn-1,Xn] can aso be carried out on similar manner, so we omit the
details.

4, Conclusion

As we have seen here that a unique heptic spline function interpolate here a (0,2,4,6)
problem .It is aso provide spline function converges uniformly. Such type of
functions are used to solve specia differential equations and finding quadrature
formula.In our next communication we will show that this function is applicable for
solving boundary value problem of differential equation.
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