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MULTIPLE PRODUCT OF TRIGONOMETRICAL
FUNCTIONS

S.AGARWAL™, A.S. UNIYAL?

ABSTRACT. Sin nx and Cos nx can be expanded in terms of sums of sne and
cosine multiple angles, also usng same hypothesis, one can expand the
product Sin™x Cos"x; here an attempt has been made to express

K I
I1 Sin™x; IT Cos"y;
i=1 j=1

asa sum of multiple angles of sineand cosinein linear form.

1. Introduction

If nisan integer then (Cos x+ i Sin x)" = Cos nx + i Sin nx using binomial seriesin
left side and equating real and imaginary part we can find series for Cos nx and Sin
nx in terms of powers of Sin x and Cos x. Similarly Sin x and Cos x can be
expressed in terms of power of exponential form

Cosx = (6% + €*)/2 and Sin x = (6% — €™)/2i
and using this Sin” x and Cos x can be expanded in multiple angle of sine and
cosine.
Same hypothesis can be generalized in terms of product of Sin™ x Cos" x.

Here our work is based on the same direction but the way of expression of the series
is quite different and simple.

2. Notations & Formulations
(i) Sine=$and Cosine= ¢

(i) f* (ax £ by) = f (ax + by) + f (ax - by)

(iii) f~ (ax + by) = f (ax + by) — f (a - by)
We shall assumef * (2 by) = f - (+ by) = f (by)

(iv) f*(ax +by) = f (ax + by) + f (ax - by)

(v) f~(ax+by)=f(ax+by)—f(ax—by)
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(vi) f-(ax +by+cz)=f* (ax+by+cz)—f~ (ax— by  c2)
(vii)f (mi, x) =f™(x) (M as power of functions)
(viii) T =m—2a; and =, -2,

(SRR I ES I E)

(lX) 0= by A(XL”(XK; Ba. B
(03...04; B1...p1) = (0...0;0...0)

A for Condition x 3 A if Condition x holds

B  for Conditiony 8B if Conditiony holds

n
X)X w=aatoapt...... + On
i=1

n

(Xii) =2 *

i) TI(LK) =TI
i=1

: +
(xiv) it pi=A, r=0,1,... ["H]

=01, ... [2];g=01,..[2;i=12..kj=12..

Theorem-1: If my is an even positiveinteger, n; € N and x4, y1 € R then

ot [Tl X1E M1 yl] if n; = odd
$(my, X)) & (N, y1) = { ......

ot [Tlxli |J.1y1]+K if n1 = even

where  Awp.= "1)a1+m1/2 ™MCqy,MCp,  and K = (-1/2) Appz

2 m1+ n]—]_

w=0,1,....[2];p=0,1,.... [7]
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Corollary-1: If y1 = X1, then (1.1) will reduce to the form

[t
> A [m1+n1-27L] X1 ifm,= even, np = odd
=0

$(My,x) € (N, x)= < 1.2

[mctm)
> AL [m1+n1-2k] x1+ K ifm = even, n; = even
r=0

[rern]
whereA;= T (:1)%*M2 ™Cy"Cow and K' = (-1/2) A ; 2=0, 1, ... [T21 7]

o =0 2m1+n]-1
Theorem-2: If my isan odd positive integer, n; € N and X3, y1 € R then
$ (ml, X1) [ea (nl, y1) =353 [Tl X1E yl] ...... (13)

where  Awp,= (D)% MD2 MCo,nCh s as =0, 1, ... [ B1=0, 1, ... [2]

2ml+|"ll-l
Corallary-2: If y; = x4, then (1.3) will reduce to the form

2]

$ (ml, X1) [en (nl, X1) = ; A S [m1+n1-2k] X1 (14)

[reen]

where  Aj= T (D)WOY2 MCNCoa; =0, 1, .. [TH]

;=0 2m#+n-1
Theorem-3: If my, m € N and x4, y1 € R then
O &t [tixax Hryl] +K if my, Ny both are even
& (Mg, X1) & (N, Y1) = { ...... (1.5

ot [Tl X1E M1 yl] otherwise

where Aap, = 1 ™Cq,™Cp, and K = (-1/2) Ay

2 m1+ n]—l

w=0,1,....[2];pr=0,1, ... [7]
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Corollary-3: If y1 = X1, then (1.5) will reduce to the form

[rern]
2 Ai & [ma+n1-24] x1+ K’ if me+ng = even
A=0

& (Mg, x1) & (N, X1) = & (Metng, x)= <L (2.6)

[
2 Ai & [ma+m-2)] x1 if me+n. = odd
2=0

whereAy= 1 ™NC, and K’ =(-1/2) Ap; A=0, 1, ... [T 1]

2m1+n1-1
Theorem-4: If my, m € N and Xy, y1 € R then
$ (ml, Xl) $ (nl, y1) =96 $* [Tl X1* U y1] ifm+m=odd ... (17)

Keeping m,odd, similarly for n;= odd

where  Awp, = (-1) P2 MC NGy 50y =0, 1, . [T Ba=0, 1, . [H]

2m1+n1-1
Corallary-4: If y; = x4, then (1.7) will reduce to the form

]

$ (ml, X1) $ (nl, X1) =% (m1+n1, X1) = ; A.$ [m1+n1-2k] X1 e (18)

where A= (_1) A+H(m +n-1)/2 m1+nlc}b “A=0. 1 [m1+ nl]
) s Ly oune —2

2m)+n]—1
Theorem-5: If my, m; are even positive integers and xi, y1 € R then

$(My,x) $(N,yp) =8¢ " [uxat iyl +K .. (1.9

where  Awpi=(-1) otB (M, Hn)I2 ™Co,"Cp, and K = (-1/2) Ay

om+n:1

w=0,1,....[2];p=0,1,.... [7]
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Corollary-5: If y1 = x4, then (1.9) will reduce to the form

[m22]
$ (ml, Xl) $ (nl, Xl) =% (m1+n1, Xl) = EE A, & [m1+n1-2k] X+K (20)

where  Ay= ((1)MOF2 MG and K = (-1/2) Ay A=0, 1, ... [[1E]
2m]+n]—1
Theorem-6: If my, 0, are both odd positive integers and X1, y: € R then
$(My, X)) $ (M, y)=8¢& [tuXa+tM1y] ... (2.1)

where  Awp,=(-1) 4B Mn2 mCo NGy, 50y =0, 1, ... [22]; =0, 1, ... [

2m]+n]—1 7
Corollary-6: If y1 = x4, then (2.1) will reduce to the form

[

$ (M, x1) $ (M, X1) =$ (Mo, xi) = X Ay & [metn-2A] 3o+ K> (2.2

where  Ay= ((D)MO2 MG, and K = (-1/2) A A=0, 1, ... [TE]

2ml+nl—1
Theorem-7: If m’s are even, m;, nj € N and x;, y; € R then

|
8 & [Nu T Xi= M 1 il if,Elnj =odd
i

ODAK S myx) L) ¢ myy)=< 2.3)
O & [Nt Xi£nu by yj] + K if X nj=even
j=1

k k
T o +E m)2
i=1 i=1

where Ao, o B pi= (-1) T (1,K) ™Ca IT (1,1) "C
Tmesn-1

2
and K = (-12) Apt e 6= 0, 1, [2]s g=0, 1, . [

i=0,1,....k;j=0,1,...1
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Corallary-7: If x; = x and y; = y then (2.3) will reduce to the simple form

$CEM, X)) =M, x)  (N,y) =82k, x) «(N,y), keN .. (2.9

Then the result immediately can be verified as a sum of multiple angles of Cosine
series by the known theorem (1) and hence foll ows the respective corallary.

k
Theorem-8: If X myisodd, m;, nj € N and x;, y; € R then

i=1

MK SM,x) TN &M, y)= 0 & Mt Xitnu iyl e (2.5

k k
T o +(E m-1)/2
i=1 i=1

where Aa:. o B pi= (-1) IT (1,K) ™Ca IT (1,]) "Cp
Im+Zn-1
i=1 j=1

2
=01, ...[2];g=0,1,... [2]:i=0,1,...k;j=0,1, ...
Corollary-8: If x; =x and y; = y then (2.5) will reduce to the simple form
SEM, X)) En,Y) =M, x) & (N,y)=$(2k+1,x) ¢ (N,y), kKEN ... (2.6)

Then the result immediately can be verified as a sum of multiple angles of Sine
series by the known theorem (2) and hence foll ows the respective corollary.

k

Theorem-9: If X m iseven with at least apair of m; is odd,
i=1

thenfor m;, € Nand x;, y,€ R

[Assuming (Mg, Mp:q) pair is odd in power of Snefor L<P<kand 1< P+1<k,
implies rest sum Xm; is even|

IT(1,K) $ (mi, xi)) TT(L,1) & (N, ¥i) = 8 & [T Xp+ Tret Xpe1 £ Ma T Xi £ Mu 1 Vi]

(M1« except p, p+1 term)
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k k

T o +HE m)2
i=1 i=1

where A(hm(lk; Bi. Pi= l'l’ I1 (1,K) MCo IT (1,') nJCBJ
Im+Xn-1
=1 =1

2
a=0,1,..[2;=0,1,...[Zsi=0,1,...k;j=0,1, ..

Corollary-9: If x; =x and y; = y then (2.7) will reduce to the simple form

$CEmM, X)) =M, x) c (N,y) =352k, x) «(N,y), keN .. (2.8)

Then the result immediately can be verified as a sum of multiple angles of Cosine
series by the known theorem (1) and hence foll ows the respective corallary.
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