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Abstract. The characterization of block circulant polynomial matrices are
derived as a generalization of the block circulant matrices.

1. Introduction

Let (a1(α), a2(α), ...an(α)) be an ordered n-tuple of polynomial complex
numbers and let them generate the circulant polynomial matrix [2] [3] [5] [7] of
order n:

A(α) =


a1(α) a2(α) . . . an(α)
an(α) a1(α) . . . a2(α)
. . . . . . . . . . . .
a2(α) a3(α) . . . a1(α)

 (1.1)

We shall often denote this circulant polynomial matrix as

A(α) = Circ(a1(α), a2(α), ..., an(α)) (1.2)

It is well known that all circulant polynomial matrices of order n are simul-
taneously diagonalizable by the polynomial matrix F (α) associated with the finite
Fourier transform.

Specifically, let

ω(α) = exp(
2πi

n
(α)), i =

√
−1 (1.3)

and set

F ∗(α) = n(
−1
2 )


1 1 1 . . . 1
1 ω(α) ω2(α) . . . ωn−1(α)
1 ω2(α) ω4(α) . . . ω2(n−1)(α)
. . . . . . . . . . . .
1 ω(n−1)(α) ω(n−2)(α) . . . ω(α)

 (1.4)

The Fourier polynomial matrix F (α) depends only on n. This matrix is also
symmetric polynomial and unitary polynomial F (α)F ∗(α) = F ∗(α)F (α) = I(α)
and we have

A(α) = F ∗(α) ∧ (α)F (α) (1.5)
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where ∧(α) = diag(α1, α2, . . . αn)
The symbol * designates the conjugate transpose.
From the spectral mapping theorem, we may represent A(α) in the form

A(α) = a1(α) + a2(α)π(α) + a3(α)π2(α) + · · ·+ an(α)πn−1(α) (1.6)

where π(α) is the permutation matrix circ(0, 1, 0, 0, . . . ).
Also, let A(α) be an n × n polynomial matrix. Then A(α) is a circulant

polynomial matrix if and only if

A(α)π(α) = π(α)A(α) (1.7)

The matrix π(α) = circ(0, 1, 0, . . . , 0)
This paper is devoted to the study of block circulant polynomial matrices.

2. Block Circulant Polynomial Matrices

In this section we define block circulant polynomial matrices and we extend
some of the properties of block circulant matrices found in [1], [4], [6], [8], [9] to
block circulant polynomial matrices.

Definition 2.1. A block circulant polynomial matrix is a polynomial matrix in
the following form

b circ(A1(α), A2(α), . . . , An(α)) =


A1(α) A2(α) . . . Am(α)
Am(α) A1(α) . . . Am−1(α)
. . . . . . . . . . . .
A2(α) A3(α) . . . A1(α)


We denote the set of all block circulant polynomial matrices of order m× n

as BCm,n(α).

Example 2.2. The polynomial matrix
1− α2 α3 2 + α2 −11α
α+ 3α2 1 + α 4 + 6α2 −8 + α
2 + α2 −11α 1− α2 α3

4 + 6α2 −8 + α α+ 3α2 1 + α


is a block circulant polynomial matrix.

Theorem 2.3. A(α) ∈ BCm,n(α) iff A(α) commutes with the unitary polynomial
matrix
πm(α)⊗ In(α) : A(α)(πm(α)⊗ In(α)) = (πm(α)⊗ In(α))A(α)

Proof. Assume that A(α) is a block circulant polynomial matrix. That is �

b circ(A1(α), A2(α), . . . An(α)) =


A1(α) A2(α) . . . Am(α)
Am(α) A1(α) . . . Am−1(α)
. . . . . . . . . . . .
A2(α) A3(α) . . . A1(α)
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We have to prove that A(α)(πm(α)⊗ In(α)) = (πm(α)⊗ In(α))A(α).
Now the polynomial matrix πm(α)⊗ In(α) ∈ BCm,n(α) is given by

πm(α)⊗ In(α) =


On(α) In(α) On(α) . . . On(α)
On(α) On(α) In(α) . . . On(α)
. . . . . . . . . . . . . . .

On(α) On(α) On(α) . . . In(α)
In(α) On(α) On(α) . . . On(α)



A(α)(πm(α)⊗ In(α)) =


Am(α) A1(α) A2(α) . . . Am−1(α)
Am−1(α) Am(α) A1(α) . . . Am−2(α)

. . . . . . . . . . . . . . .
A1(α) A2(α) A3(α) . . . Am(α)

 (2.1)

(πm(α)⊗ In(α))A(α) =


Am(α) A1(α) A2(α) . . . Am−1(α)
Am−1(α) Am(α) A1(α) . . . Am−2(α)

. . . . . . . . . . . . . . .
A1(α) A2(α) A3(α) . . . Am(α)

 (2.2)

From (8) and (9), we get A(α)(πm(α)⊗ In(α)) = (πm(α)⊗ In(α))A(α).
Conversely, assume that A(α)(πm(α)⊗ In(α)) = (πm(α)⊗ In(α))A(α).
We have to prove that A(α) is a block circulant polynomial matrix.

Im(α)⊗A1(α) =


A1(α) 0 . . . 0

0 A1(α) . . . 0
. . . . . . . . .
0 0 . . . A1(α)



πm(α)⊗A2(α) =


0 A2(α) 0 . . . 0
0 0 A2(α) . . . 0
. . . . . . . . . . . .
A2(α) 0 0 . . . 0



π2
m(α)⊗A3(α) =


0 0 A3(α) 0 . . . 0
0 0 0 A3(α) . . . 0
. . . . . . . . . . . . . . . . . .
0 A3(α) 0 0 . . . 0


etc

(Im(α)⊗A1(α)+(πm(α)⊗A2(α))+· · ·+(πm−1
m (α)⊗Am(α)) = b circ(A1(α), A2(α), . . . , Am(α).

Hence, A(α) is a block circulant polynomial matrix.

Theorem 2.4. b circ(A1(α), A2(α), . . . , An(α)) =
m−1∑
k=0

[πk
m(α)⊗AK+1(α)].

Proof. Given that A(α) = b circ(A1(α), A2(α), . . . , An(α)) is a block circulant
polynomial matrix.
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That is,

A(α) =


A1(α) A2(α) . . . An(α)
An(α) A1(α) . . . An−1(α)
. . . . . . . . . . . .
A2(α) A3(α) . . . A1(α)


Now

Im(α)⊗A1(α) =


A1(α) 0 . . . 0

0 A1(α) . . . 0
. . . . . . . . .
0 0 . . . A1(α)



πm(α)⊗A2(α) =


0 A2(α) 0 . . . 0
0 0 A2(α) . . . 0
. . . . . . . . . . . .
A2(α) 0 0 . . . 0



πm−1
m (α)⊗A3(α) =


0 0 A3(α) 0 . . . 0
0 0 0 A3(α) . . . 0
. . . . . . . . . . . . . . .
0 A3(α) 0 0 . . . 0


Since the pre direct of any n × n polynomial matrix by πm(α) shifts the

columns of the matrix one place to the right. Therefore, we find that

π2
m−1(α)⊗An(α) =


0 0 0 . . . 0 An(α)

An(α) 0 0 . . . 0 0
. . . . . . . . . . . . . . . . . .
0 0 0 . . . An(α) 0


b circ(A1(α), A2(α), . . . , An(α) =

m−1∑
k=0

[πk
m(α)⊗AK+1(α)]. �

Remark 2.5. Block circulant polynomial matrix of the same type do not necessarily
commute.

Example 2.6.(
A(α) O(α)
O(α) A(α)

)(
B(α) O(α)
O(α) B(α)

)
=

(
A(α)B(α) O(α)
O(α) A(α)B(α)

)
(
B(α) O(α)
O(α) B(α)

)(
A(α) O(α)
O(α) A(α)

)
=

(
B(α)A(α) O(α)
O(α) B(α)A(α)

)
Theorem 2.7. Let A(α) = b circ(A1(α), A2(α), . . . , Am(α)),
B(α) = b circ(B1(α), B2(α), . . . , Bm(α)) ∈ BCm×n(α).

Then, if the Aj(α)
′
s commutes with the BK(α)

′
s, A(α) and B(α) commute.

Proof. By theorem (2.4), we have

A(α) =
m−1∑
j=0

[πj(α)⊗Aj+1(α)], B(α) =
m−1∑
k=0

[πk(α)⊗Bk+1(α)]
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A(α)B(α) = [
m−1∑
j=0

[πj(α)⊗Aj+1(α)]][
m−1∑
k=0

[πk(α)⊗Bk+1(α)]]

=
m−1∑
j=0

m−1∑
k=0

[πj+k(α)⊗Aj+1(α)Bk+1(α)]

=
m−1∑
k=0

m−1∑
j=0

[πk+j(α)⊗Bk+1(α)Aj+1(α)]

= [
m−1∑
k=0

[πk(α)⊗Bk+1(α)]][
m−1∑
j=0

[πj(α)⊗Aj+1(α)]]

= B(α)A(α) �

Theorem 2.8. A(α) ∈ BCm×n(α) if and only if it is of the form
A(α) = [Fm(α)⊗ Fn(α)∗]diag[M1(α),M2(α), . . . ,Mn(α)][Fm(α)⊗ Fn(α)]
where the Mk(α) are arbitrary polynomial square matrices of order n.

Proof. Assume that A(α) is a block circulant polynomial matrix.
From theorem (2.4), we have

A(α) = b circ(A1(α), A2(α), . . . , Am(α)) =
m−1∑
k=0

[πk
m(α)⊗Ak+1(α)] for some Ak(α).

Now πk
m(α)⊗Ak+1(α) = [F ∗

m(α)Ωk(α)Fm(α)]⊗[F ∗
n(α)(Fn(α)Ak+1(α)F ∗

n(α)Fn(α))]
Let BK(α) = (Fn(α)Ak+1(α)F ∗

n(α)
πk
m(α)⊗Ak+1(α) = [F ∗

m(α)Ωk(α)Fm(α)]⊗ [F ∗
n(α)BK(α)Fn(α))]

= (F ∗
m(α)⊗ F ∗

n(α))(Ωk(α)⊗BK(α))(Fm(α)⊗ Fn(α))
m−1∑
k=0

πk
m(α)⊗Ak+1(α) =

m−1∑
k=0

(Fm(α)⊗ Fn(α))∗(Ωk(α)⊗BK(α))(Fm(α)⊗ Fn(α))

A(α) = (Fm(α)⊗ Fn(α))∗
m−1∑
k=0

(Ωk(α)⊗BK(α))(Fm(α)⊗ Fn(α))

= (Fm(α)⊗ Fn(α))∗diag(M1(α),M2(α), . . . ,Mn(α))(Fm(α)⊗ Fn(α))
where 

M1(α)
M2(α)
. . .

Mm(α)

 = (m
1
2F ∗

m(α)⊗ Im(α))


B0(α)
B1(α)
. . .

B(m−1)(α)

 (2.3)

Thus, A(α) = (Fm(α)⊗ Fn(α))∗diag(M1(α),M2(α), . . . ,Mn(α))(Fm(α)⊗ Fn(α))
From (10), 

B0(α)
B1(α)
. . .

B(m−1)(α)

 = (m
−1
2 F ∗

m(α)⊗ Im(α))


M1(α)
M2(α)
. . .

Mm(α)


Since A(k+1)(α) = F ∗

n(α)Bk(α)Fn(α)
Mk(α) arbitrary ⇔ Bk(α) are arbitrary.

⇔ Ak(α) are arbitrary.
Hence, A(α) ∈ BC(m,n)(α). �

265



6 R. MUTHAMILSELVAM AND G. RAMESH

3. Conclusion

some of the characterization of block circulant polynomial matrices are
discussed here. Further we can study the circulant block polynomial matrices.
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