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Abstract: In this paper, first we establish two theorems by applying the Marichev-Saigo-
Maeda fractional integral operators involving the product of general class of polynomial,
multivariable Mittage-Leftler function and generalized Lauricella’s hypergeometric function.
Some interesting special cases of these two theorems are also given for Saigo, Erdelyi-Kober,
Riemann-Liouville and Weyl type fractional integral operators. Next we establish certain
composition formulas by employing some integral transform like Beta transform, Laplace
transform and Verma transform on the result of these two theorems.
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1. Introduction and Preliminaries
In 1903, Mittage-Leffler [8] introduced the function £,(») in the following manner:
Ea(J’):Z—y N where a,ye€C, R(a)>0 (1)

In 1905, Wiman [20] generalized the function £, () and gave the function £, 4(») in the

following manner:

E, ()= ior( g Ve B yECR@>0.RB >0 0

In 1971, Prabhakar [11] generalized the function £, B (») and gave the function E; B () in

the following manner:

A S () Y
Eep)= Z(;r(am B) k! ®)

where @, B, A, y € C, R(a) >0, R(B) >0, R(A) >0
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Saxena et al. [15] gave the multivariable analogue of multivariable Mittage-leffler function in

the following manner:
C GG bt

EY (Do) =ER0 (o) = D @)
H; e 1° sl Hy oo s 1l 5C 1° sVl / ! |
kk=0 T(C+ ijl pk) k! k!
where ¢, A, 11, € C, R(u,)>0,Vj=1,2,--,1
o (s (A)y
For the sake of convenience, let F #j’,v = i &)
L+, akik;)
Srivastava [18] introduced the general class of polynomials in the following manner:
[N/M] (—N)
Sy ()= 2 M Ay N=01.2,0 (©)
k=0 '

where M is an arbitrary positive integer and the coefficients A4 , (N,k =0) are arbitrary

constants, real or complex and (1), is the pochhammer symbol.

Recently Cetinkaya et al. [1] defined the generalized beta function in the following
manner:

is - 5. P D
B =i ‘<1—r>ynﬂ[y,5,—t—i‘ﬁj”’

(7)
where min{R(p,), R(p,)} 20, min{R(x), R(y)} >0, min{R(y), R(5), R(z), R(v)} >0
when 7 =v =1, the generalized beta function in equation (7) reduces to the following
generalized beta function defined by Goswami et al. [4]

1
BYD (e, y) = 7 =0 B | 38— PPy
P1sP2 0 t (1 _ t)
(8)
where min{R(p,), R(p,)} 20, min{R(x), R(y)} >0, min{R(y), R(5)} >0
when 7=v=1and p, = p,, the generalized beta function in equation (7) reduces to the
following generalized beta function defined by Ozergin et al. [9]
(7:8) s = 14
B (x,y)zjt (A=0)" F| y;5;— dt
h 0 t(1-1) ©)

276



where R(p,)>0, min{R(x), R()}> 0, minfR ¢ ),R G )}> (

when y =0 =7 =v=1,the generalized beta function in equation (7) reduces to the following
generalized beta function defined by J. Choi et al. [3]

1 e -
Bplapz (x’y) :jotx l(l_t)y : eXp(—%—&jdt

1-¢ (10)

where min{R(p,), R(p,)} 20, min{R(x), R(y)} >0

when y =0 =7 =v=1and p, = p,, the generalized beta function in equation (7) reduces to
the following generalized beta function defined by M.A. Chaudhry et al. [2]

B, (x,y)= JOI 1=ty exp (——pl ]dt

t(1-1) (11
where R(p,) 20, min{R(x), R(y)} >0
when p, = p, = 0the generalized beta function in equation (7) reduces to the following
classical beta function [19]
Bx,y)=[ 1~y e
R (12)

where min{R(x), R(y)} >0

Recently Cetinkaya et al. [1] defined the generalized Lauricella’shypergeometric function F),
in the following manner:

3(7,6,7,v,p1,p2) he . _
FD o (aaalaa27a3’b)y17y2:y3an1’nz)_

© (7,6,7,v)
Z (a)ml+m2+m3 (a1)m1 (az)m2 (aj )m3 Bpi/,pzr (a—nm+m+my,+my,b—a+n,) ﬂ Vs? ﬁ
mysmy ,m3 =0 (b)mI +my iy B(a —ntm+m,+ m3,b —a-+ I’l2) m, ! m, ! m;, !

(13)

where |y <L) 3, [<1,] y, <1

2. Generalized Fractional Integral Operators

The generalized fractional integral operators (called the Marichev-Saigo-Maeda
operators) including the Saigo operators and involving the Appell’sfunction F;(.) of the third

kind as the kernel, introduced by Marichev (see [7], [13]) are defined in the following
manner:
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Definition: Let o, a,, B, ,, 7€C and x>0, then for R(77) >0 we have (see [4],
[10])

(]g;az,ﬂlﬁznf)( )_mj (x—1)"'t “ZF(al,az,,b’pﬂzs’?a ,1—§jf(t)dt (14)

and

(LA f) () ==

F( ) (alsaz’ﬁpﬂzaﬂa 1__]f(t)dt (15)

Ifweput &, =3, =0, B, =-n, a, =, + B and 7 = &}, then the above equations
(14) and (15) reduce to the following Saigo fractional integral operators (see [12])

al =B

[alﬁlﬂ —
( I)x) = F( 3

I (x _t)all F(al—i_ﬂla —1;051— jf(t)dt (16)

and

(]a'ﬁ'nf)(x)_mj. (t- X)al o 1(051"':819_77;0‘1;1_;]]((06# (17)

If we put B, =0, then the Saigo fractional integral operators given in equations (16)
and (17) reduce to the following Erdelyi-Kober fractional integral operators (see [5])

—0‘1 -n

(B ) =[x =0y f(0)de (18)
[(a,) 2
and
(K () = et f(dr (19)
1ﬁ( )
If we put 3, =—q,, then the Saigo fractional integral operators given in equations

(16) and (17) reduce to the following Riemann-Liouville and Weyl fractional integral
operators respectively (see [10])

(I ) )_T) [ =0 fyar (20)

and

e, f)(x)——j (t=x)"" f(t)dr @1
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Now we are recalling the following lemma which gives the power function formulas
for the above fractional integral operators. These power function formulas (see [12], [13]) are
required for our present study.

Lemma: Let &, @,, B, ,, 7 €C and x > 0. Then the following formulas hold (see [12],
[13]

(a) Let R(77) >0 and N(p) >max{0, R(e, +a, + B —n), R(a, — B,)}, then

(Igilx,%,ﬂ] ,ﬁz,ntpfl)(x) _ F(p)r(p +17— a —a, _ﬂ)r(p + ﬂz B az) xp+77—al—a2—l

C(p+n-a-a)T(p+n-a,~ ) (p+ ) -

(b) Let R(77) >0 and R(p) <1+min{R(-LH), R(e, +a, — 1), R(ex, + B, —17)}, then

([z;az,ﬂuﬂz,ﬂtpfl)(x) — F(l —P _ﬂl )r(l —pP-Nto +a2)r(1 —pNto +ﬂ2)xp+n—a]—a2—

1
23
T(1-p)T(=p-n+a,+a, + B (1-p+o; —B) ()

3. Fractional Integration of the Product of Srivastava Polynomial,
Multivariable Mittage-Leffler Function and Generalized Lauricella’s
Hypergeometric Function

In this section, we shall give some fractional integral formulas involving the product
of Srivastava polynomial, multivariable Mittage-Leffler function and generalized
Lauricella’shypergeometric function by using the fractional integral operators.

Theorem 1: Let x> O’ al’azﬁﬂlﬁﬁpn:p: ﬂj,,Uj,C € C, d:dj € R+Wherej = 1:29" 'al;
|£|1<1 be such that R(17) >0, R(x,) > 0. Further, let
?R(p+dk+z;1djkj +m, +m, +m;) >max{0,R(a, +a, + S, —n),R(a, — 5,)},

then the following fractional integral formula holds true:

{I&‘;“z’ﬂ“ﬂz’” (tp’lS%(th)Ejj’c(altd‘ ,...,O'ltd’ )F[f(“s”’”’l ”’”(a,al,az,%;b;ylt Vi ,y3t;n1,n2))} (x)

l 1
D(p+dk+), dk)C(p+dk+), dk +n-a—a,~f)
C(p+di+Y. dj+B)T(p+dk+Y. dk +n—c-a,)

-y —a,+n-1
:X'D 1= 1]

1
F(p+dk+zj=1djkj +4,—a,) WMl = (—=N),, 4 ( d)le[ (O'jxdj. )kj
X ’C oX -4 -
I'(p+ dk + lezl djkj +n—-a, _181) k=0 ky,;-k;=0 k) Nk u, i kj !
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/ /
a,p+dk+), dk,p+di+), dk+n-o-a,-p,

) /
bp+dk+), dk+pB,ptdk+), dk +n-o-a,

> F3(37,5,r,v,p1,p2)

i
p+dk+zj:1djkj + 5, —a,,a,,a,,a5;

/ ylx’y2x7y3x
P+dk+zj:1djk;+77_az_ﬂn;

(24)
Proof: let A denote the left hand side of the equation (24). Then using equations (4), (6) and

(13) in the equation (24) and changing the order of integration and summation, which is valid
under the given conditions, we have

A= [N/ZM] i ( N)Mk A F k lel .. o-—lk] i (a)m1+m2+m3 (al)m1 (az)mz ((’13)1113

Nk~ p; c
k=0 Ky, k=0 k' k1 ' k] ' my iy ;=0 (b)ml+m2 +ny

(yérv)

o @—mmmy+my,b—a+n,) yno oy

B(a—n1 +m +m,+m,b—a+n,) m!m m!
x(lal’aZ’ﬁl’ﬂ2$”tp+dk+z ldfkl+m1+m2+m3 j(x)
0,x
(25)

now using the equation (22), then the above equation (25) reduces to

[NIM] -N ky k; 0 a a a a
A= Z Z ( )Mk A F/i,- Gk 0, O-_] Z ( )ml+m2+m3( 1)”’1( 2)m2( 3)m3

Nk™ u.c
k=0 ki, k=0 k' ! k1 ' k] ' my iy ;=0

( )ml +m2 +I1’I3

/
XprirV(a n1+m1+m2+m3,b a+n2) yl ymz y F(p+dk+zj:1djkj+m1+m2+m3)

l
Bla—n+m+my+my,b—a+ny)  m!m)m!T( p+dk+zj:1djkj+ﬁ2+ml+m2+m3)

F(p+dk+z d k +77—a1—az—ﬂl+m1+m2+m3)l“(p+dk+zlj_=ldjk/+ﬂ2—a2+ml+mz+m3)

F(p+dk+z +77—a1—a2+ml+m2+m3)F(p+dk+Zi:ldjkj+n—a2—ﬂl+ml+m2+m3)

p+dk+z ld/k/+m1+m2+m3+l7 o —a,-1

X X (26)

now using the result I'(A+n)=(A4), I'(1), the above equation (26) reduces to
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i l
D(p+dk+), dk)(p+dk+), dk +n-a—a,~p)
D(p+di+y. dj,+B)(p+dk+Y. dk +n—a-a,)

-y —a,+n-1
:x/? 1=+

I'(p+dk+ dk +p,—a,) WM = (_
Z 2% TP T Z (IS ANkF (ox )kH(O'x o
F(p+dk+z k+n—a,—B) i% w'imo k! k!

= (@), (P+dk+ Z LAk sy, (P + e+ Z ki+n—a, =0, =) mim,
=0 (), o o (P + ke + ZH Ak By) sy T (0 + ke + Z,»:l dk, 410 =), 0o,

X

r(p + dk + Z j + ﬂZ - )mlererm3 (('Z )ml (aZ )m2 (aS)m3
F(p+ dk+ z d k + 77 aZ ﬁl my+my +my

By a=n+m+my+myb=a+m) ()" ()" ()"

B(a—n1+m1+m2+m3,b—a+n2) m!  m!  m!

X
27)

the above equation (27) in view of the equation (13) gives the required result (24).

Theorem 2: Let X >0, &, a,, B, 55,1, 0,4, 14;,¢ € C, d,d; € R where j=1,2,--+,1;
|1/¢ <1 be such that R(77) >0, R(u,) > 0. Further, let

! .
iR(p+dk+zj:1djkj—ml—mz—m3)<1+m1n{9{(—ﬂl),iﬁ(al+0{2—77),SR(051+182—77)},

then the following fractional integral formula holds true:

{IZ;%/}MBZ’U (tpilSzjy (Utd )Ejj,c(altdl a~--ao-1td[ )Fg(yﬁ’r’v’pl’pz)(aaalaa2>a3;b;yl /taJ’2/tJJ’3/t;nla”2))} (x)

/ /
TA-p-dk= dk,~p)T(1~p-dk=3 dk ~n+ae +a,)
C(-p—dk=Y dk)T(1-p—dk=Y" dk —n+a+a,+p,)

-y —a,+1-1
:xP 1= 1]

F(l p—dk— Z —n+a,+f,) W i (_N)MkA F (oxt) ! (O'jxd")k’
1—‘(1 P dk — Z +al_ﬁ1) k=0 kyk =0 k! e J=1 k/'

al-p-dk=Y dk-pl-p-dk-Y dk-n+a+a,

)
bl-p-dk=Y dk,1-p-dk=Y dk-n+a+a,+p,

3(7,0,7,v,p1,07)
X, 7
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i
l—p—dk_zjzldjkj_n_l_al+ﬂz’a]’a2’a3; Wy

i b b
1_p_dk_2j:1djkj+al_ﬂ1a; o (28)

4. Special Cases

Now we shall give some special cases by taking suitable values of parameters
a,,a,, B, Fand 1. Ifput &, = B, =0, f, =—n, @, =&, + f, and 7 = @, in the theorem
1 and theorem 2 we shall get following fractional integral formulas for the Saigo fractional
integral operators.

Corollary 1: Let x>0, &, 5,1, p,4;,14,,c€C, d,d, eR" where j=1,2,---,1;|t[<]1
be such that R(a;) >0, R(y;) > 0. Further, let
R(p+di+y  dk,+m+m,+m)>max{0,R(B—-n)}, then the following

fractional integral formula holds true:

ke P Y for Ei’_' ot ot F ) (goa a as byt wt wE N, (X)
0x N 4;,¢\ 01 I D 15 Uy s O, W1, )L, Y31 1y, 1y

/ /
C(p+dk+Y, dk)(p+dk+), dk+n-f) ton « My i d)kﬁ(ajxd,)kf
1, (ox —
Mp+dk+Y dk-AI(p+de+Y db+n+a) 50550 K0 250 k)

— xﬂ‘ﬁl -l

) )
. aprdk+), dk,p+di+), dk+n-pF.a,0,a;
X By Vi, YrX, YsX

[ I
bap+dk+2j=ldfkf _ﬂl’p-l_dk-l_zjﬂdjkj BKARE (29)

Corollary 2: Let x>0, &, f,1m,0,4,4,,ceC,d.d, eR" where j=12,---,1;
| l/t I<1 be such that R(e,) >0, SR(,uj) > 0. Further, let
R(p+dk + Zizl d .k, —m —m,—m;) <1+ min{R(B),R(7)}, then the following

fractional integral formula holds true:

{Ijjfg;”“” (tp’lef(th)Eﬁf (0" ,...,ot" YV (q,aa, agshiy, Jt .t st ;nl,nz))} ()

e
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.,y T-p-di- Z ,+ﬂl 1-p~dk- Z k) e ey Ao (o )ﬁ(ojxd/)k/
= Nk
- p—dk- Z d k)0(1-p—dk - Z dk+o+ B4 i s T K LI
/
al-p-dk=), dk+p1-p-dk- Z K anaya £

3(7,0,7.9,p1,02)
X, 5

bl-p-dk=Y dk-p-dk=Y df+a+fem X ¥ (30)

If we B, =0 in the equations (30) and (31), then we shall get the following fractional
integral formulas for the Erdelyi-Kober fractional integral operators.

Corollary 3: Let x>0, al,n,p,ﬂj,,uj,ceC, d,dj €R" where j=12,---1;]t|<1 be
such that R(e) >0, R(x,) > 0. Further, let

I
R(p+dk+ Zj:l d .k, +m +m,+my)>—-R(1n), then the following fractional integral

formula holds true:

{Eglxﬂ (tpilsﬁzl (O_td)Ejf,c(Gltdl > -ao'ltd[ )Fg(yﬁ’r’v’pl’pz)(aaawaz’a3;b;y1tayzfa)@t5nl7”2))} (%)

d/ k/
o F(p+dk+lz L4k +m) m%ﬂ 5 (N)MkA F;/C(O_xd)kli[(o-jx )
D(p+dk+), dk+n+a) i xigo K ) A k!

!
a,p+dk+z Ak, +n,a,,a,,a5;
F3(795=Tsv9p1’p2) J=
X D,1

; X Vo X, V3 X
bp+dk+), dk +n+a; o

Corollary 4: Let x>0, al,n,p,/”tj,yj,cec, d,dj € R" where j=1,2,---,1; |1/t |<1
be such that R(e,) >0, ‘.R(,uj) > 0. Further, let

R(p+dk + le:l dk,—m —m, —my) <1+9R(77), then the following fractional integral

formula holds true:

{Kz;ﬂ (tpilSAA/l(md)EZ,c(O_ltdla---aaltah )FS(%(S’T’V’M "’”(a,al,az,%;b;yl/t Valt st ;”17”2))} ()

T(1-p-dk- Z dk+n) won e cuny F z
Ak (ox ol E—
-p—dk- Z ki +o+m) =0 kek=0 k! A k!

=X
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/
a,l—p—dk—zjzldjkj-|-77,a1,a2,a3;&&&

bl-p-dk-Y dk+a+p ¥ XX

3(7,6,7,v,p1,p2)
XlF D1 o
(32)

Ifwe putf =—q; in the equations (30) and (31), then we shall get the following

fractional integral formulas for the Riemann-Liouville and Weyl fractional integral operators
respectively.

Corollary 5: Let x>0, al,p,/lj,yj,ceC, d,dj €R" where j=1,2,---,;]t|<1 be
such that R(a,) >0, R(y;) > 0. Further, let

I
R(p+dk+ Zj:l d k,+m +m,+my)>0,then the following fractional integral formula

holds true:

1% (7S (o1 El{' oth,.. o t"F ) (g g a acbyt, yot, vt n) | (x
0,0 N 1, \O1 ! D 158y A3 O VL, VoL, Yol 1y, 1y

[

[(p+dk+) dk) wm = I (g x™)o

:xp—l IZ:/_I ] z Z ( N)Mk ANijfC(GXd)kH( j )
D(p+dk+), dk +a) im oG K0 k!

!
o a,p+dk+zj:ldjkj,a1,a2,a3,
RSN
><IFWD,I

/ ylxay2x=y3'x
bp+dk+), dk +a; )

Corollary 6: Let x >0, al,p,/lj,,uj,c eC, d,dj €R" where j=1,2,---,[; |1/t I<1 be
such that R(,) >0, R(x;) > 0. Further, let
1-R(p+dk+ Zi’:l dk,—m —m,—m;)>R(e)>0, then the following fractional

integral formula holds true:
{[;clloo (tpilsg(o'td)Eij,c(O_ltdl " --»Gztdl )Fg(yﬁ’r’v’pl’m(aaal>azaa3;b;yl /t,y2/t,y3/t;n1,n2))} (x)

/
_ xp—] r(l - p - dk - Zj=l d]k} - al) [N/M] 0 (—N)Mk ) i (ijdj )/{]

4 FA_fc(de)k —_
M-p-di-}, dk) Lo el k!

284



/
a,l—p—dk_ijldjkj_al’al’az’a3; NN b
IR ! . x' xx
bl-p-dk-Y, dk; (34)

3(7,6,t,v,p1,0,)
xl FD,l

5. Integral Transform of the Product of Srivastava Polynomial,
Multivariable Mittage-Leffler Function and Generalized Lauricella’s
Hypergeometric Function.

In this section we shall obtain integral transforms like Beta transform, Laplace
transform and Verma transform involving the results obtained in the previous section.

5.1 Beta Transform

Definition: The beta transform of a function f(z) is defined as (see [17])

Bif(@)s.p)=| 27 (1-2)"" f(2)dz (35)

Theorem 3: Let x >0, &y, a,, B, 5,1, p, A, ;. €C, d,d; € R" where j=1,2,---,1;
| £|<1 be such that R(#7) >0, R(x,) > 0. Further, let
l
%@+&+ZH4@+M+%+mgmeQWQ+%+Aﬂnmmfﬂm,

then the following fractional integral formula holds true:

- A v
B {I&{;%’ﬂ"ﬂz’” (t” 'SY (02"t")E u;,c(alza‘tdl o 02 VNP (g ) as byt vyt y3zt;nl,n2))(x) .S, p}

/ / /
C(s+0k+), k) T(p+dk+), dk)(p+dk+), dk +n-a-a,~p)

:xp—a]—azm—ll—w(p)
F(s+p+9k+21:19jkj) r(p+dk+sz:1djkj +ﬂ2)F(p+dk+le:ldjkj -0, -a,)

!
TD(p+dk+) dk +pB,—-a) WM = L (o xT)o
% ;J—l 7 2 2 z (=N AN,kF;if,c(axd)kH(alx )
I'(p+dk+ E j:ldjkj+77_a2_'81) 0 kim0 k! J a k!

/ /
a,p+dk+), dk,p+di+), dk+n-a-a,-pf,

) /
bp+dk+), dk+pB,ptdk+), dk+n-o-a,

3(7,0,7,v,p1,P2)
><4 FD 4
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!
prdk+), dk +p - az,s+9k+z Ok,.a.,a,,a;;

ylx:y2x9y3x
!
p+dk+zj:1dj An—a, - ﬂl,s+p+9k+z L0k

(36)

Proof: To prove the equation (36), using the definition (35) of Beta transform, we get

B {]&;”’Z’ﬂ“ﬂ”” (t” Sy (Uzgtd)Ejjyc(alzﬂtd‘ oo G2 MO (g g bzt y,at, y3zt;n1,n2))(x) .S, p}
= [z A=y g (78 (02N E] (0,202 )

XF[i(yﬁJ’v’pl P (a, a,,a,, a3;b; nzt, y,zt, y;ztin,, nz))(x)} dz (37)

now using the equation (22), then the above equation (37) reduces to

[N/IM] o
1 540kt Ok, +m+my+ — -+~ -N /
:J. ZS Z =1 JJ my+my+mz— (I_Z)p—l {xp o —aytn 1 Z Z ( )Mk AN,kF:j’c(Gxd)k

0
k=0 ky k=0 k!

d.\k; 0,7,
O $ Dunn @@ (@), B smm miboain)

Jj=1 k/ ! my iy iy =0 (b)ml+m2+m3 B(a —-n + m + m, + m3,b —-a+ n2)

/
0" (020" ()" Clp+dk+), dk +n-a =a,=f+m+m,+m)

/
mloomlml o T(p+dk+),  dk+n-a-ay+m+m+m)

F(p+dk+zljzldjkj+m1+m2+m3) F(p+dk+2 L+ By oy m )

X
/
Cp+dk+),  dk+p+m+m+m)T p+dk+zj=1 dk+n-a,-B,+m+m,+m,)

dz (38)

after interchanging the order of integration and summation and using I'(1+n)=(4),I'(1), we
get

i i
D(p+dk+), dk)(p+dk+), dk +n-a—a,~p)
D(p+di+Y. dj,+B)T(p+dk+Y. dk +n—a-a,)

-y —a,+n-1
:X'D 1=+

I'(p+dk+ dk +p,—a,) WM = (_
Z 2% T P2 T % z [G\DIYS ANkF (ox )kH(O'x )
F(p+dk+z ki+n—a, =) =0 kik=o k! k!
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i i
i (a)nzl+m2+m3 (p + dk + Zj:l djk/')ml+n12+m3 (p + dk + Zj:l d‘jkj + ?7 - al - a2 - ﬂl )mlererm3
X

! !
oty ts=0 (D), o i (p+dk+zj:I d ik + By e m, F(p+dk+zj:I dk,+1—0, =), 0o

/
['(p+dk+ E o dk,+ B =), i im (@), (), (a3),, B;]y,’jz’”) (a=n+m +m,+m;,b—a+n,)
X

F(p.|.dk+zljzldjkj =0 = B mom, B(a—n +m +m,+m,,b—a+n,)

><(xy])m1 ()™ (xp)™ J~IZS+9k+zljIijj+m1+m2+m3—l(1_Z)p_1 g
my! 70

! !
m!  m,! (39)

now evaluating the z-integral and after a little simplification, we get

s+0k+Y. 0k) T(prdk+Y. dik)(p+dk+y. dk +n-a-a,-f)

=1 J ]

— xp—al—a2+r7—11—~
T(s+p+0k+Y. 0k)T(p+dk+y. dj+P)(p+de+y dk+n-a-a)
!
I'p+dk+) dk +p,-a,) WM = I A
o Zl:j=l i 2 ™ z (=N ANkF;’C(O'xd)kH(—O-jx )
F(p+dk+zj:1djkj+77—a2—ﬂl) i kom0 k! oA il kj!

i l
- (a)ml+m2+m3 ('0 +dk + Zj:l djkj)ml+m2+m3 ('0 +dk + Zj:l dfk/ - = - ﬂl)ml*’"z*’"}
! !
=0 (), o e (P -+l + ZH Ak B) sy T (0 + ke + Z,»:l dk, 4100 =), 0o,

X

i ]
(P+dk+Y Ak 4=ty (SO 0K, (@), (@), (a5),,
!
(prdk+Y dh,+1= =By o (S+PHOK+Y O,

X

B;ly”gf’v)(a —n +m +m,+m,b-a+n,) )" ()™ ()™

Bla-n+m+m+m,b-a+n)  m! m! m!

X

(40)

the above equation (40) in view of the equation (13) gives the required result (36).

Theorem 4: Let x >0, al’apﬂl’ﬂz’nap,/lja/ujaceca dﬂd_i €R" where J=L2,--,1
11/¢[<1 be such that R(77) >0, R(,) > 0. Further let

in(p-i_dk-i_zlj:ldjkj —m—m, _m3) < 1+min{iR(—,Bl),SR(051 Ta, _U):SR(OQ +ﬂ2 _77)}7

then the following fractional integral formula holds true:
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B{I}Z;’Z?’ﬁ“ﬂ”” (tp"S}Af (Gzﬂtd)Ej’f,C (0,24, 02 O a0 a,,ab;, 1y, /t,y3/t;n1,n2))(x) : s,p}

r(s+9k+2’j 0k) r(l—p-dk—z’jzldjk, —ﬂl)F(l—p—dk—lezldjk/. “nta ta)

=1 J ]

! ! i
F(s+p-|—6’k+zj:] 0k;) F(l—p—dk—zj:] djkj)F(l—p—dk—ijldjkj —n+a,+a,+ )

—a; -0, +1-1
ZXP 1= 1] T

—o—dk =S — w d;\k;
SR YRUTRAGAED I O | (i
C-p-dk=3, dk +o,=f) 3 e T kb 707 A k!

/ )
al-p-dk=y, dk-p1-p-dk-), dk-n+a+a,,
) )
bl-p-dk=3, dk.,1-p-dk=), dk-n+a+a+p,

3(7,0,7,v,p1,0,)
><4 FD,4

! i
l=p—dk=2, dk—n+a+fs+Ok+) Ok .a.a.a; ,

! : x
1_p—dk_z_/:ldjkj+al_ﬂl’s+p+9k+z‘i:19jkj; P (41)

5.2 Laplace Transform

Definition: The Laplace transform of a function f(z) is defined as (see [16])
L{f@)}=], e " /() (42)

Theorem 5: Let x >0, &y, a,, B, B,,1, p, A, ;. €C, d,d; € R" where j=1,2,---,1;
|1<1 be such that R(7) > O,ER(,U_].) > 0. Further, let
fR(,o+dk+Zi_:1djkj+ml+m2+m3)>maX{O,iR(al+0{2+,6’1—77),9”1’(a2—ﬂ2)},

then the following fractional integral formula holds true:

L {Ig;“z’ﬂ"ﬂz’” (tp 15 (o2t )E:j,c(alz‘g‘td1 .. ..,alzg’td‘ )Fg(y ’5’T’V”’"”2)(a,a,,az,a3;b; V2t y,2t, y3zt;n],n2))(x)}

woarent T+ 0k+ Y. Ok )(p+dk+y. dk)(p+d+y. dk+n-a-a,~f)
q C(p+di+Y dk+BI(p+dk+Y. dk +n-a-a,)
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k.
F(p+dk+z ke + By —ay) iy i N, g [O’Xd]kﬁl o)
F(p+dk+z dk,+n-a,-f) = T KT g0 ko g”

J=1

/
a,p+di+y dk,p+dk+y. dk +n-o-a,~f,

bop+di+y | dk+p.prdery dk+n-a-a,

F3(7,6,r,v,p1 \p2)

/
p+dk+Z,:l k;+ P, — a2,1+0k+z [Ok,.a,a,,a5; W s

prdi+y dk +n-a,~p; 9 49 4 )

Proof: To prove the equation(43), using the definition (42) of Laplace transform, we get

a oy BBt oL QM ¢ _0,dN\ b 4d 0 1y \ 3(7.0,5.0:p1.02) ] .
L{Iojx2 e (t Sy(oz't )Eﬂ;’c(alz t,...,0z t")F, e (a,al,az,a3,b,ylzt,yzzt,y3zt,nl,n2))(x)}
[ gz ) ranen. BB [ p-l oM 0,2 4 6, ,d, 0,,d
= e {Iojx 2k (t S\ (02"tEy (2% ....0,2%t")

XF;(y,é,r,v,pl .P2) (a, a,,a,, a3;b; Wzt, y,zt, y,zt; n,, "2)) (X)} dz (44)

now using the equation (22), then the above equation (44) reduces to

! [NIM] o
o Ok+) 0.k +my+my+my PV -1 N
:J' o 7 240 {xp @ -ay+n Z Z (=N) i ANkF (O‘x )

0 k=0 Ky, -k, =0 k!

d. \k: 0,
l (O-x j)‘/ - ( )m1+m2+n13( l)ml(a2)m2(a3)m3 B}/ TV)(a_nl-l-ml+m2+m3’b_a+n2)

XH ]k ' z PPy

i U =0 ( )ml+m2+m3 B(a-n +m +m,+m,,b—a+n,)

I
( )" (1,2)" (yy0)™ F(p+dk+zj:1djkj+77—al—a2—ﬂl+m1+m2+m3)

/
mlomlml o T(pvdk+),  dk+n-a-ay+m+m+m)

F(p+dk+zlj=ldjkj+m1+m2+m3) F(p+dk+zlj:1djkj+ﬁ2—a2+m1+m2+m3)

X

dz
1“(,o+a’k+lezldjkj+ﬂ2 +m, +m, +m,) l“(p+dk+z]j:1djkj +n-c,— B, +m +m+m)| 4
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after interchanging the order of integration and summation and using I'(4+n) = (A1), I'(1),
we get

i l
D(p+dk+), dk)(p+dk+), dk +n-a—a,~p)
C(p+di+Y. dj,+B)(p+dk+Y. dk +n—a-a,)

-y —a,+n-1
:xP 1=+

I
Do dhit 3 djy +Frma) 0 &0 Wy, (ot @6
X ’C oX - J -
F(p+dk+zlj dk, +n—o,—f) =0 k.k=0 k! il a k!

=1 JJ

i i
i (a)nzl+m2+m3 (p + dk + Zj:l djk_/')ml+r;12+m3 (p + dk + Zj:l d‘jkj + 77 - al - a2 - ﬂl )mlererm3
X

li i
mtzs=0 (B) e, (P AR+ D A+ ) TPt b+ dk +0=00 =),

i
F(p + dk + Zj:l djkj + ﬂZ - aZ )mlererm3 (al )m1 (aZ)m2 (a3)1n3 B;T:ZT’V) (a - n] + m1 + m2 + m3 ’ b —a+ n2)

X
F(P+dk+zlj:1djkj =0 = ) oy, B(a—n +m, +m,+m;,b—a+n,)

0k+zl/, 0.k +my+my+my

1" dZ

qZZ

X(xyl)’”l (xy,)™ ()™ Jme_
m! m,!  m! Y0 (46)

now evaluating the z-integral and after a little simplification, we get

l / /
woocant T(+0k+), Ok (p+dk+), dk)C(p+dk+, dk +n-o-a,~f)
i i
q D(p+di+), dk +P)(p+dk+, dk +n-a-a)

i
ij
9

Lo d. \ki
ij![q ]

! !
= (('1)11f11-¢-m2+n73 (p + dk + Zj:l cj_jkj)ml-¢-rr12+m3 (p + dk + Zj:] d]k/ + 77 - al - aZ - ﬂl )ml+m2+}ﬂ3
li i
itz (0) s, (PHARA DY A+ B, TP+ AR+, dk 1= =) i,

2 | 73

I
F(p+dk+zj:1djkj+ﬁ2—a2) [N/M] (_N)MkA ) (O'xd]k
X —
r(p+dk+zlj:1djkj+77_a2_ﬂ1) k=0 k=0 k! NAT

X

/ !
r(p +dk + Zj:l d.ik./' + ﬁz —Q, )m|+m2+m3 (1 +0k + ijl gjkj )m1+mz+m3 (al)ml ((12 )’”2 (Cl3)m3
X
1
F(p+dk+zj:1djkj +77_a2 _IBI)m]ererm;
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m, !

q

m,!

B ammtm 4wy 4 b-a+n,) | [lj ! [xyj ! [xyj
q

B(a—n+m +m,+m,b-a+n)) m! ¢ @7)

The above equation (47) in view of the equation (13) gives the required result (43).
Theorem 6: Let X >0, &, a,, B, 55,1, 0,4, 1;,¢ € C, d,d; € R where j=1,2,---,1;
|1/¢ <1 be such that R(77) >0, R(;) > 0. Further, let
! .
Rp+dk+Y dk,—m—m, —m) <1+ min{R(—4).R(e, +a, ~1), R, + B, )},

then the following fractional integral formula holds true:

L{Iffg;“z’ﬂ“ﬂz’” (t"’lSjy (azgtd)Ej;’c(alze‘td‘ ey 02O (g, agibyy [ty [t Dy /t;nl,nz))(x)}

et TQ40k+ Y. 0k)0(1-p-dk=Y. dk,~BI(-p-dk=Y dk-n+a+a)

=1 JJ

q F(l—p—dk—zlj d.k.)F(l—p—dk—zljzldjkj—77+a1+a2+ﬂ2)

=1 JJ

F(l—p—dk—zlj:ldjkj AR RY A LU R
X

i Gxd k ! 1 UAxdj k,/
- A, FY L
C(-p-dk-Y dk +a-p) 2 kzko Ky [ q’ J 1:1[/(‘! q"

=1 J J

/ )
al-p-dk=y, dk-p\-p-dk-), dk-n+a+a,,

) )
bl-p-dk=3, dk.,\-p-dk=), dk-n+a+a+p,

3(7,6,7.v,p1,0,)
X, Fp3

! i
l_p_dk_zj:ldjkj Tt +ﬂ2’1+6k+2_/:le'k

j j,alaazaa:’,; & & &
l b b
l-p-dk=3, dk +a-p; qx gx gx )
5.3 Verma Transform
Definition: Verma transform of a function f(z) is defined as (see [6])
V@) =[ (2 W (52) £ () @9)

where W,w (2) represents Whittaker function.
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Theorem 7: Let x>0, ¢, ,, 3, 5,1, 0,4, 14;,¢ €C, d,d, €R" where j=12,---,1;
|£1<1 be such that R(77) >0, R(;) > 0. Further, let
!
R(p+dk -+, dk,+m+my+m)>max{0,R(e, +a, +f —1).R(e, - 5)}

then the following fractional integral formula holds true:

V{](I)Jilx,azﬁl’ﬂzﬁ (tﬁ*lsﬁ\v/[ (Gzﬂtd)Ejj,c(Glzeltdl Ul d/ )F3 7,0,T.,D;, m((l,d],612,03;b;ylzt,y22t,y3zl; nlan))(x)}

et Tt o+0k+ Y, 0k) D(p+dk+Y,  dk)D(p+dk+Y, dk+1-0-a,-f)

T

. I /
S T(-x+0k+Y. 0k) T(p+dk+Y. d+p)(p+dk+Y. dk+n-o-a,)

Jj=

F(p+dk+z LAk + B —ay) [NZ/A:M i (N |, { xdjkﬁl o 5 K,
r(p+dk+z ki rn—a,=f) k=0 k=0 k! R EIUERE

) )
a,p+dk+), dk,p+di+), dk+n-a-a,-pf,

bop+dk+y | dk+p,prdery dk+n-o-a,

F3(Z,5,r,v,p1 ,P2)

p+dk+z dk,+p,— az,zia)+9k+z

j J,al,az,a3;

N Xy X

prdk+Y! dk +n-a,-fl-k+0k+Y Ok S S S 0

Proof: To prove the equation (50) using the definition (49) of Verma transform, we get
_ A 1%
V{I&‘;“Z’ﬁ"ﬂ”" (t” 'Sy (oz’t")E e (alzeltd‘ . .,Glzg’td’ )E 5(‘ Aavp 1"’”(a,al 0y, a3 by 2t )2t y3zt;n1,n2))(x)=
® -1 —Llsz — A;
= ("W, (s2) {Igfg;"‘z’"’"’ﬁ”’ (718 (02" E) (027 ...z

XF;(y,é,r,v,pl \P2) (a, a,,a,, a3;b; Wzt, y,zt, y,zt; n,, "2)) (X)} dz (51)

now using the equation (22), then the above equation (51) reduces to

[N/M]
0 r+6’k+z 0.k ;+my+my+my—1 ,LSZ —at—at +1—1 ( N)Mk
:L z - : Wm(sz){x'” Ao Z Z ANkF (ox?)f
k=0 Ky, -k=0
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do\k; 0,
l )’ < (a)m1+m2+m3 (al)ml (a2)m2 (aS)m3 B[(Z,pzr i ((1 - nl + ml + m2 + m3 ’ b —a+ n2)
il )3

Jj=l my 1y iy =0

( )mmm3 B(a-n +m +m,+m,,b—a+n,)

i
G g™ g Tt dkt ) by 4=,y fibmy tmy +ms)
m! m! o m! F(p+dk+zli:1

dk;+n-a —ay+m +m,+m)

F(p+dk+zlj=ldjkj+m1+m2+m3) F(p+dk+zlj:1djkj+ﬁ2—a2+m1+m2+m3) )
X Z
F(p+dk+Z]j:1djkj+ﬂ2+m1+m2+m3) F(p+dk+z]j=1djkj+n—a2—ﬂ2+m1+m2+m3) (52)

after interchanging the order of integration and summation and using I'(1+n)=(A1) I'(1)
we get

/ !
= xP—al—a2+'7_1 r(p +dk + Z_}':I d/kl)r(p +dk + Zj:1 djkj % _ﬂl)
F(p+dk+zlj:1djkj +ﬁ2)F(p+dk+Zi:1djkj tn-a

—Q,)

F(p+dk+z LAk + By —ay) i i GV (ox)
F(p+dk+z dk+n-a,-f) % o T kLTS

/ (O-jxdj )kj
- kj !

i
y i (a)n1l+m2+m3 (p+dk+ Z ldjk] )m1+n12+m3 (p+dk+ Zj:l djkj +77 _al _a2 _ﬁl)ml+n12+m3
i
mysmy i3 =0 (b)m1+mz+m3(p+dk+2j:l J j+ﬂ2)ml+mz+m3r(p+dk+zj:1

djkj + 77 _al _a2)m1+m2+m3

F(p+dk+z /+ﬂ2 az)ml+n12+m3( l)ml(aZ)m2( 3)m3 B(}/5TV)(a_n1+m1+m2+m3ab_a+n2)
F(p+dk+z -1 ,k,+77 a2 ﬂl my+my +ny

B(a—n +m +m,+m;,b—a+n,)

o ()(jyl)m1 (xyz) ()g}3) J-OO r+6’k+z 6k j+my+my-+my—1 _%SZWK,CU (Sz)dz
m!  m,!  m,! (53)
now evaluating the z-integral and after a little simplification, we get

Faaaa Phto+0k+Y. 0k)T(prdk+y. di)(p+dk+. df+n-o-a,-p)

s F(l—l(+9k+zlj:119jkj) F(p+dk+zj:1 jj+ﬂ2)r(p+alk+z;1

dk +n-a,-a,)

293



2

X
F(p+dk+zlj:1djkj+n—a2—ﬂl) =0T K

kf
F(p+dk+zlj:1djkj+ﬂ2—a2) INIM] (_N)MkA . (O_xdjkﬁi{o_jxdj].

i i
X (a)mﬁszrm3 (p + dk + Zj:l djk/')nzl+m2+)n3 (p + dk + Zj:l djkj + 77 - al - aZ - ﬂl)ml+n12+n13
li i
=0 (B) oo s (P + e+ ZH Ak + By) sy D0+ dk + Z,»:l dk,+1n-0 =), i,

X

1 /
% (p + dk + Zj:l djkj + ﬂZ - aZ )ml+mz+m3 (% To+ gk + Zj:l g_jkj )ml+mz+m3 (al )ml (a2 )mz (a3)m3
l !
(p+dk+zj:l dk, 410 =B omom, (1—;<+9k+zj:19jkj)ml+m2+m3

XBX’ZT’V)(“_”l +m, +m, +m3,b—a+n2)i(@jm‘ L(ny jmz L[ﬁjm’
s

Bla-n+m+m+my,b-a+n) m!\ s ) m!\'s ) m!

(54)
the above equation (54) in view of the equation (13) gives the required result (50).

Theorem 8: Let x >0, &y, a,, B3, B,,1, p, A, ;. €C, d,d; € R" where j=1,2,---,1;
|1/¢ <1 be such that R(77) >0, R(4,) > 0. Further, let

iR(,o-l—a’k+zlj:l djkj —m, —m, —my) <l+min{R(-4),R(e, +a, —n), R(e, + B, —1)},

then the following fractional integral formula holds true:

V{Iﬁ;“z’ﬁ"ﬂz’” (tp’lef (Uzetd)EZ,c (02" ,...,0. 2t YE O (g a0 ay a by, 0, )ty /t;nl,nz))(x)}

/ / i
wraret TG to+0k+), 0k)T(-p-dk=Y, dk ~B)(1~p-dk=  dk~n+e+a,)

" T-k+0k+Y, 0/k) T(-p=dk=Y. dkI(1-p=d=Y dk-n+a+a,+p)

=1 ] J

—o—dik =S _ " d;\k;
e A 3 = Wy ) (iR
F(l—p—dk—zjzldjkj+al—ﬂl) i Km0 k! R A k!

/ )
al-p-dk=), dk-p\-p-dk-), dk-n+a+a,

) /
bl-p-dk=3, dk.,\-p-dk=), dk-n+a+a+p,

3(7,0,7,v,p,07)
XS FD,4

/ /
l-p=dk=, dk-n+a+p.1to+0k+), Ok, a.a,a;

RN ]

l l b b
1—p—dk—zj:1djkj+al—ﬁl,1—z<+9k+zjzlaikj; SXsx - Sx (55)
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6. Conclusion

From the last few decades, the concept of fractional calculus and integral transform

are very unique in nature and play an important role in mathematics, physics and engineering.
In this paper several fractional integral and integral transform formulas involving the product
of general class of polynomials, multivariable Mittage-Leffler function and generalized
Lauricella’shypergeometric function, are obtained and expressed in terms of generalized
Lauricella’shypergeometric function. In a similar manner, by suitably specializing the
parameters, several fractional integral and integral transform formulas involving the product
of a number of simpler special functions can be obtained.
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