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Abstract 

The problem of non-response in sample surveys is very common and in the 
present Covid-19 epidemic scenario, it is more prevalent in online and mail 
surveys than in personal interview surveys. In case of diseases such as AIDS, 
Tuberculosis etc., and many sensitive issues, it is extremely difficult to 
motivate the subject to pass on true information. We, in this paper, propose 
two estimators of the population variance in the presence of non-response by 
imputing ratio-type estimators in the non-response stratum. We also compare 
the twin estimators with an existing unbiased estimator of the population 
variance in the presence of non-response that is already available in the 
literature. For this purpose, we derive the variances of each of the three 
estimators. We also obtain the conditions under which the proposed 
estimators perform better than the existing estimator. Illustrative examples 
have been furnished to examine and appraise the viability of the proposed 
estimators.  

Keywords: Non-response, Response and non-response strata, Estimators of 
population variance in presence of non-response, Ratio-type estimators, 
Variance of estimators of population variance in the presence of non-
response. 

1. Introduction 

Consider a finite population of size N from which a random sample s of size 
n is drawn without replacement. Let the value of the characteristic of interest 
y on the unit i be denoted by yi (i = 1, 2, ..., N). Drawing the sample divides 
the population into two segments – sampled and non-sampled  to be 

denoted by s and s  respectively with respective sizes n and Nn. 

In sample surveys dealing with human populations, non-response occurs 
frequently and when the sample is drawn, n1 units respond while remaining 
n2 (= n n1) units do not furnish any response. When non-response is 
encountered in the initial attempt, Hansen and Hurwitz (1946) advocate the 
following double sampling scheme for estimating the population mean: 

(a) a simple random sample of size n is selected and the questionnaire is 
mailed to the sample units. 
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(b) out of the n2 non-responding units, a sub-sample of size m = 2n

k
 (k>1) 

is contacted through personal interviews. 

Hansen and Hurwitz (1946) assume that the population of size N consists of 
two strata of ‘respondents’ and ‘non-respondents’ having respective sizes N1 
and N2 (= N  N1). 

Let  

 
N

i
i 1

1
Y y

N 

   

and 

 
N

2 2
y i

i 1

1
S (y Y)

N 1 

 

  

be the population mean and the population variance of the survey variable y.  

Further, let 

  
N

r

0r i
i 1

1
y Y , r 1,2,3,...

N 1 

   

   

denote the rth order population moment of the survey variable y. 

Next, let 
1 2

2 2
1 y 2 y(Y ,S )  and  (Y ,S )  denote the coupling of the respective 

population means and variances with regard to the strata of respondents and 

non-respondents. The population mean Y  may be written as 

 
1 1 2 2Y W Y W Y   

where W1 and W2 are the population proportions of the response and non-
response strata respectively, i.e. 

 1
1

N

N
W     and  2

2
N

N
W  . 

Further, let 

  
1N

r(1)
0r i 1

i 11

1
y Y , r 1,2,3,...

N 1 

   

   

and 

  
2N

r(2)
0r i 2

i 12

1
y Y , r 1,2,3,....

N 1 

   

  

denote the rth order population moments in respect of the strata of 
respondents and non-respondents.  

Besides, let 
1 2 2 m2

2 2 2 2
y 1 y 2 y m y(y,s ), (y ,s ), (y ,s ) and (y ,s )  be the means coupled 

with variances based on n, n1, n2 and m units respectively, where 

 
n

2 2
y i

i 1

1
s (y y)

n 1 

 

  
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1

n
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2

2

n
2 2
y i 2

i 12

1
s (y y )

n 1 

 

  

and 

 
m 22

m
2 2
y i m

i 1

1
s (y y )

m 1 

 

 . 

Next, we define 

             04
2 2

02

(y) , j 1,2


  


 

as the population coefficient of kurtosis of  the characteristic of interest, i.e., 
y. 

Finally, let 

 
( j)
04

2 j 2( j)
02

(y ) , j 1,2


  


 

where j = 1 and 2 stand respectively for the response and non-response strata.  

Hansen and Hurwitz (1946) proposed the following unbiased estimator of the 
population mean Y  

   
21 2

*
1 mw wy y y         (1.1)   

where w1 and w2 are the sample proportions of the responding and non-
responding units and are given by 

 1
1

n

n
w       and 2

2
n

n
w  . 

In the presence of non-response, Cochran (1977, p.374), Rao (1986), and 
Särndal et al. (1992, p.583) suggest the use of auxiliary variable x with a view 
to enhance the possibilities of achieving improved results. Let xi (i = 1, 2, ..., 
N) be the measurement of the ith unit on x. Corresponding to the above 
population-based quantities 

1 2

2 2 2
1 2 y y yY,Y ,Y ,S ,S ,S , (1) (2)

0r 0r 0r 2 2 1μ ,μ ,μ ,β (y),β (y )  2 2and β (y ) for the 

characteristic of interest, let 
1 2

2 2 2
1 2 x x xX,X ,X ,S ,S ,S , (1) (2)

r0 r0 r0μ ,μ ,μ ,  

2 1 2 2β (x ) and β (x ) be their counterparts in respect of the x-variable and, 

similarly, corresponding to the sample-based quantities 

1 2 m2

2 2 2 2
y y y y1 2y,y ,y ,s ,s ,s and s ,  let 

1 2 m2

2 2 2 2
1 2 x x x xx,x ,x ,s ,s ,s and s  

represent their counterparts with respect to the x-variable. 

Apart from this, let 

               
N r s

rs i i
i 1

1
x X y Y r,s 1,2,3,...

N 1 

    

  

denote the joint (r,s)th  order population moments for the characteristic of 
interest and auxiliary characteristic. 
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Further, let 

            
jN

( j) r s
jrs i i j

i 1j

1
(x X ) (y Y ) , j 1,2; r,s 1,2,3,...

N 1 

     

  

denote the joint (r,s)th  order population moments for the characteristic of 
interest and auxiliary characteristic in respect of the strata of respondents and 
non-respondents. 

Finally, let 

            
( j)
22

j ( j) ( j)
20 02

, j 1,2;


  
 

 

Although the problem of estimation of population mean in the presence of 
non response has engaged considerable attention, the estimation of 
population variance in the presence of non-response remains little explored 
and, hence, we take up the same to focus on finding suitable estimator of 
population variance in the presence of non-response in the ensuing sections. 

 

2. Unbiased Estimator of Population Variance in the Presence of Non-
Response 

We know that the sample variance 2
ys  is unbiased for 2

yS  but it is not 

employable in the present case as a result of non-response from the n2 units.  

2.1   An unbiased estimator 

Since the population is composed of twin strata of respondents and non-

respondents, we propound an estimator of 2
yS  by expressing 2

yS  as  

1 2

2 2 2 21 2
y 1 y 2 y 1 2

N N
(N 1)S (N 1)S (N 1)S (Y Y )

N
        

1 2

2 2 2 2
y 1 y 2 y 1 2 1 2

N 1 1
S W S W S W W (Y Y )

N 1 N N

    
          

     
                    (2.1) 

whose predictive form is given by: 

1 2

2 2 2 2
y 1 y 2 y 1 2 1 2

N 1 1
S W S W S W W (Y Y )

N 1 N N

     
         

      

                                

(2.2) 

Since 

 E (wi) = Wi ; i = 1,2,        

          
1 1

2 2
y yE[s ] S                                                                                            

and 

 
m m 2 22 2

2 2 2 2
y y y yE[s ] E E[s | s] E[s ] S   

 
,                                                                   
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we proceed to obtain an unbiased estimator of 2
1 2 1 2W W (Y Y )  by noting 

that the expected value of
2

2
1 2 1 mw w (y y )  is given by 

 
2 1 2

22 2 22 1
1 2 1 m y y 1 2 1 2

W WN n n 1 N(n 1)
E w w (y y ) S k S W W Y Y

n N 1 n N 1 n(N 1)

      
                 

(2.3) 

which leads to the desired unbiased estimator as 

2 1 m2

2 2 2 2
1 2 1 2 1 2 1 m 2 y 1 y

n(N 1) N n (N 1) n 1
W W (Y Y ) w w (y y ) w s w k s (2.4)

N(n 1) N(n 1) N(n 1) N 1

    
      

    

 

Using (2.2), an unbiased estimator of 2
yS is thus expressible as 

1 m 22

2 2 2 2
y 1 2 y 2 2 y 1 2 1 m

N 1 (N n) N 1 k(N 1) n(N 1)
s w w s w w s w w (y y )

N 1 N N(n 1) N N(n 1) N(n 1)

       
           

       
                                                                                             
(2.5)                                                                                                   which 
may be re-written as 

 
1 2 2

2 2 2 2
y 1 y 2 y 3 1 ms p s p s p (y y )                                                                               

(2.6) 

where 

 1
1

nw 1
p

n 1





                                                                                                  

 1
2 2

kw
p w

n 1
 


                                                                                           

(2.7)                 
3 1 2

n
p w w

n 1



 

2
ys  is expressible in an alternative form as  

1 m m 22 2

2 2 2 2 22
y 1 y y 2 y 1 2 1 m

n1
s (n 1)s (m 1)s w (k 1)s nw w (y y )

(n 1) m
 

         
  

                    (2.8) 

This form of 2
ys was mooted earlier by Rao (1990) and Agrawal and Sthapit 

(2002). However, these authors did not furnish the kind of approach invoked 

by us in arriving at the estimator 2
ys . 

 

2.2   Variance of the unbiased estimator 

Since the variance of the estimator 2
ys  given by (2.8) has not been obtained 

by the earlier proponents in their work, we undertake to do the same. 

Employing 2
ys  as given by (2.6) and the result 



ESTIMATION OF POPULATION VARIANCE 

 98 

          2 2 2
y y 1 2 y 1 2V(s ) V[E[s | n ,n ]] E[V[s | n ,n ]]                                                     

(2.9)                    

where 

 
1 2

2 2 2 2
y 1 2 1 y 2 y 3 1 2E[s | n ,n ] q S q S q (Y Y )                                                                      

where  

  1 2
1 1

1

n w w
q w

n 1 NW
 


                                                                                         

  1 2
2 2

2

w wn
q w

n 1 NW
 


                                                                                       

and  

                             
3 3q p ,                                                                                                              

3p  being defined in (2.7). We, thus, have 

1 2 1 2

1 2

2 4 4 4 2 2
y 1 2 y 1 y 2 1 2 3 y y 1 2

2 2 2 2
y 1 2 1 3 y 1 2 2 3

V[E[s | n ,n ]] S V(q ) S V(q ) (Y Y ) V(q ) 2S S Cov(q ,q )

2S (Y Y ) Cov(q ,q ) 2S (Y Y ) Cov(q ,q ) (2.10)

     

   

  

where, to terms of 
1

O
n

 
 
 

, we have 

   1 2 1 2V q V q W W
n


   

   
2

3 1 2 1 2V q W W W W
n


   

 1 2 1 2Cov q ,q W W
n


   

   1 3 1 2 1 2Cov q ,q W W W W
n


    

   2 3 1 2 1 2Cov q ,q W W W W
n


   

and 

1N

nN
λ




 . 

After substituting the above expressions in (2.10) and doing some algebraic 

simplification, we, to terms of
1

O
n

 
 
 

, obtain 

    1 2

222 2 2
y 1 2 1 2 y y 1 2 1 2V[E[s | n ,n ]] W W S S (W W ) Y Y

n


                                     

(2.11)        
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This completes the computation of the first component involved in R.H.S. of 
(2.9). To work out the second component on the R.H.S. of same, we first 
obtain 

   

1 m 2 1 m2 2

1 2 m 22

2 2 2 2 2 2 2 2 2
y 1 2 1 y 2 y 3 1 m 1 2 y y

2 2 2 2
1 3 y 1 m 2 3 y 1 m

V(s | n ,n ) p V(s ) p V(s ) p V[(y y ) ] 2p p Cov(s ,s )

2p p Cov s , (y y ) 2p p Cov s , (y y ) (2.12)

     

   

      

Since,  

 

 1 m2

2 2
y yCov s ,s 0  

and also, to terms of
1

O
n

 
 
 

, we have 

 
1 1

2 4
y y 2 1

1 1

1 1
V(s ) S (y ) 1

n N

 
    
 

 

 
1 2

2 4
y y 2 2

2

1 1
V(s ) S (y ) 1

m N

 
    
 

 

 
2 1 2

22 2 2
1 m 1 2 y y

1 1 2

1 1 1 1
V (y y ) 4 Y Y S S

n N m N

     
           

     
 

   
1 2

2 2 (1)
y 1 m 1 2 03

1 1

1 1
Cov s ,(y y ) 2 Y Y

n N

 
     

 
 

   
m 22

2 2 (2)
y 1 m 1 2 03

2

1 1
Cov s ,(y y ) 2 Y Y

m N

 
      

 
 

We can, to terms of
1

O
n

 
 
 

, express                                                                                                          

   
1 2

1 2

2 2 4 2 4
y 1 2 1 y 2 1 2 y 2 2

1 1 2

2 2 2 2 (1)
3 1 2 y y 1 3 1 2 03

1 1 2 1 1

(2)
2 3 1 2 03

2

1 1 1 1
V(s | n ,n ) p S (y ) 1 p S (y ) 1

n N m N

1 1 1 1 1 1
4p (Y Y ) S S 4p p (Y Y )

n N m N n N

1 1
4p p (Y Y ) ,

m N

   
           

   

       
              

       

 
    

 

 

thus obtaining, to terms of 
1

O
n

 
 
 

, the second component on R.H.S. of 

(2.9) as   
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   

 

2

1

1 2

4
y2 4

y 1 2 y 1 2 1 2 2 2

2 2 21 2
1 2 2 y 1 y

(1) (2)1 2
1 2 03 03

Sn
E V(s | n ,n ) S W (y ) 1 k W (y ) 1

n N n

W W n
4 Y Y W S k WS

n N

4W W n
(Y Y ) k (2.13)

n N

  
          

 

  
      

  

  
       

  
 

Substituting (2.11) and (2.13) in (2.9), we get the required variance, to terms 

of
1

O
n

 
 
 

, as 

      

 

1 2 1

2

1 2

222 2 2 4
y 1 2 y y 1 2 1 2 1 y 2 1

4
y 2 2 2

2 2 2 1 2 1 2 2 y 1 y

(1) (2)1 2
1 2 03 03

V(s ) W W S S (W W ) Y Y WS (y ) 1
n n

Sn 4 n
k W (y ) 1 (Y Y ) W W W S k WS

N n n N

4W W n
(Y Y ) k (2.14)

n N

 
        

    
            
    

  
       

  
 

In particular if k = 1, i.e. all the non-respondents are interviewed, the 

expression (2.14), to terms of
1

O
n

 
 
 

, reduces to 

      

          

1 2 1 2

1 2

2 (1) 4 (2) 4 (1) (2) 2 2
y 1 04 1 y 2 04 2 y 1 2 1 2 03 03 1 2 y y

2 422 2
1 2 1 2 2 1 y 1 2 y 1 2 1 2 1 2

V(s ) W WS W W S 4W W Y Y 2W W S S
n

2W W Y Y 3W W S 3W W S W W W W Y Y


           


       


                                                                                                                          
(2.15)              

which can be shown, using the expansion of 4
04 yS  , to assume the form 

given by 

 

                 2 4 2
y y 2 yV s S (y) 1 V s

n


                                                                  

(2.16)         

where 2
ys  is the estimator of population variance 2

yS  of the characteristic of 

interest y in the case when there is no non-response. This result is intuitively 
correct as when k = 1, all the non-respondents in the sample are interviewed 
and so there is no non-response in the sample and so from (2.6) we see that 

2
ys is the same as 2

ys . 

Variance estimator of the estimator 2
ys  can be worked out by expressing the 

variance expression of this estimator given in (2.14) in terms of central 
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moments of the population and then replacing each population moment by 
its unbiased estimator.  

The estimator 2
ys considered above does not make use of the available 

auxiliary information. Keeping this in mind, we propose hereinafter two new 
estimators of population variance in the presence of non-response by 
imputing ratio-type estimators in the non-response stratum. 

 

3.  Two estimators of population variance imputing ratio estimators in non-
response stratum 

Isaki (1983) proposed the ratio-type estimator  

            

2
y 2

x2
x

s
S

s
     

for estimating the population variance 2
yS , when there is no non-response. 

However, due to non-response, 2
ys  is not available. Continuing with the 

dichotomization of the population into response and non-response strata as 
explained in Section 2, we impute two different ratio estimators  

            
m2

2

m2

2
y 2

x2
x

s
s

s
                                                                                                    

(3.1)                             

and 

            
m2

2

m2

2
y 2

x2
x

s
S

s
                                                                                                   

(3.2)       

for estimating the variance
2

2
yS in the non-response stratum. Here, for the use 

of the estimator in (3.2), it is tacitly assumed that the auxiliary information is 

available on all the 2N units constituting the non-response stratum. 

Using (3.1) and (3.2) to replace 
m2

2
ys in (2.5), we propose two new estimators 

of the population variance in the presence of non-response, viz.  

  

m2

1 2 2

m2

2
y2 2 2 2

yr1 1 2 y 2 2 x 1 2 1 m2
x

sN 1 (N n) N 1 k(N 1) n(N 1)
S w w s w w s w w (y y )

N 1 N N(n 1) N N(n 1) s N(n 1)

       
          

       

                                                                                                                            
(3.3)                             

and 
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m2

1 2 2

m2

2
y2 2 2 2

yr2 1 2 y 2 2 x 1 2 1 m2
x

sN 1 (N n) N 1 k(N 1) n(N 1)
S w w s w w S w w (y y )

N 1 N N(n 1) N N(n 1) s N(n 1)

       
          

       

                                                                                                                            
(3.4)                         

which can be alternatively written as 

            m2

1 2 2

m2

2
y2 2 2 2

yr1 1 y 2 x 3 1 m2
x

s
S p s p s p (y y )

s
                                                           

(3.5)                              

and 

            m2

1 2 2

m2

2
y2 2 2 2

yr2 1 y 2 x 3 1 m2
x

s
S p s p S p (y y )

s
                                                         

(3.6) 

where pi (i= 1,2,3) are defined in (2.7). Note that, for k = 1, 2
yr1S  will reduce 

to 2
ys . 

Now, we work out the expected value and bias of each of the above two 
estimators to the first degree of approximation. 

 

3.1.  Bias of each of the two proposed estimators 

The expected values of 2
yr1S and 2

yr2S given by (3.5) and (3.6) are obtainable, 

to terms of
1

O
n

 
 
 

, as 

           

 
1 2 2

2 2 2 2 22 1
yr1 yr1 1, 2 y 1 y 2 y 2 2 2

2
1 2 1 2

W W (k 1)
E[S ] E E[S | n n ] S W S W S (x )

N 1 N 1 n

N
W W (Y Y ) (3.7)

N 1

                     

 


                                                                                         

        

 
1 2 2

2 2 2 2 22 1
yr2 yr2 1, 2 y 1 y 2 y 2 2 2

2
1 2 1 2

W W k 1
E[S ] E E[S | n n ] S W S W S (x )

N 1 N 1 n N

N
W W (Y Y ) (3.8)

N 1

                            

 


                                                                                     

As a result, the bias of each of the two estimators, to terms of
1

O
n

 
 
 

, is given 

as 
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            
2

2 2
yr1 y 2 2 2

k 1
Bias[S ] S (x )

n

 
   
 

                                                           

(3.9)                           

            
2

2 2
yr2 y 2 2 2

k 1
Bias[S ] S (x )

n N
 

    
 

                                                       

(3.10)                   

It can be seen that the first estimator becomes unbiased to the first degree of 
approximation if k = 1, i.e. if all the non-respondents are interviewed. Also, 
the bias would vanish to the first degree of approximation in each of the two 
cases if 

           2 2 2(x )                                                                                               

(3.11)                                

which leads to the condition 

            
 
 

2

2 2 2 2

2

2
y2 2 2 2

y y x x2
x

V s
S s ,s S

V s

 
 

  
 
 

                                                             

(3.12) 

or 

            
 
 

2

2 2 2 2

2

2
y2 2 2 2

y y x x2
x

V s
E s s ,s E s

V s

 
 

        
 
 

                                                

(3.13) 

where 

            
2 2

2 2 2
y x

2 2 2 2

1
s ,s

(y ) 1 (x ) 1

 
 

   
                                                     

(3.14)                         

is the correlation coefficient between 
2

2
xs and 

2

2
ys . Thus, for each of the twin 

proposed estimators, the bias would vanish to the first degree of 

approximation if the regression of 
2

2
ys on 

2

2
xs is linear and passes through 

origin. 

 

3.2.  Variance of each of the proposed estimators 

To work out the variance of the proposed estimator 2
yr1S , we use the relation 

           2 2 2
yr1 yr1 1 2 yr1 1 2V(S ) V[E[S | n ,n ]] E[V[S | n ,n ]]                                               

(3.15)                                        

We can evaluate 
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1 2

2 2 2 2
yr1 1 2 1 y 2 y 3 1 2E[S | n ,n ] q S q S q (Y Y )                                                      

(3.16)                             

where qi (i= 1,2,3)are defined in Section 2. 

Invoking (2.14), we obtain to first order of approximation, the first 
component in (3.15) as 

    1 2

222 2 2
yr1 1 2 1 2 y y 1 2 1 2V[E[S | n ,n ]] W W S S (W W ) Y Y

n


    

                    (3.17)            

In order to work out the second component in (3.15), we find, to first order 
of approximation, that 

   

 

1 2

1 2

2 2 4 2 4
yr1 1 2 1 y 2 1 2 y 2 2 2

1 1 2

2 2 2 2
2 2 3 1 2 y y

2 1 1 2

(1)
1 3 1 2 03

1 1

1 1 1 1
V S | n ,n p S (y ) 1 p S (x ) 2 1

n N m n

1 1 1 1 1 1
(y ) 1 4p (Y Y ) S S

m N n N m n

1 1
4p p (Y Y )

n N

                      

         
               

         

 
    

 

2

2

2
y (2) (2)

2 3 1 2 21 032
2 x 2

S1 1 1 1
4p p (Y Y )

m n S m N

     
          

     

                                                                                                                          
(3.18)                             

As a result, the second component in (3.15) is obtainable as 

   

 

1 2

1 2

2

2 4 4
yr1 1 2 1 y 2 1 2 y 2 2 2

2 2 2
2 2 1 2 1 2 2 y 1 y

2
y(1) (2)

1 2 1 2 03 03
x

k 1
E V S | n ,n WS (y ) 1 W S (x ) 2 1

n n

k 1 k 1
(y ) 1 4W W (Y Y ) W S WS

n N n n N

Sk 1 k 1
4W W (Y Y )

n n N n S

                  

     
            
     

    
         

   
2

(2)
212

(3.19)
  

 
  

                                                                                                                                                  

 

Substituting (3.17) and (3.19) in (3.15), we get, to terms of
1

O
n

 
 
 

, 

        

 

2

1 2 1

1 2

2

422 y2 2 2 4
yr1 1 2 y y 1 2 1 2 1 y 2 1 2 2 2

2 2 2 (1) (2)1 2
1 2 1 2 2 y 1 y 1 2 03 03

4
2 y 2 2 2

Sn
V(S ) W W S S (W W ) Y Y WS (y ) 1 k W (y ) 1

n n N n

4W W4 n n
(Y Y ) W W W S k WS (Y Y ) k

n N n N

k 1
W S (x ) 2 1

n

   
            

 

     
               

     

 
     

 

2

2

2
y (2)

1 2 1 2 212
x

Sk 1
4W W (Y Y ) (3.20)

n S

 
   

 
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Clearly, for k=1, the expression (3.20) reduces to (2.19) which is logically 

correct, as, when k =1, the quantity 
m2

2
xs reduces to,

2

2
xs , 

m2

2
ys reduces to, 

2

2
ys  

and 
2my becomes 2y  and so, as commented earlier in this section, the 

estimator 
2
yr1S  reduces to 2

ys . 

Analogically, the variance of the second estimator
2
yr2S is obtainable, to terms 

of 
1

O
n

, 
 
 

as 

      

 

1 2 1

2

1 2

2

2

222 2 2 4
yr2 1 2 y y 1 2 1 2 1 y 2 1

4
y 2 2 2

2 2 2 2 2 2 1 2 1 2 2 y 1 y

2
y(1) (2) (2)1 2

1 2 03 03 212
x

V(S ) W W S S (W W ) Y Y WS (y ) 1
n n

Sn 4 n
k W (y ) (x ) 2 (Y Y ) W W W S k WS

N n n N

S4W W n n
(Y Y ) k k

n N N S

 
       

    
              
    

   
           

   
(3.21)

  
 
  

Variance estimators of each of the estimators 2
yr1S and 2

yr2S  can be worked 

out by expressing the respective variance expressions of these estimators, given 
in (3.20) and (3.21) in terms of central moments of the population and then 
replacing each population moment by its unbiased estimator. 

 

4.  Performance of the three competing estimators in the presence of non-  

     response  

We first proceed to compare the competing estimators 2
yr1S and 2

ys . From 

(2.14) and (3.20), we have 

     
2 2

2

(2)
2 2 2 2 21
yr1 y 2 y y 2 2 2 1 1 2 2

x

k 1
V(S ) V s W S S (x ) 2 1 4W Y Y

n S

  
         

    

          (4.1)         

For k = 1, the estimators 2
yr1S and 2

ys  are equally efficient. In general, for the 

first estimator 2
yr1S to perform better than 2

ys , we note that 

            
2

2

(2)
2 21
y 2 2 2 1 1 2 2

x

S (x ) 2 1 4W (Y Y ) 0
S


                                                  

(4.2)                                             

which leads to the interesting condition given by 
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            
 
 

  
  

22
2

2 2

2
2 2 2

2
22
x1 mx2 2

y x 1 22 2 2 2
y x x y

Cov y y ,sC.V. s1
s ,s 1 2W

2 C.V. s C.V. s S S

 


 
   

 
 

                      

(4.3)                  

since 

 
     

2

2 2

2

2 2 2

4
2 2 x 2 2
x x 2 22

x 2 2 2
x x x

1 1
S (x ) 1

V s V s n N
C.V. s

S E s E s

 
   

 
  

   
   

 

                                                                                                                                                       

 
     

2

2 2

2

2 2 2

4
2 2 y 2 2
y y 2 22

y 2 2 2
y y y

1 1
S (y ) 1

V s V s n N
C.V. s

S E s E s

 
   

 
  

   
   

 

and 

    
22

2
2 (2)
x 1 2 211 m

2 2

1 1
Cov y y ,s 2 Y Y

n N

 
      

 
                                          

(4.4) 

Further, if  

              
2 2

2 2
x y 0C.V. s C.V. s C , (say)                                                             

(4.5)                            

the above condition, for 2
yr1S to score over 2

ys , reduces to  

             
  22

2 2

2 2

2
2
x1 m

2 2
y x 1 2 2 2

0 x y

Cov y y ,s
1

s ,s 1 2W
2 C S S

 


 
   

 
 

                                     

(4.6)                    

Now, for comparing the competing estimators, 2
yr2S and 2

ys  , we find the 

difference of their variances, as 

     2

2

2

2 (2)
2 y2 2 2 21

yr2 y y 2 2 2 1 1 2 2
x

W Sn
V(S ) V s k S (x ) 2 1 4W Y Y

N n S

  
          

    

       (4.7)                                                                                                                                                 

which, in order that 2
yr2S  performs better than 2

ys , leads to conditions 

similar to (4.2) and (4.3) obtained earlier for 2
yr1S to perform better than 2

ys . 
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Finally, in order to compare the competing estimators 2
yr1S and 2

yr2S , we find 

that 

  

       
2 2

2

(2)
2 2 2 2 21
yr2 yr1 2 y y 2 2 2 1 1 2 2

x

1 1
V S V S W S S (x ) 2 1 4W Y Y

n N S

  
          

    

           (4.8)               

which implies that 2
yr2S performs better than 2

yr1S  if 

            
 
 

  
  

22
2

2 2

2
2 2 2

2
22
x1 mx2 2

y x 1 22 2 2 2
y x x y

Cov y y ,sC.V. s1
s ,s 1 2W

2 C.V. s C.V. s S S

 


 
   

 
 

                      

(4.9)                   

Note that the condition (4.3) is similar to (4.9). This leads us to conclude that 

the estimator 2
yr2S will perform better than the estimator 2

yr1S , whenever the 

latter performs better than the existing estimator 2
ys . The result is intuitively 

appealing since the second estimator makes use of the value of the variance of 

the auxiliary variable in respect of the non-response stratum, i.e.,
2

2
xS rather 

than its estimator
2

2
xs , which has been utilized in 2

yr1S . 

 

5.  An Empirical Investigation 

To provide numerical evidence in support of the findings of Section 4, we 
consider a finite population for which we examine different combinations of 
proportions of respondents and non-respondents in the population i.e., 

1W and 2W  in Tables 1, 2 and 3. The following data set pertaining to this 

population assumes that both the proposed estimators are unbiased to the 
first degree of approximation. The population quantities for the response 
stratum are 

             
1

2
yS  = 144, (1)

03  = 200, 2 1(y )  = 2  

and the corresponding quantities for the non-response stratum are 

             
2

2
yS  = 1000, (2)

03  = 250, 2 2(y )  = 5.5 

while 2 2(x ) (and consequently 2 under the condition (3.11)) is assumed 

to take one of the three possible values, i.e., 2 2(x )  = 1.5 or 3 or 4.5. It is 

clear from (3.14) and the above data that the maximum value that can be 

attained by 2 2(x )  is 5.5. Further, since the conditions for better 

performance of any of the proposed estimators depends on the difference say, 

D of the population means 1Y  and 2Y , as borne out by (4.2),  we consider 
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for each of the three tables presented below values of D (= 1 2Y Y ) as -25, -

50, 0, 25 and 50. 

The three tables have been prepared to highlight the performance of the three 

estimators 2
ys , 2

yr1S and 2
yr2S discussed in Sections 2 and 3 by computing 

their variances for four chosen values of f (= n/N) and k = 2, 3 and 4 

corresponding to each of the aforesaid three specified values of 2 2(x ) . 

These tables also present the percent gains in precision of the two competing 

estimators 2
yr1S and 2

yr2S relative to the existing estimator 2
ys denoted by G1 

and G2 and the percent gain of 2
yr2S relative to 2

yr1S being denoted by G3. 

More explicitly, let 

             

 2 2
y yr1

1
2
yr1

V s V(S )
G 100

V(S )

 
   

 2 2
y yr2

2
2
yr2

V s V(S )
G 100

V(S )

 
   

and 

2 2
yr1 yr2

3
2
yr2

V(S ) V(S )
G 100

V(S )


  . 

 

Table 1: Percent gains of 2
yr1S and 2

yr2S relative to 2
ys and of 2

yr2S relative 

to 2
yr1S  for different combinations of f, 2 2(x ) and k and varying values of 

D when 1W 0.25  and 2W 0.75      

D = -50 

f 

Per- 

cent 

gain 

2 2(x ) = 1.5 2 2(x ) = 3.0 2 2(x ) = 4.5 

k k k 

2 3 4 2 3 4 2 3 4 

0.05 

G1 
5.6 7.7 8.7 24.8 36.1 42.6 52.5 85.1 

107.
2 

G2 
11.6 11.7 11.8 63.3 64.3 64.9 

204.
4 

210.
6 

213.
7 

G3 5.7 3.8 2.8 30.9 20.7 15.6 99.6 67.8 51.4 

0.10 G1 5.8 7.8 8.8 25.7 37.0 43.4 54.7 87.9 110.
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2 

G2 
11.6 11.7 11.8 63.4 64.4 64.9 

204.
9 

211.
0 

214.
1 

G3 5.5 3.6 2.7 30.0 20.0 15.0 97.1 65.5 49.4 

0.25 

G1 
6.3 8.3 9.2 28.6 40.0 46.1 62.6 97.8 

120.
4 

G2 
11.7 11.8 11.8 63.7 64.7 65.1 

206.
6 

212.
5 

215.
3 

G3 5.0 3.2 2.4 27.3 17.6 13.0 88.5 57.9 43.1 

0.50 

G1 
7.5 9.2 10.0 35.3 46.1 51.3 82.4 

120.
4 

142.
3 

G2 
11.7 11.8 11.9 64.3 65.1 65.5 

210.
1 

215.
3 

217.
6 

G3 3.9 2.4 1.7 21.4 13.0 9.4 70.0 43.1 31.1 

D = -25 

0.05 

G1 
6.0 8.2 9.3 28.1 41.2 48.7 61.8 

103.
1 

132.
6 

G2 
12.5 12.5 12.6 74.8 75.5 75.8 

292.
0 

297.
8 

300.
8 

G3 
6.1 4.0 3.0 36.4 24.3 18.2 

142.
2 

95.9 72.3 

 

 

Table 1: Contd… 

D = -25 

f 
Per-
cent 
gain 

2 2(x ) = 1.5 2 2(x ) = 3.0 2 2(x ) = 4.5 

k k k 

2 3 4 2 3 4 2 3 4 

0.10 

G1 
6.2 8.3 9.4 29.1 42.2 49.6 64.5 

106.
8 

136.
7 

G2 
12.5 12.6 12.6 74.9 75.5 75.8 

292.
4 

298.
2 

301.
1 

G3 
5.9 3.9 2.9 35.5 23.4 17.5 

138.
5 

92.6 69.5 

0.25 

G1 
6.8 8.8 9.8 32.4 45.6 52.7 74.3 

119.
9 

150.
7 

G2 
12.5 12.6 12.6 75.0 75.7 76.0 

294.
0 

299.
6 

302.
3 
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G3 
5.4 3.4 2.5 32.2 20.6 15.2 

126.
0 

81.7 60.5 

0.50 

G1 
8.0 9.8 10.6 40.2 52.7 58.9 99.6 

150.
7 

181.
8 

G2 
12.5 12.6 12.6 75.4 76.0 76.2 

297.
4 

302.
3 

304.
4 

G3 4.2 2.5 1.8 25.1 15.2 10.9 99.1 60.5 43.5 

D = 0 

0.05 

G1 
5.9 8.0 9.1 28.8 42.3 50.2 64.2 

108.
4 

140.
8 

G2 
12.2 12.3 12.4 77.1 78.1 78.6 

320.
3 

329.
8 

334.
7 

G3 
6.0 4.0 3.0 37.6 25.1 18.9 

156.
1 

106.
2 

80.5 

0.10 

G1 
6.1 8.2 9.2 29.8 43.4 51.2 67.0 

112.
5 

145.
4 

G2 
12.2 12.3 12.4 77.2 78.2 78.6 

321.
1 

330.
5 

335.
3 

G3 
5.8 3.8 2.9 36.6 24.3 18.1 

152.
1 

102.
6 

77.4 

0.25 

G1 
6.7 8.7 9.7 33.2 47.0 54.5 77.5 

126.
9 

161.
1 

G2 
12.3 12.3 12.4 77.5 78.4 78.8 

323.
6 

332.
7 

337.
2 

G3 
5.3 3.4 2.5 33.2 21.4 15.8 

138.
7 

90.7 67.4 

0.50 

G1 
7.9 9.7 10.5 41.3 54.5 60.9 

104.
6 

161.
1 

196.
4 

G2 
12.3 12.4 12.4 78.0 78.8 79.1 

329.
1 

337.
2 

340.
7 

G3 
4.1 2.5 1.8 26.0 15.8 11.3 

109.
7 

67.4 48.7 

D = 25 

0.05 

G1 
5.4 7.4 8.3 27.3 39.8 47.1 60.6 

100.
5 

128.
9 

G2 
11.2 11.2 11.3 71.8 72.5 72.8 

278.
1 

283.
8 

286.
7 

G3 
5.4 3.6 2.7 35.0 23.3 17.5 

135.
5 

91.4 69.0 
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Table 1: Contd… 

D = 25 

f 

Per-
cent 
gain 

2 2(x ) = 1.5 2 2(x ) = 3.0 2 2(x ) = 4.5 

k k k 

2 3 4 2 3 4 2 3 4 

0.10 

G1 
5.6 7.5 8.5 28.2 40.8 48.0 63.2 

104.
2 

132.
8 

G2 
11.2 11.2 11.3 71.9 72.5 72.9 

278.
5 

284.
2 

287.
1 

G3 
5.3 3.5 2.6 34.0 22.5 16.8 

131.
9 

88.2 66.3 

0.25 

G1 
6.1 7.9 8.8 31.5 44.1 51.0 72.7 

116.
8 

146.
3 

G2 
11.2 11.3 11.3 72.1 72.7 73.0 

280.
1 

285.
6 

288.
2 

G3 
4.8 3.1 2.3 30.9 19.8 14.6 

120.
0 

77.9 57.6 

0.50 

G1 
7.2 8.8 9.5 38.9 51.0 56.8 97.2 

146.
3 

175.
9 

G2 
11.2 11.3 11.3 72.4 73.0 73.2 

283.
4 

288.
2 

290.
3 

G3 3.7 2.3 1.6 24.1 14.6 10.5 94.5 57.6 41.5 

D = 50 

0.05 

G1 
4.6 6.2 7.0 23.4 33.9 39.9 50.5 81.3 

101.
9 

G2 
9.3 9.4 9.5 58.7 59.7 60.2 

189.
4 

195.
2 

198.
2 

G3 4.5 3.0 2.3 28.6 19.2 14.5 92.3 62.9 47.7 

0.10 

G1 
4.7 6.3 7.1 24.2 34.8 40.7 52.6 83.9 

104.
7 

G2 
9.3 9.4 9.5 58.8 59.8 60.2 

189.
9 

195.
6 

198.
5 

G3 4.4 2.9 2.2 27.8 18.5 13.9 90.0 60.7 45.8 

0.25 

G1 
5.1 6.7 7.5 26.9 37.5 43.1 60.1 93.2 

114.
2 

G2 
9.4 9.5 9.5 59.1 60.0 60.4 

191.
4 

197.
0 

199.
7 

G3 4.0 2.6 1.9 25.3 16.4 12.1 82.0 53.7 39.9 
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0.50 

G1 
6.1 7.5 8.1 33.2 43.1 47.9 78.7 

114.
2 

134.
3 

G2 
9.4 9.5 9.6 59.6 60.4 60.8 

194.
8 

199.
7 

201.
9 

G3 3.1 1.9 1.4 19.9 12.1 8.7 64.9 39.9 28.8 

 

 

Table 2: Percent gains of 2
yr1S and 2

yr2S relative to 2
ys and of 2

yr2S relative 

to 2
yr1S  for different combinations of f, 2 2(x ) and k and varying values of 

D when 1 2W W 0.50     

D = -50 

f 
Per-
cent 
gain 

2 2(x ) = 1.5 2 2(x ) = 3.0 2 2(x ) = 4.5 

k k k 

2 3 4 2 3 4 2 3 4 

0.05 

G1 4.4 5.9 6.8 17.1 24.4 28.5 33.4 50.7 61.2 

G2 
8.9 9.0 9.1 39.8 40.7 41.2 95.3 98.4 

100.
0 

G3 4.3 2.9 2.2 19.4 13.1 9.9 46.4 31.7 24.1 

0.10 

G1 4.5 6.1 6.9 17.6 25.0 29.0 34.6 52.1 62.6 

G2 
8.9 9.0 9.1 39.9 40.8 41.2 95.5 98.6 

100.
2 

G3 4.2 2.8 2.1 18.9 12.7 9.5 45.2 30.6 23.1 

0.25 

G1 4.9 6.4 7.2 19.6 26.8 30.6 39.0 56.9 67.1 

G2 
8.9 9.1 9.1 40.1 41.0 41.4 96.3 99.4 

100.
8 

G3 3.8 2.5 1.8 17.2 11.2 8.3 41.3 27.1 20.2 

0.50 

G1 5.8 7.2 7.8 23.9 30.6 33.8 49.3 67.1 76.3 

G2 
9.0 9.1 9.2 40.6 41.4 41.8 98.2 

100.
8 

102.
0 

G3 3.0 1.8 1.3 13.5 8.3 6.0 32.7 20.2 14.6 

D = -25 

0.05 

G1 
5.5 7.6 8.6 24.4 35.7 42.2 51.4 83.5 

105.
6 

G2 
11.4 11.6 11.7 61.8 63.3 64.1 

195.
6 

204.
3 

208.
8 
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G3 5.6 3.7 2.8 30.1 20.4 15.4 95.3 65.8 50.2 

0.10 

G1 
5.7 7.7 8.8 25.2 36.5 43.0 53.5 86.4 

108.
6 

G2 
11.4 11.6 11.7 62.0 63.4 64.2 

196.
3 

204.
9 

209.
4 

G3 5.4 3.6 2.7 29.3 19.7 14.8 93.0 63.6 48.3 

0.25 

G1 
6.3 8.2 9.2 28.1 39.5 45.7 61.3 96.2 

118.
8 

G2 
11.5 11.7 11.7 62.4 63.8 64.4 

198.
6 

207.
0 

211.
2 

G3 4.9 3.2 2.3 26.7 17.4 12.9 85.1 56.5 42.2 

 

Table 2: Contd… 

D = -25 

f 

Per-
cent 
gain 

2 2(x ) = 1.5 2 2(x ) = 3.0 2 2(x ) = 4.5 

k k k 

2 3 4 2 3 4 2 3 4 

0.50 

G1 
7.4 9.2 10.0 34.8 45.7 51.0 80.9 

118.
8 

140.
8 

G2 
11.6 11.7 11.8 63.2 64.4 65.0 

203.
6 

211.
2 

214.
6 

G3 3.9 2.3 1.7 21.1 12.9 9.3 67.9 42.2 30.7 

D = 0 

0.05 

G1 
5.8 7.9 9.0 28.0 41.5 49.4 62.0 

105.
4 

137.
4 

G2 
11.9 12.1 12.2 74.4 76.2 77.1 

294.
5 

311.
2 

320.
2 

G3 
5.8 3.9 2.9 36.2 24.5 18.5 

143.
5 

100.
2 

77.0 

0.10 

G1 
6.0 8.1 9.1 29.0 42.6 50.4 64.8 

109.
4 

141.
9 

G2 
12.0 12.1 12.2 74.5 76.3 77.2 

295.
8 

312.
5 

321.
3 

G3 
5.7 3.8 2.8 35.3 23.7 17.8 

140.
1 

97.0 74.1 

0.25 

G1 
6.5 8.6 9.6 32.4 46.2 53.7 75.0 

123.
6 

157.
5 

G2 12.0 12.2 12.3 75.0 76.8 77.6 300. 316. 324.
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2 6 8 

G3 
5.1 3.3 2.5 32.2 20.9 15.5 

128.
7 

86.3 65.0 

0.50 

G1 
7.8 9.6 10.4 40.5 53.7 60.3 

101.
6 

157.
5 

192.
9 

G2 
12.1 12.3 12.3 76.1 77.6 78.3 

310.
0 

324.
8 

331.
7 

G3 
4.0 2.5 1.8 25.4 15.5 11.2 

103.
3 

65.0 47.4 

D = 25 

0.05 

G1 
4.5 6.1 7.0 23.0 33.5 39.5 49.4 79.8 

100.
4 

G2 
9.2 9.3 9.4 57.4 58.7 59.5 

181.
6 

189.
6 

193.
9 

G3 4.5 3.0 2.3 27.9 18.9 14.3 88.5 61.1 46.6 

0.10 

G1 
4.6 6.3 7.1 23.8 34.3 40.3 51.5 82.5 

103.
2 

G2 
9.2 9.3 9.4 57.5 58.8 59.5 

182.
2 

190.
2 

194.
4 

G3 4.4 2.9 2.2 27.2 18.3 13.7 86.3 59.0 44.9 

0.25 

G1 
5.1 6.7 7.4 26.5 37.1 42.7 58.9 91.7 

112.
7 

G2 
9.2 9.4 9.5 57.8 59.2 59.8 

184.
4 

192.
2 

196.
0 

G3 4.0 2.6 1.9 24.8 16.1 12.0 79.0 52.4 39.2 

Table 2: Contd… 

D = 25 

f 
Per-
cent 
gain 

2 2(x ) = 1.5 2 2(x ) = 3.0 2 2(x ) = 4.5 

k k k 

2 3 4 2 3 4 2 3 4 

0.50 

G1 
6.0 7.4 8.0 32.7 42.7 47.6 77.3 

112.
7 

132.
9 

G2 
9.3 9.5 9.5 58.6 59.8 60.3 

189.
1 

196.
0 

199.
2 

G3 3.1 1.9 1.4 19.5 12.0 8.6 63.0 39.2 28.5 

D = 50 

0.05 
G1 2.9 3.9 4.4 15.3 21.7 25.2 31.1 46.9 56.4 

G2 5.8 5.9 5.9 34.9 35.7 36.1 86.1 89.0 90.4 
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G3 2.8 1.9 1.4 17.0 11.5 8.7 41.9 28.6 21.8 

0.10 

G1 3.0 4.0 4.5 15.8 22.2 25.7 32.2 48.2 57.7 

G2 5.8 5.9 5.9 34.9 35.8 36.2 86.3 89.2 90.6 

G3 2.7 1.8 1.4 16.5 11.1 8.3 40.9 27.7 20.9 

0.25 

G1 3.2 4.2 4.7 17.5 23.8 27.1 36.2 52.5 61.7 

G2 5.8 5.9 5.9 35.2 36.0 36.3 87.1 89.8 91.2 

G3 2.5 1.6 1.2 15.1 9.8 7.3 37.3 24.5 18.2 

0.50 

G1 3.8 4.7 5.1 21.2 27.1 29.8 45.7 61.7 69.9 

G2 5.9 5.9 6.0 35.6 36.3 36.6 88.8 91.2 92.3 

G3 2.0 1.2 0.9 11.9 7.3 5.2 29.6 18.2 13.2 

 

 

 

 

 

 

Table 3: Percent gains of 2
yr1S and 2

yr2S relative to 2
ys and of 2

yr2S relative 

to 2
yr1S  for different combinations of f, 2 2(x ) and k and varying values of 

D when 1W 0.75 and 2W 0.25  

D = -50 

f 
Perc
ent 
gain 

2 2(x ) = 1.5 2 2(x ) = 3.0 2 2(x ) = 4.5 

k k k 

2 3 4 2 3 4 2 3 4 

0.05 

G1 2.9 4.0 4.7 10.2 14.8 17.4 18.6 27.9 33.5 

G2 5.8 6.1 6.3 22.0 23.4 24.2 44.1 47.5 49.4 

G3 2.8 2.0 1.5 10.7 7.5 5.8 21.5 15.3 11.9 

0.10 

G1 3.0 4.1 4.8 10.5 15.1 17.7 19.3 28.7 34.3 

G2 5.8 6.1 6.3 22.1 23.5 24.3 44.3 47.8 49.7 

G3 2.7 1.9 1.4 10.5 7.3 5.6 21.0 14.8 11.5 

0.25 

G1 3.3 4.4 5.0 11.7 16.3 18.8 21.7 31.2 36.6 

G2 5.9 6.2 6.3 22.5 23.9 24.6 45.2 48.7 50.4 

G3 2.5 1.7 1.3 9.6 6.5 4.9 19.4 13.3 10.1 

0.50 G1 4.0 5.0 5.5 14.4 18.8 20.9 27.2 36.6 41.4 
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G2 6.1 6.3 6.5 23.3 24.6 25.2 47.3 50.4 51.9 

G3 2.0 1.3 0.9 7.8 4.9 3.6 15.8 10.1 7.4 

D = -25 

0.05 

G1 4.8 6.6 7.6 19.6 28.8 34.1 39.5 62.7 77.9 

G2 
9.7 10.1 10.2 47.1 49.2 50.3 

123.
1 

131.
6 

136.
2 

G3 4.7 3.2 2.5 22.9 15.8 12.1 60.0 42.4 32.8 

0.10 

G1 4.9 6.7 7.7 20.3 29.5 34.8 41.1 64.7 80.0 

G2 
9.8 10.1 10.2 47.3 49.4 50.5 

123.
7 

132.
2 

136.
8 

G3 4.6 3.1 2.4 22.4 15.3 11.6 58.6 41.0 31.6 

0.25 

G1 5.4 7.2 8.1 22.7 31.9 36.9 46.7 71.5 86.9 

G2 
9.8 10.2 10.3 47.8 49.9 50.9 

126.
0 

134.
4 

138.
7 

G3 4.2 2.8 2.1 20.5 13.6 10.2 54.0 36.6 27.7 

 

Table 3: Contd… 

D = -25 

f 

Per-
cent 
gain 

2 2(x ) = 1.5 2 2(x ) = 3.0 2 2(x ) = 4.5 

k k k 

2 3 4 2 3 4 2 3 4 

0.50 

G1 
6.5 8.1 8.8 28.1 36.9 41.3 60.8 86.9 

101.
4 

G2 
10.0 10.3 10.4 49.1 50.9 51.7 

131.
0 

138.
7 

142.
3 

G3 3.3 2.1 1.5 16.4 10.2 7.4 43.7 27.7 20.3 

D = 0 

0.05 

G1 
5.6 7.8 8.9 27.2 40.6 48.6 59.8 

102.
1 

133.
7 

G2 
11.6 11.9 12.1 71.5 74.2 75.6 

269.
6 

292.
4 

305.
1 

G3 
5.7 3.8 2.9 34.8 23.9 18.2 

131.
4 

94.2 73.4 

0.10 

G1 
5.8 7.9 9.0 28.2 41.7 49.6 62.5 

106.
1 

138.
1 

G2 
11.7 11.9 12.1 71.7 74.4 75.7 

271.
4 

294.
2 

306.
7 
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G3 
5.5 3.7 2.8 34.0 23.1 17.5 

128.
5 

91.3 70.8 

0.25 

G1 
6.4 8.5 9.5 31.6 45.3 52.9 72.4 

120.
0 

153.
6 

G2 
11.7 12.0 12.1 72.4 75.0 76.3 

277.
3 

300.
0 

311.
8 

G3 
5.0 3.3 2.4 31.0 20.5 15.3 

118.
8 

81.8 62.4 

0.50 

G1 
7.6 9.5 10.3 39.6 52.9 59.7 98.4 

153.
6 

189.
0 

G2 
11.9 12.1 12.2 74.0 76.3 77.3 

290.
7 

311.
8 

321.
9 

G3 4.0 2.4 1.7 24.7 15.3 11.0 96.9 62.4 46.0 

D = 25 

0.05 

G1 3.5 4.8 5.5 18.0 26.3 31.1 37.4 58.9 72.9 

G2 
7.0 7.3 7.4 42.5 44.4 45.4 

113.
0 

120.
6 

124.
8 

G3 3.4 2.3 1.8 20.7 14.3 10.9 55.0 38.9 30.0 

0.10 

G1 3.6 4.9 5.6 18.7 27.0 31.7 38.9 60.8 74.8 

G2 
7.1 7.3 7.4 42.6 44.5 45.5 

113.
6 

121.
2 

125.
4 

G3 3.3 2.3 1.7 20.2 13.8 10.5 53.8 37.6 28.9 

0.25 

G1 4.0 5.2 5.9 20.8 29.1 33.6 44.2 67.0 81.0 

G2 
7.1 7.4 7.5 43.1 45.0 45.9 

115.
6 

123.
1 

127.
0 

G3 3.1 2.0 1.5 18.5 12.3 9.2 49.5 33.6 25.4 

Table 3: Contd… 

D = 25 

f 
Per-
cent 
gain 

2 2(x ) = 1.5 2 2(x ) = 3.0 2 2(x ) = 4.5 

k k k 

2 3 4 2 3 4 2 3 4 

0.50 

G1 4.7 5.9 6.4 25.7 33.6 37.5 57.2 81.0 94.1 

G2 
7.3 7.5 7.5 44.2 45.9 46.6 

120.
1 

127.
0 

130.
3 

G3 2.4 1.5 1.1 14.7 9.2 6.7 40.0 25.4 18.6 

D = 50 

0.05 G1 1.5 2.1 2.5 8.7 12.5 14.7 16.9 25.2 30.2 
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G2 3.0 3.2 3.3 18.4 19.6 20.3 39.3 42.3 43.9 

G3 1.5 1.0 0.8 9.0 6.3 4.9 19.1 13.6 10.6 

0.10 

G1 1.6 2.2 2.5 9.0 12.8 15.0 17.5 25.9 30.8 

G2 3.0 3.2 3.3 18.5 19.7 20.4 39.5 42.5 44.1 

G3 1.4 1.0 0.8 8.8 6.1 4.7 18.7 13.2 10.2 

0.25 

G1 1.7 2.3 2.7 10.0 13.8 15.8 19.6 28.1 32.9 

G2 3.1 3.3 3.3 18.8 20.0 20.6 40.3 43.3 44.8 

G3 1.3 0.9 0.7 8.1 5.5 4.1 17.3 11.8 9.0 

0.50 

G1 2.1 2.7 2.9 12.2 15.8 17.6 24.6 32.9 37.1 

G2 3.2 3.3 3.4 19.5 20.6 21.1 42.0 44.8 46.1 

G3 1.1 0.7 0.5 6.5 4.1 3.0 14.0 9.0 6.6 

 

It emerges from the above tables that the gain in precision of 2
yr1S over 2

ys  

increases with k regardless of the values of other parameters while for the 

estimator 2
yr2S , the gain in precision over 2

ys  is at best marginal with 

increasing k. However, the extent of gain scored by 2
yr2S relative to 2

yr1S over 

2
ys  is higher and, at times, for some configurations of parameters, it is 

markedly higher, thus rendering  the estimator 2
yr2S a frontrunner, despite 

the fact that the gain of 2
yr2S over 2

yr1S diminishes with increasing value of k. 

The tables also reflect that, for a fixed k, the gains in precision of 

2
yr1S and 2

yr2S over 2
ys increases with increasing value of the sampling 

fraction f while the gain of 2
yr2S over 2

yr1S shows a dip for this case. It is clearly 

brought out by the above tables that the increase in measure of peakedness 

(i.e., 2 2(x ) ) of the distribution of x-variable in the non-response stratum 

impacts in a positive manner the gains in precision of 2
yr1S and 2

yr2S over 2
ys . 

Our computation based on the difference (distance) between stratum means, 

i.e., 1 2D Y Y   = -50, -25, 0, 25, 50 leads us to conclude that the estimators 

2
yr1S and 2

yr2S  score optimally over 2
ys when D = 0 and so does 

2
yr2S over 2

yr1S when D = 0. However, a transition from negative to positive 

values of D ( 0 ), results in lower gains in precision be it 1G or 2G or 3G . 

This is clearly reflected by condition (4.2) coupled with (4.7). Finally Tables 1, 

2 and 3 highlight an intuitive fact that an increase in the value of 1W (which 

is proportion of respondents in the population) leads to a dip in gain in 

precision, be it 1G or 2G or 3G .  
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