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Abstract: In this paper, first we establish two theorems by applying the Marichev-Saigo-Maeda fractional
integral operators involving the product of general class of polynomial, multivariable Mittage-Leffler
function and generalized Lauricella’s hypergeometric function. Some interesting special cases of these two
theorems are also given for Saigo, Erdelyi-Kober, Riemann-Liouville and Weyl type fractional integral
operators. Next we establish certain composition formulas by employing some integral transform like Beta
transform, Laplace transform and Verma transform on the result of these two theorems.
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1. Introduction and Preliminaries

In 1903, Mittage-Leffler [8] introduced the function E o (y) in the following manner:

E,(y)= ZF( k+1) where @,y €] ,R(a) >0 1)

In 1905, Wiman [20] generalized the function Ea (y) and gave the function Ea’ A (y) in the

following manner:

a/}(y) ZF( b+ ﬂ) where a,,b’,yeD,iR(a)>0,iR(ﬂ)>0 (2)

In 1971, Prabhakar [11] generalized the function Ea’ 8 (¥) and gave the function Ei B (y) in the

following manner:

(A, ¥
aﬂ(y) zr( k+ﬂ) k' (3)

where &, 5,4,y € C,R(x) >0, R(F) >0,R(1) >0

Saxena et al. [15] gave the multivariable analogue of multivariable Mittage-Leffler function in the
following manner:
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= (ﬂq)klﬂ""(lr)kr y_fly_f]

Eljjc(yla ayl)_ (yla 7yl): Z ) 4
. # ki ek =0 F(C + Zj:l lLl/kj) k1 ' kl '
where c,lj,,uj ell ,iR(,uJ.) >0,Vj=1,2---1
o R (Ao (A)y, o
or the sake of convenience, let /,j]’l, = i
F(V +Z/=1 'ujkj)
Srivastava [18] introduced the general class of polynomials in the following manner:
[N/M] N)
stm= 3 At N=0,12,0 ©
k=0

where M is an arbitrary positive integer and the coefficients AN, K (N,k=0) are arbitrary

constants, real or complex and (1) y 1s the pochhammer symbol.

Recently Cetinkaya et al. [1] defined the generalized beta function in the following manner:

T,v 1 — B p p
By = la—r)yuﬂ[y;a;—t—!‘ﬁ]”t

where min{R(p,),R(p,)} =0, min{R(x),R(»)} >0, min{R(), R(S), R(), RO)} > 0

)

when 7 =v =1, the generalized beta function in equation (7) reduces to the following generalized
beta function defined by Goswami et al. [4]

W) x-1 -1 P
B (ey) = -0, (%& t(lﬂ}

where min{R(p,),R(p,)} =0, min{R(x), R(»)} >0, min{R(»),R(3)} >0

®)

when 7=v=1and p, = p,, the generalized beta function in equation (7) reduces to the following

generalized beta function defined by Ozergin et al. [9]

7.8 x-1 yl P
B( )(x y) J.t (1 l‘) (7/,5, (1—t)]dt

where R(p,) 20, min{R(x), R(y)} > 0, min{R(y), R(S)} >0

when y =0 =7=v=1,the generalized beta function in equation (7) reduces to the following
generalized beta function defined by J. Choi et al. [3]
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_ [yt _bP_ Py
Bp],pz(x,y)—J‘Ot (1-1) exp( X l—tjdt

(10)
where Min{R(p,), R(p,)} 2 0, min {R(x), R(y)} >0
when y =0 =7 =v=1and p, = p,, the generalized beta function in equation (7) reduces to the
following generalized beta function defined by M.A. Chaudhry et al. [2]
1
I PR ___h
E%(ny)—iﬁ (1—7) exp( “L_ﬂ]dt

(11)

where R(p,) 20, min{R(x),R(y)} >0

when p, = p, =0 the generalized beta function in equation (7) reduces to the following classical beta
function [19]

1
me:Lﬂ%kﬂﬂw .

where min {ER(X), %(y)} >0

Recently Cetinkaya et al. [1] defined the generalized Lauricella’s hypergeometric function F, D3 in the

following manner:

3(7,0,7.v,p1,P2) e . _
FD v (G,GI,%,a3abay1>y2,y3,n1,”z)—

b

0,
i (a)mﬁmﬁm}(al)ml(czz)mz(a3)m3 B(7 ”)(a—nl+ml+m2+m3,b—a+nz)££ﬁ
iy s =0 (b)ml+m2+m3 Ba—n+m +my,+my,b—a+n,) m!m,!m! 13)
where |y, [<L| y, [<1,| y; [<1

2. Generalized Fractional Integral Operators

The generalized fractional integral operators (called the Marichev-Saigo-Maeda operators)
including the Saigo operators and involving the Appell’s function F3() of the third kind as the

kernel, introduced by Marichev (see [7], [13]) are defined in the following manner:

Definition: Let &, &y, [, 5,177 €] and X > 0, then for *R(77) > 0 we have (see [4], [10])

(](i:az,ﬂpﬂz ﬂf)(x) _mj‘ (x t)n -1 2 F (al’az,ﬂl,ﬁz,n, ,1—%jf(f)dt (14)

and
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(LA f ) =

- t
'F (a19a29ﬂ19ﬂ29777 ,1_—]f(f)dt (15)
Iﬂ( ) x

If we put &, = ,32 =0, 131 =-n,o =0+ ,31 and 7] = &, then the above equations (14) and
(15) reduce to the following Saigo fractional integral operators (see [12])

0‘1 -A
(10{l e Uf)(x)_ T(a ) J (x— al B F(Otl-i-ﬂl, 77:051= )f(t)dt (16)
and
(I f)() = r( Lo Fl(al +ﬂ1,—n;al;1—§jf(t>dr an

If we put ,31 =0, then the Saigo fractional integral operators given in equations (16) and (17) reduce

to the following Erdelyi-Kober fractional integral operators (see [5])

*0‘1 -n

(Eo" f)(x )_r( 3

[ Ge—07 f (ot 8)

and
X"

He)

(KO 1)) =—— [ (=) f ()t 19)

If we put 181 = —Q,, then the Saigo fractional integral operators given in equations (16) and (17)

reduce to the following Riemann-Liouville and Weyl fractional integral operators respectively (see

[10])

(I ) )_ﬁ [ =0 fyar )

and

W) )—ﬁj (t=x)"" f(t)dr @

Now we are recalling the following lemma which gives the power function formulas for the
above fractional integral operators. These power function formulas (see [12], [13]) are required for our
present study.

Lemma: Let 2,2, , 181 , ,32 ,11 €Ll and x > 0. Then the following formulas hold (see [12], [13])

a) Let R(77) >0 and R(p) > max{0,R(e, +a, + B, — 1), R(a, — B,)}, then

(lal,az,ﬂl,ﬁz,rytpfl)(x) _ F(p)r(p tn-—o-q _ﬂ)r(p_l_ﬂz _az) xp+77—al—a2—l
0,x
L(p+n-a-a)lU(p+n-a, -l (p+p,)
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(b) Let R(7) > 0 and R(p) <I+min{R(=4), R(e, +0, —17), R + f, =1}, then

(Iz;az,ﬂl Loy (x) = Id-p-pUA-p-n+a+a,)I(1-p-n+a,+p,) (Pl

23
T(1-p)(1- p-n+a, +a, + BT (- p+a, - B) *)

3. Fractional integration of the product of Srivastava polynomial, multivariable Mittage-Leffler
function and generalized Lauricella’s hypergeometric function.

In this section, we shall give some fractional integral formulas involving the product of Srivastava

polynomial, multivariable Mittage-Leffler function and generalized Lauricella’s hypergeometric
function by using the fractional integral operators.

Theorem 1: Let X >0, &, a,, B, £, 11, p, ﬂ’ja H;s cell, d, dj €ll " where j =1,2,---1;
|t|31 be such that 9{(77) >0, SR(,UJ-) > O-Further, let

/
fR(p+dk+zj:1djkj +my +m, +my) >max{0,R(e, +a, + f,—1),R(e, - S,)},

then the following fractional integral formula holds true:

{[(ilx’az’ﬂl’ﬂw (tpilSil/l (th)Ej;,c(Gltdl a---ao-ztdl )Fg(y’a’r’v’pl’m(a»alaazaa3;b;y1tay2tay3t;”1>n2))} (x)

/ 1
C(p+dk + ZH d k )T(p+dk + Z,-:l dk,+n-a,—a,—f3)
T(p+dik+Y. di,+B)(p+dk+Y. dk +n-a-a,)

-0y —a,+n-1
:Xp 1—a 1

!
r +dk+§ dk +p,—a,) WM = ! PR
% (p IJ:I JJ ﬂZ 2) Z z ( N)Mk ANkF/j’/c(O'xd)kH(G'/x )
T'(p+dk+ E jzldjkj+77—a2—ﬂ1) = kom0 k! i A k!

/ /
a,p+dk+), dk,p+di+), dk+n-o-a,-p,

bop+dity dk+p,prdery dk+n-o-a,

3(7,0,7,v,p1,D2)
XS FD 3

1
p+dk+z_j:1djkj + B, —a,,a,,a,,a5;

/ ylx:y2x>y3x
prdk+), dk +n-a,-p.;

(24)

Proof: let A denote the left hand side of the equation (24). Then using equations (4), (6) and (13) in
the equation (24) and changing the order of integration and summation, which is valid under the
given conditions, we have
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7

A - [1%4] i ( N)Mk F/I. Gk O-—Ik] . G—lkl i (a)mlerz*mg (al )ml (aZ )mz (a3 )m3

Nk My
k=0 k. kg =0 Y A A () -
(75”)
B (@—n +m+my+my,b—a+n,) ym iy
B(a—nl+ml+m2+m3,b—a+n2) m ! m,! m,!

+dk+ d ik +m+m,y+
X(Igflxﬂaz B ,ﬁzﬁt’o Z _ @ Ty iy — J()C)
(25)

Now using the equation (22), then the above equation (25) reduces to

J
Nk HjsC
k=0 k., k=0 k1! kl! my 1y 13 =0

g C ( N) k Ak O-k] lel S (a)ml+m2+m3 (al )ml (az )mz (a3 )m3
A _ Z Z M F o il SR Z ( )

(y,0,7,v)
PPy

l
Ba-n+m +m,+m,b-a+n,)) m!m,! m3!r(p+dk+zj:1djkj+ﬁ2+ml+m2+m3)

/
) a=n+m, +m,+my,b- atm) y" y F(p-l_dk-l_zj:ldjkj+ml+m2+m3)

F(p+dk+z dk +77—a1—a2—ﬂ]+ml+m2+m3)1“(p+dk+zl Ak, + By =ty + my+my+my)

F(p+dk+z dk +n-a —ay+m+m, +m3)F(p+dk+Z dk,+n—a,— B +m+m,+m,)
p+dk+zl/_:1d/k/+ml+m2+m3 +n—oy—a, -1
X X : (26)
Now using the result I'(A+n)=(4),I'(1), the above equation (26) reduces to

/ 1
F(p+dk+z d.kj)l“(p+dk+zj:1djkj+77—a]—az—ﬂ])
C(p+dik+Y. di,+B)T(p+dk+Y. dk +n-a-a,)

—a;—o,+n-1
=xP 1t —

I'(p+dk+ kB —ay) M = I (o x" )
z J 2 2 z ( N)Mk AN’kF;j/’c (O_xd )knu
ky j=1

F(p+dk+z +77—a2—ﬂ1) =0T k! k!

= (a)m1+m2+m3(p+dk+z ld/kj)m+m2+m3(p+dk+z =] IkJ+17 al a2_ﬂ])m1+mz+m3
gty =0 (b)ml+m2+m3(p+dk+zj:1 k+By) ml+mz+n13f(p+dk+zj:1 dk,+n-0, =), o,

X
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/
F(p+dk+zi:1 djkj +ﬂ2 _a2)ml+m2+m3 (al)ml (a2)m2 (a3)m3

y |
F(p+dk+zl/ dk +n—a,—B)

=17 J

m +m2 +m3

B;ly)’l‘fz’”)(a —n +m +m, +m,b—a+n,) Co)™ (o)™ ()™

Bla-n+m+m,+m,b-a+n,) m! m! m!

X

(27)

The above equation (27) in view of the equation (13) gives the required result (24).

Theorem 2: Let X > 0, a, 0,, ﬂl, ,32, n, p, /11., M cell,d, dj ell +whelre]'=1,2,"'l;
|1/f |<1 be such that R(n) >0, SR(,UJ-) > 0. Further, let

fR(p+dk+le:1 djkj —m—m, _m3) < 1+min{iR(—,Bl),ER(a1 +a, _n)am(al +ﬁ2 _77)},

then the following fractional integral formula holds true:

{IZ;%A"BZ’” (tpilSzjy (ot )Ejj,c(gltdl a~--ao-1td’ )Fg(yﬁ’r’v’pl’pz)(aaalaa2>a3;b;J’1 /t>J’2/tJJ’3/t;n1>”2))} (x)

! /
ey Y= p—dk— Z/-:l d k,—B)r(1-p—dk —ZH dk,—n+a+a,)
T(l-p—dk=Y. dk)(-p-dk=Y dk —n+a+a+p,)

=X

—p—dk-" - ® A
SO B TG AN Ny ey [0
T(-p-dk=3, dk+a,-f) = x'G- Kk n o k!

/ /
al-p-dk=), dk-p\-p-dk-), dk-n+a+a,,

/ )
bl-p-dk=3, dk.,1-p-dk=, dk-n+a+a+p,

3(7,0,7,v,p1,07)
X3 FD 3

!
l—p—dk—zjzldjkj—77+a1+ﬂ2,a1,a2,a3;&&&

/ b b
l-p—dk=2 dk +o,~p.; X x x -

4. Special Cases

Now we shall give some special cases by taking suitable values of parameters
a1,a2’ﬂ1’ﬂ2 and 77~If put az :ﬁz = O, ﬂl = _77, al = al +ﬁ1 and 77 = al in the theorem 1

and theorem 2 we shall get following fractional integral formulas for the Saigo fractional integral
operators.
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Corollary 1: Let x>0, a, ﬂl, n, p, ﬂj, M, cell, d, dj ell " where j=1,2,"'l; |l‘|31
be such that SR(OCI) >0, SR(,UJ-) > 0. Further, let

R(p+di+Y  dk,+m +m,+m)>max{0,R(S ~1)}, then the following fractional

integral formula holds true:

{](())ilx’ﬂlﬁ (tpilSz\A//[(O-td)Eij,c (Gltdl 7'--7Gltd[ )Fg(ym’v’pl ’pZ)(aaal NSNS >n2))} (x)

l l . .
— P A I(p +dk+zj:1d.fk.f)r(p “””Z adiktn=p) e =y, N F (ox?)f ﬁ—(ajxd" )’
F(p+dk+zlj-=1djkj_ﬂ1)r(p+dk+z 1djkj +7]+0!) k=0 ks k=0 k! M X kj!

l
a,,o+a’k+zj=1 j,p+dk+z . ]k]-l-n B.a,,a,,a;;

)
bop+dk+y dj,-B.p+dk+y. dk +n+a;

3(7,0,7,v,p1,7)
X, Fp

ylxayzxaySX

(29)

Corollary 2: Let x>0, ¢, B,n, p, /lj,/{j,ceD,d, dj€D+wherej=1,2,"'l;
l/t |< 1 be such that ER(OCI) >0, SR(,UJ-) > 0. Further, let

iR(p+dk+z d k, —m —m,—m;) <1+ min{R(B),R(7)}, then  the following

fractional integral formula holds true:

/B d, 3(yoxv.p, 1. .
{Izlwﬂ (tp 1SM(Gt )E “ c( ’---7(71t I)FD(}/ " pZ)(a,al,a2,a3,b,y1/t >yz/t ,y3/t >”1>n2))} (x)

!
) T —p—dk—z dk +,/3l —p-dk=Y dk )t ey ()
- Z k' ANkF ( ) H k |
P dk~ Z =l 11 ~p- dk - z 1d +al+ﬂ1+77 k=0 k=0 j=l i

a,1-p—dk- Z ik + isl=p—dk - Z Lk a0 W hs

b1-p—dk- Z ik, 1- p—dk—zjzldjkj+al+ﬂl+m x

F3(}/ﬂ5=z"v7pl aPz)
(30)

If we ,31 = 0 in the equations (30) and (31), then we shall get the following fractional integral

formulas for the Erdelyi-Kober fractional integral operators.

Corollary 3: Let X>O, al,n,p,/lj,yj,ceD R d,dj €™ where j=1,2,'--l; |l‘|£1 be such
that SR(OC]) >0, ER(,UJ-) > 0. Further, let
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!
SR( P+ dk + Zj:l d jkj +m, +m, + I’l’l3) > —ER(I]), then the following fractional integral
formula holds true:

{ E&Y (tp—l ¥ (at") Eijc (0" ..., ot VX2 (g, a, byt ot y3t;n],n2))} (x)

. F(p+dk+lz L dk+n) o Z (N)MkANkFZ’C( f[ X
F(p+dk+zj=1djkj+77+al) k=0 k- S a

k=0 Jj=1

a,p+dk+zlj:1djkj +1n,a,,a,,a;;

3(7,0,7,v,p1,D2)
x FY

; X5 Vo Xy V3 X
b,p+dk+zj=1djkj +n+a;

(31)
Corollary 4: Let X > 0, al,n,p,/”tj,y/.,ceD 5 d,dj el " where J =1,2,---1; |1/Z |S1be
such that SR(OQ) >0, ER(,U]-) > (. Further, let

l
R(p+dk+ ZFI djkj —m —m, — m3) <1+N(7), then the following fractional integral

formula holds true:

{Kf,&” (tNS% (th)EZ,c(O_ltdl SN 0 T (N W S Sy »%/“npnz))} (x)

F(l—p—dk—z dk +n) W «

ik
=xp71 200 Z Z (=N, ANkF (ox oy L(ox”)
P dk Z -1 jkj+a1+77 k=0 kyseky=0 k! jal k/'

)
a,l—p—dk—Z ,:ldjkj +1,a,,a,,a;;
F3(77§=T7v7pl 7p2) J
X D1

h )
/ b 5
bl-p-dk-3 dk+a+p © X X o

If we put ,31 = —(, in the equations (30) and (31), then we shall get the following fractional
integral formulas for the Riemann-Liouville and Weyl fractional integral operators respectively

Corollary5: Let X > 0, al,p,ﬂj,,uj,ceD , d,dj e[l " where ] 21,2,---1; |l‘|§1 be such that
ER(OCI) >0, ER(,U_I-) > 0. Further, let

[
R(p+dk+ Zj:l d jk S Hm+m, + my) >0, then the following fractional integral formula
holds true:
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-l oM d\ 3(r.8,0.0,p;, e .
{I(il«*(tp Sy (ot)E 4 c(al ey OO pz)(a,avaz’%»bay1t>y2taY3t»”1>n2))}(x)

T(p+dk+Y dk)

_ i o (=N) p x )
S 1 J=1 ! ( Mk A F ,/C(
F(p+dk+zljzldjkj+al) kZ:; k,,»Zk,_o k1N H 4

a,p+di+y. dk

a.,d,,d,,
s U, Uy, Us,
F3(7’5=T’V,Pl ,P2) 7

V1%, Vo X, V3 X
bp+di+y. dk +a; .
Corollary 6: Let X > 0, al,p,ﬂj,uj,c ell, d,dj el " where ] = 1,2,---[; | l/t |S1be such
that SR(OCI) >0, SR(/J].) > 0. Further, let
1-R(p+dk+ Zi’:l djkj —my; —m, —my) > NR(r,) > 0, then the following fractional integral

formula holds true:

{Ifff‘w (tpilSzjy (Utd)Ejj,c(qtdl R0 S S NN N S A /t;”v”z))} (x)

di\k
zxpill“(l—p—dk—z LAk - a)[lgt:ﬂ Z S P )ﬁ(gjx/),
C(-p-de-Y, djk) 15450 K Aok

!
al-p-dk-Y dk -a,a,a,,a;;
F3(%§J,v,p|,pz) TP Z = PR & & &
><l D,1

b1-p—d— : x'xx
'0 Zl]] (34)

5. Integral transform of the product of Srivastava polynomial, multivariable Mittage-Leffler
function and generalized Lauricella’s hypergeometric function.

In this section we shall obtain integral transforms like Beta transform, Laplace transform and
Verma transform involving the results obtained in the previous section.

5.1 Beta Transform

Definition: The beta transform of a function f (Z ) is defined as (see [17])

Bif@ys.py=[ =712y f(2)dz o)

Theorem 3: Let X > 0, a, O, ﬂl’ :825 . p, /1]'9 H;» cell,d, dj €l " where j=12,--1,
|t|§1 be such that iR(U) >0, SR(,UJ-) > O-Further, let
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ER(p+dk+z d k,+m +m,+my)>max{0,R(e, +a, + B —n), R, - )},

then the following fractional integral formula holds true:
B {Ig‘);“z’ﬂ"ﬂ”” (t'” S5y (Uzetd)E;j,C(olza‘td‘ ooy O Z ST (g a) agbyyat, 2t y3zt;n],nz))(x) S, p}

F(s+¢9k+zl ok) r(p+dk+z’ djkj)F(p+dk+Zl dk,+n-a,-a,~B)
C(s+p+0k+Y, 0k)T(p+di+y. dk+B)(p+de+y. dk +1-0-a,)

—oy—ay +1-1
:Xp 1=t r

/ (Gj xd./ )kf
|
k !

F(p+dk+z dk,+p—a) von = (N, L
S My i (et
F(p+dk+z ki +n—c,=p) =0 k=0 k!

Il
—_

J

a,p+dk+y dk,p+dk+y. dk +n-o-a,-f,

F3(7,5,r,v,p1 ,D2)
4

bop+di+y dk+p.p+dery dk+n-o-a,

p+dk+z dk,+p,— az,s+6k+z

a]’azﬁa3;
VX5 Vo X5 V3 X

1]/’

prdi+y. dk +n-c,—P.s+p+Ok+Y Ok; a6)

Proof: To prove the equation (36), using the definition (35) of Beta transform, we get

_ A
B{](()Jilv\j%ﬁlﬁz"7 (tp lS}\AJ/[(Gzetd)E i (Glzeltdlw-aglzaltdl )F;(y’ﬁ’r’v’pl’pz)(aﬂl,a2,a3;b;y12[,yZZt,y3Zt;nl,n2))(x):S,p}

,Uj,C
I _ _ 1.
= jo 2 1-z)"! {Igj;“zﬁ“ﬂz” (zp 'Sy (02"t)E, (0,2%t",...,0.2"t")

x [R700mnn) (g q,a,, a4 b; y,2t, v,2t, vzt ny, nz))(x)} dz (37)

Now using the equation (22), then the above equation (37) reduces to

1 s+6’k+z Oy emy =1 » o 71[N/M] ( N)
= 1_ p p=o =0, +1] N "V Mk A F
Io (1-2) * kz(; L z Nk (Ux )
1
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d.\k; 0,7,
Lox?) & (@) (@), (), (a3),, B;ly,pz”)(a—nﬁrml+m2+m3,b—a+n2)

A= X

j=l o myymy,my=0 ( )m1 +my+imy

B(a-n +m +m,+m,,b—a+n,)

m T(p+dk+y, dj

Jtn-ay =y = B +m +my+my)

><(y1x)ml ()™ (15%)
m! m! o m! F(p+dk+zlj:1djkj+n—al—a2+ml+m2+m3)

F(p+dk+zljzldjkj+m1+m2+m3) F(p+dk+21j:1djkj+ﬁ2—a2+ml+m2+m3) )
X Z

F(p+dk+z]j d k. + B, +m +m, +m,) F(p+dk+z]j dk +n—a,~ B, +m +m,+m)

=1 JJ =1/

(38)

After interchanging the order of integration and summation and using I'(4 +n) =(4),I'(1), we get

1 1
F(p+dk+zj:1 arjkj)r(,marlwrzj:1 dk,+n-a,—a,—f3)
C(p+dik+Y. dk,+B)T(p+dk+Y. dk +n-a-a,)

-0y =0, +n-1
=x/7 1=+

i
I'(p+dk+ ) dk +p,—-a,) M = ! RO

y Zl:j—l i 2 2 z ( N)Mk ANijj,c(O_xd)kH(Glx )

F(p+dk+zj=1djkj+77—a2—ﬂl) o kg0 k! Y =l k,-!

! !
> (a)m]+m2+m3 (p + dk + Zj:l d]k/ )m]+m2+m3 (p + dk + Zj:l djk/ + 77 - al - aZ - ﬂl )n11+m2+n13
! !
=0 (B s o, (0 + ke + ZH Ak, + By) oo, T (0 + e+ ZH dk,+1—0, =), 0o

X

i
F('O +dk + Zj:l djkj + ﬂQ N az)ml*"”z*'mz (al )ml (az)mz (a3)m3 Bg:jz,r"))(a -n + m + m, + m3’b —a+t n2)
X

F(p+dk+zlj=1djkj +T7_a2 _ﬂl)nzl+m2+n13 B(a_nl +ml +m2 +m3’b_a+n2)

X(_xyl)ml (_xyz)mz (30/3)m3 J~IZs+Hk+zlj19jkj+m1+m2+m3—1(1_Z)p—le
m!  m!  m! 0

Now evaluating the z-integral and after a little simplification, we get

! i i
r(s+ek+z_l_:19jkj) F(p+dk+ZFIdjkj)l“(p+dk+zj:1djkj+17—a]—a2—ﬂl)
C(s+p+0k+Y. 0k)T(p+dk+y. df+pI(p+dk+). df+n-a-a)

p—al—azm—ll—w

=X
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! — 0 d/ k;/'
) F(p+dk+zllj_ldjkj+ﬂz a,) 3 (=N),u ANka’c(Gx”’)"lL[(G’x')
F(P+dk+2j=1djkj +n—a,=f) =0 k=0 k! - = kf!

i i
o (@) s (P K+ ZH d k) oo, (P + ZH dk,+n—0, == ), e m
i i
itz (D) iy (PH AR DY A+ )y TP+ AR+ d k=0 =),

X

1 1
(,0 + dk + Zj:l d]k/ + ﬁZ - aZ)m1+m2+m3 (S + Hk + ijl ejk/ )m1+m2 +my (al )m1 (aZ )mz (a3)m3
X ! /
(p+dk + ZH dk;+1 =0 =), o (S+ P+ Ok + ZFI Ok ) sy o

B a—ny+m+my+myb—atn,) ()™ (x,)" ()"

Bla—n+m +m,+m,b-a+n) m! m! m!

X

The above equation (40) in view of the equation (13) gives the required result (36).

Theorem 4: Let X >0, &, @, B, 5, 17, P, /1]'3 H;» cell, d, dj ell "where j=1,2,---1;
|1/t I<1 be such that R(77) >0, SR(,UJ-) > 0. Further let

fR(p+dk+le:1 djkj —m—m, _m3) < 1+min{iR(—,Bl),ER(a1 T, _U)a%(al +ﬁ2 _77)};

then the following fractional integral formula holds true:
B Lot [ o-LaM [ __0,dN A 6.4 G 4\ 378,10, T ) .
B{If,]oca2ﬂl ﬂz’](tp SN (UZ { )Ey;,c(alz it 1’.”,0-12 't I)FD(}’ TV, P pz)(a,al,apa},b,yl/t,yz/t,yS/t,nl,nz))(x).S,p}

F(s+0k+zlj k) r(l—p—dk—z, d.k.—ﬂl)l“(l—p—dk—zlj dk -n+a+a,)

_ ypPaalp =177 ) =1J =1
D(s+p+0k+Y, 0k)T(-p=di=Y d k) (1-p=dk=Y. dk-n+a+a,+p)
!
F(-p-dk=, dk,—n+a+ ) gy $ My d)kﬁw,»xd')"f
X - jc oXx -7 -
F(l_p_dk_zlj‘:l djkj +a1 _ﬂl) k=0 Ky, -.k;=0 k! S Jj=1 kj'

/ )
al-p-dk=y, dk-p\-p-dk-), dk-n+a+a,,

b,l—p—dk—Zi_ dk l—p—dk—zlj dk -n+a,+a,+p,

=1 JJ° =1 J ]

3(7,6,7.v,p1,0,)
X, Fp

1 /
l-p—dk=3, dk —n+a+pf.s+0k+3 0k.a.a,a;

NN Vs

1 : , ’
l=p-dk=3  dk+a=pstptbh+d, Ok % X X (1)
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5.2 Laplace Transform

Definition: The Laplace transform of a function f (Z ) is defined as (see [16])

L{f@)}=|, e f(2)dz

Theorem 5: Let X > 0, a, a,, ﬂl, ,82, n, p, Zj, M cell, d, dj e[ " where j=12,---1
|f|§1 be such that $R(77) > 0, iR(,Uj) > (. Further, let

SR(,o+dk+z;:1d/kj +m, +m, +m,) >max{0,R(e, +a, + B, —n),R(,

then the following fractional integral formula holds true:

_ﬂz)}a

— A
LI (178 (021 E] (0 2 R bttt ) )

as r(1+9k+zi y Qikj)F(p+dk+Zi,:l dk)C(p+dk+y

dk+n-o,-a,-B)
q D(p+dk+Y. dj,+B)(p+di+Y.

dk +n-o-a,)

F(,o+dk+z kP —ay) =

k k;
(=N) , ox’ ) <4 1 G)C
Z Z ,MkANkFuﬂc H_,
F(p+dk+z +77—0£2—ﬁ1) i kodeo k! q ok

J

1
> F3(7,b‘,r,v,p1,p2) ¢ p+dk+z dl f’p+dk+2j=1djkj+77_a1_a2_ﬂ15
44°D,3

bp+dity dk+p.p+dery dk+n-a-a,

2175 J>a1>a23a3;

p+dk+z dk +ﬂ2 052’1+‘9k+z XV, XY, XY,

p+dk+zj:1d_,kj+n—az—ﬂl; 9 9 4
(43)
Proof: To prove the equation (43), using the definition (42) of Laplace transform, we get

_ A ,
L{I&;“Z’ﬂ“ﬂ”” (tp lef (Uzetd)Eﬂj,c(alzgltd‘, ..,alzgftdf)Fg 4 ’5’1’”"’1"’2)(@(1],az,a3;b; V2t y,2t, y3zt;n],n2))(x)}

© B 1
= jo e {Igjg;“zﬁ“ﬁz’” (t” 'Sy (02"t)E,; (0,2"",...,0,2"t")
37,6
XFD(}/ ohh pZ)(a,al,az,a3;b;ylzt,yzzt,y3zt;nl,nz))(x)} dz

Now using the equation (22), then the above equation (44) reduces to
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l [N/M] o
© 9k+2» 0.k ;+my+my+mjy ( N) 1.
_ -qz =t dvd - —a,+n—-1 Mk j d\k
_J.O €z X Z Z NskFﬂj,C(o-x )
k=0 ky,--,k=0

d \k; 0,7,
ox’) & (@), (@), (), (), BV (a—n +m +m, +my,b—a+n,)

XIL[( ]k ' Z PPy
A

A (D), sy, B(a—n,+m +m,+my,b—a+n,)

i
0" 0" 00" F(p+dk+zj:1djkj+n—al—a2—,Bl+m1+m2+m3)

/
mtomlml o T(pvdk+),  dk+n-a-ay+m+m+m)

F(p+dk+zljzldjkj+m1+m2+m3) F(p+dk+zlj:1djkj+ﬁ2—a2+ml+m2+m3) )
X Z
F(p+dk+zlj=1djkj+ﬂ2+ml+m2+m3) l“(p+dk+z]j=1djkj+n—a2—ﬂ2+m1+m2+m3)

(45)

After interchanging the order of integration and summation and using I'(4+n) =(4), I'(1), we get

! !
D(p+dk+, dk)T(p+dk+), dk +n-a-a,~f)
1
C(p+dk+Y. dk,+B)T(p+dk+Y. dk +n-a-a,)

-y —a,+n-1
:xp 1= 1]

/ (ijdj )"f
k y !

F(p+dk+z ko By —ay) i N, .
—_— ' (ox
F(p+dk+z ki +n—c,=f) =0 k. k=0 k! e

J

i (a)m1+m2+m3(p+dk+z ld/k/)ml+m2+m3(p+dk+z =1 ]k/+77 al aZ_ﬂl)ml+m2+m3
X

my sy iy =0 (b)m]+n12+m3 (p +dk + Zj=1 djkj + ﬂ2 )m1+m2+m3 F(p +dk+ zj=l djkj +1- o —a, )ml+mz+m3

F(P+dk+z LAkt By =) i (@), (@), (@3),,, B(””)(a—nlerl+m2+m3,b—a+n2)
r(p+dk+z +77_a2_ﬂ1)ml+mz+m3 B(a_n1+ml+m2+m3’b_a+n2)

(xyl )™ (xyz) (xy3 )’"3 6’k+z O,k +my+my-+my g
|
m,! ! »

Now evaluating the z-integral and after a little simplification, we get
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/ / !
craan-t T(1+ 0k + Z,-:1 0,k )T (p -+ dk + Zj:1 d k)T (p+dk+ ZH dk,+n-a,—a,-f3)
q C(p+dk+Y. dk+pI(p+di+y. dk+n-o-a,)

2

I k;
Tp+ dk+z/‘=1 diki+ o) Q0 & N Ay FP (GXd jk ﬁ : UJde
X —_—
N(p+dk+Y dk +n-a,—f) = .5 K A
! !
- (a)m1+ln2+m3 (p + dk + Zj:l djkj)ml-v-mﬁm3 (p + dk + ijl djkj + n- al - 6{2 - ﬂl )m1+m2+m3
! !
itz (D) i (PH AR Y A+ ), o TP+ Y d e 41104 =0) i,

X

J i
T(prdk+,  dk+ By =) mn A O+ Ok, (@), (), (@),
X
!
C'(p+dk+ E j:ldjkj tn-q, _IBl)m]+m2+m3

X

q

m, !

B;ly”jz’””)(a—nl+ml+m2+m3,b—a+n2)L[m]m‘ 1 [xyzjmz 1 [xy}jm’
q

B(a—-n+m +m,+m,b-a+n)) m! q ) m,!

(47)

The above equation (47) in view of the equation (13) gives the required result (43).

Theorem 6: Let X >0, &, @, B, Bo, 1, p, A, ;. c€ll, d, d; €l “where j =1,2,-++1;
|1/t I<1 be such that R(77) >0, SR(,UJ-) > 0. Further, let

fR(p+dk+le:1 djkj —m—m, _m3) < 1+min{iR(—,Bl),iR(a1 T, _n)am(al +ﬁ2 _77)};

then the following fractional integral formula holds true:

L{IZ;“”/J“”’”” (t"’lef (azetd)Ejj’c(alze‘td‘ oo G2 (g g aby t,y, /t,y3/t;n1,n2))(x)}

i / !
(Pra-al r(1+9k+2],:1 0,k)F(1- p—dk—zizl dk,—B)r(1- p—dk—zj:l dk,—n+a,+a,)
q F(l—p—dk—zlj d,k.)l"(l—p—dk—zlj:ldjkj _n+a,+a,+ )

=1 JJ

/ K,

F(l_p_dk_zj‘:ldjkf_77+a1+182)[N/M] = (—N)MkA o [Gdele[] O'jxdf ’

X —_—
T(-p-dk-3Y" dk+a-f) 1570 K 00

/ )
al-p-dk=y, dk-p1-p-dk-), dk-n+a+a,

bl-p-dk=Y dik,1-p-dk=Y dk-n+a+a,+p,

=1 JJ°

3(7,6,7.v,p1,0,)
X, Fp3
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I
I—P_dk_z_/:ldf 77+0‘1+ﬂz’1+9k+2 L0k .05, 05 N N W

l-p-dk-Y dk +a-f; qx’ qx” gx )

5.3 Verma Transform

Definition: The Verma transform of a function f (Z ) is defined as (see [6])

V{f@)=] (s2y"e W, (s2)f (2)dz )

where ch, o (2) represents Whittaker function.

Theorem 7: Let X > 0, a, 0,, ﬂl, ,82, n, p, ﬂj, M cel, d, dj €l " where j=1,2,"'l;
|t|§1 be such that iR(U) >0, SR(,UJ-) > O-Further, let

ER(p+dk+z d k,+m +m,+my)>max{0,R(e, +a, + B —n),R(a, - B,)},

then the following fractional integral formula holds true:

_ A
V{Ié’flx’“? At (t” 'S (02"t")E ﬂ;’c(alze‘td' ooy 02 WNENOR P (g 0 a as by zt, 2t yszt;nl,nz))(x)}

e r(gimemz’jﬂejkj) F(p+dk+Zi, :ldjk‘].)l“(p+dk+zl/ Ak +n-a,-a,- )
r ! ! /
' T(-k+0k+), 0k) D(p+di+), dk+B)(p+dk+), dk +n-a-a)

a, \bi
lL[L o,x
J=1 k;! Sg/

F(p+dk+z kB —ay) i (_N)MkA (O'xd]k
F(p+dk+z +77—a2—ﬂ1) k=0 Ky k=0 k! A St9

J

a,p+dk+y dk,p+dk+y. dk +n-o-a,~f,

3(}/,5,T,V,p| 9p2)
X Fp 4

bp+dk+y | dk+p,prde+y dk+n-o-a,

I
p+dk+z_/:1djk.i+ﬂ2_a2’2 a)+¢9k+z Ok 5@z, 5 XN XYy XYs
l b b
p+dk+zj':1dj tn—a, = fLl- K+9k+z L0k s

Proof: To prove the equation (50) using the definition (49) of Verma transform, we get
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— A 2
V{Igf‘;“z’ﬁ"ﬂ?’” (t” 'S (02"t")E e (02" ,...,0 2t F ) (g, ay,ag byt y3zt;nl,n2))(x)=

— * -l —3sz 1,0y, 8,8m [ 4p-1 M 0,4 A 0 44, 0 44,
- jo e W, (s2) I 7Sy (02 E;) (0,214, 0,2%1")

XFD3(7a5,T,V,pl \P2) (a, a,,a,, a3;b; izt y,zt, y,zt,n,, nz))(x)} dz (51)

Now using the equation (22), then the above equation (51) reduces to

! [N/M]
0 r+6’k+z, 0k ;+my+my+my=1 _1¢ o — _ ( N)
_ jo1 % 35z p—a—a,+n-1 N "V Mk
—IO z e W, (sz)yx Z Z — 4, kF (ax )k
k=0 kK, .k=0

d \k; 0,7,
)& (@) (@), (@), (45),, BV (@=ny+m +m,+my,b—a+n,)

XlL[ _(O-jk ' Z PPy
A

A (D), sy m, B(a—n+m +m,+m,b—a+n,)

/
0" (020" )" Clp+dk+), dk +n-a =a,=pf+m+m,+m)

/
mlomlml o T(pvdk+),  dk+n-a-ay+m+m+m)

F(p+dk+zljzldjkj+m1+m2+m3) F(p+dk+zlj:1djkj+ﬁ2—a2+ml+m2+m3) )
X Z

D(p+dk+Y. dj+p,+m+m+m)Clp+de+ ). dk +n-a,=f,+m+m+m,)

52)

After interchanging the order of integration and summation and using I'(4 +n) =(4), I'(1), we get

r(p+dk+z’ ‘j)r(p+dk+z’ dk, +n-a, —a,-f)
C(p+dk+Y. dk,+B)(p+dk+Y. dk +n-a-a,)

—a o, +n-1
=xP 1+ —

F(p+dk+z o+ By—ay) w1 « (N | L (o xY)"
J z ( )Mk AN,kF/j;/,c (O_xd )kH _;k '
ky J=1 j*

F(p+dk+z ki +n—c,=p) =0 k. k=0 k!

2 (a)m1+m2+m3 (p + dk + Z =1 d/kj )m1+m2+m3 (p + dk + z / + 77 al aZ ﬁl )m1+m2 +my
oty =0 (D), s (0l + ZH Al + B) oy om, D (0 + e+ ZH dk,+n—a =), 0o

X
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i
F(p + dk + Zj:l d}k} + ﬂZ - aZ )m1+m2+m3 (al )m1 (aZ)m2 (a3)m3 BLT:ZJ’V) (a - nl + m1 + m2 + m3 ’ b —a+ n2)
X

T(p+dk+Y 10— )y myon Bla=n+m+m+my,b-a+m)

X(xyl)ml (xyz)mz (xy3)m3 J«aoZr+¢9k+zl/.lgjkj+m1+m2+m3—le;szmw(sz)dz
1 Jo ’

! !
m!  my!  m, 53)

Now evaluating the z-integral and after a little simplification, we get

! i i
Pl r(gm+¢9k+2i1l 0k,) F(p+dk+zj:1 djkj)l—‘(p+dk+zj:1djkj +n-a,—a,~ )

r

s F(I—K+0k+zljzlﬁjk}.) F(p+dk+zlj d.kj+ﬂ2)l“(p+dk+zlj dk +n-a,-a,)

=1 J =1/

I .
Tlp+dk+ ZFI d-/kf +h o) Won i =N A FY (O‘xd Jk | o'jxdf :
x —_— J
F(p+dk+zlj:1 djkj - _ﬂ1) k=0 ky;-h=0 k! NAT a5,

! /
o (@) s (P Ak F ZFI d k) oo, (P e+ ZH dk,+n—-0, == ), e im
! !
maty =0 (), o (0 + e+ ZH d ;4 By) oy om D0+l + ZH dk,+1—0 =), o,

X

! l
% (p + dk + Z_jzl djkj + ﬂZ - 0{2 )m1+m2+m3 (% To+ ek + ijl ejkj )m1+m2+m3 (al)ml (aZ )m2 (a3)m3
i !
(p+ dk + ijl djkj +n —a, _ﬂl)ml+m2+m3 (1 —Kk+0k+ Z/:lejkj)ml+mz+m3

X

B;f;]‘fz’”)(a—nl+m1+m2+m3,b—a+n2)L(ﬁj’"' 1 [xyzjmzL[@)%
S

Bla—n+m+m,+m,b-a+n,) m! s ) m,! my!\ s

(54)

The above equation (54) in view of the equation (13) gives the required result (50).

Theorem 8: Let X >0, &, @, B, 5, 17, P, /1]'9 H;» cell, d, dj ell "where j=1,2,---1;
|1/t I<1 be such that R(n) >0, SR(,UJ-) > 0. Further, let

l .
R(p+dk+),  dk,—m—m,—m)<l+min{R(-4),R(e +a, —n),R(e + B, -0},

then the following fractional integral formula holds true:

V{IZL;“”ﬂ"ﬂ”” (tp’lS,jy (azatd)Ejjx (0,280, 02t (g, ay a0 byt 0, Y /t;nl,n2))(x)}

i / /
(Pra-al F(%ia)+9k+zj:1 0k;) I(1- p—dk—zj:l dk,—B)r(1- p—dk—zj:l dk,—n+a+a,)

s' F(I—K+9k+2i 0k) F(l—p—dk—zlj d.k.)l“(l—p—dk—zljzldjkj—77+a1+a2+ﬂ2)

=17 ] =1 JJ
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i (O'jxd’ )k./

F(l p—dk— dk,—n+a+p,)wm
z 1 2 Z ( N)Mk ANkF:',/)C(U-xd)k

I'd-p—-dk- Z dk +a,—p) =0 k=0 J k;!

Il
~

a1-p-dk=Y. dk—B-p-dk=Y dk-n+a+a,
/
bl-p-dk=Y" djk,1-p-dk=Y dk-n+a+a,+p,

F3(7,5,T,V,P15P2)

1—p—dk- Z dk, n+al+ﬂ2,;iw+9k+z

17 1>a1’a2’a3;

BANS ]
I-p-dk=-Y. dk +a-B1-k+0k+) 0 SX SX SX

11]’

(55)

6. Conclusion

From the last few decades, the concept of fractional calculus and integral transform are very

unique in nature and play an important role in mathematics, physics and engineering. In this paper
several fractional integral and integral transform formulas involving the product of general class of
polynomials, multivariable Mittage-Leffler function and generalized Lauricella’s hypergeometric
function, are obtained and expressed in terms of generalized Lauricella’s hypergeometric function. In
a similar manner, by suitably specializing the parameters, several fractional integral and integral
transform formulas involving the product of a number of simpler special functions, can be obtained.

10.
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