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ABSTRACT

This paper addresses the descriptive modeling of a queuing system in which the arrival and
service processes are non-stationary. It is assumed that the arrival and service processes
follow non-homogeneous Poisson processes. Two models namely, (i) Single server queuing
model and (ii) Two node tandem queuing model are developed and analyzed. For both the
models the probability generating functions of the queue size distributions are derived
using the difference-differential equations. The system characteristics of the model such as
the average number of customers in the queue, the throughput of the service station, the
average waiting time of a customer in the queue and in the system, the variance of the
number of customers in each queue are derived. The sensitivity of the models with respect
to the changes in the input parameters are also presented. It is observed that the time
dependent nature of arrival and service processes has significant effect on the system
performance measures. It is further assumed that the load dependent service can reduce the
congestion in queues and delay in service. These models also include some of the earlier
models as particular cases.

KEYWORDS: Non-stationary queuing model, time dependent queuing model, tandem
queuing model, Non-homogeneous Poisson process, performance measures, sensitivity
analysis.

1. INTRODUCTION:

Queuing models provide the basic framework for analyzing several systems arising at
places like communication networks, cargo handling, transportation systems, machine repair, supply
chain management and production processes. In general in queuing models it is considered that the
arrival and service processes are independent of time. But in reality there are several systems in which
the arrival and service processes are time dependent. Abry et al. (2002) and Cappe et al. (2002) have
mentioned that modeling and analysis of computer network traffic using Poisson processes may not
serve the purpose of predicting the traffic. Also they stated that the Poisson like nature assume the
arrival of packets are smoother and less bursty but the present communication system the aggregate
traffic does not become smooth and remain bursty. Leland et al. (1994) have mentioned that the actual
traffic in Ethernet LAN exhibits the property of self similarity (burstness) and long range similarity.
Rakesh Singhai et al. (2007) have further studied that metropolitan area network (MAN) traffic, wide
area network (WAN) and variable bit rate (VBR) traffic which exhibit self similar and elastic
characteristics and established that several of these networks are bursty because of time dependent
nature of arrival and service processes.
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Crovella et al. (1997), Murali Krishna et al. (2003), Feldman, A. (2000) have demonstrated that
in TCP connection arrival or service processes, the inter arrival time of packets / inter service times of
packets cannot be characterized by an exponential distribution. Hence, Fischer et al. (2001) have
developed G/M/1 model with weibull inter-arrival time distribution. In addition to this a number of
measurement studies given by Dinda P.A. et al. (2006) have revealed that the traffic generated by many
real world applications exhibits a high degree of burstyness (time varying arrival and service rates).
Therefore, there are many situations in real life that the arrival and service processes are time dependent
due to various factors like load fluctuations, congestion and flow control, peaks hour overloads, adaptive
rooting and others. Much work has been reported in literature regarding queuing models with time
dependent arrival and service rates.

Newell (1968) has studied time-dependent arrival rates. Rothkopf and Oren (1979) have given
closure approximation for the non-stationary M/M/s queue. Massey et al. (1993) have studied networks
of infinite- server queues with non-stationary Poisson input, queuing systems. Massey and Whitt (1994)
have analyzed of the modified offered load approximation for the non-stationary Erlang loss model.
Mandelbaum and Massey (1995) have studied the approximation for time dependent queues. Davis et al.
have (1995) studied the sensitivity to the service time distribution in the non-stationary Erlang loss
model. William A. Massey (1996) has studied stability of queues with time varying rates. He analyzed
the models using asymptotic method known as Uniform acceleration asymptotic behavior carry based on
fluid and diffusion approximations. Duffield et al. (2001) have analyzed a non-stationary load model for
packet networks. William A. Massey (2002) has analyzed the queues with time varying rates for
telecommunication models. He also reviewed several works which support the arguments that time
dependent behavior has an impact on traffic flow models. Ward Whitt (2016) reviewed the recent papers
on time varying single server queue. In all these papers they analyzed the queuing models for time
varying arrival and service rates using diffusion approximations or Kendal’s frame work.

Recently Durga Aparajitha and rajkumar (2014), Srinivasa Rao et al. (2017,2017a) have
developed and analyzed the queuing models with time and state dependent service rates. But they
assumed that the arrival process follows a Poisson process which implies that the arrival process is
independent of time. However, in many practical situations both the arrival and service processes are
time dependent and the service rate is dependent on the content of the queue. Very little work has been
reported in literature regarding queuing models with non-stationary arrival and service processes having
load dependent service rates which are very useful for analyzing several practical situations. Hence, in
this paper we develop and analyze queuing models with non-stationary arrival and service processes
having load dependent service rates. First we develop a single server queuing model with time
dependent arrival and service processes having state dependent service rate. It is assumed that the
arrival and service processes follow non-homogeneous Poisson processes with different parameters. It is
also assumed that the service rate is linearly dependent on the content of the queue connected to it. This
model is extended to the case of two node tandem queuing model with non-stationary arrival and service
processes having load dependent service rates. In this model it is assumed that the customers after
getting service in the first service station join the second queues which are in series. The arrival process
follows a non-homogeneous Poisson processes with parameter A(t). It is also further assumed in both the
service stations the service processes follow non-homogeneous Poisson processes with different service
rates. In both the models the queue discipline is first in, first out and queue capacity is infinite.
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Using the difference-differential equations, the transient behavior of the models are analyzed by
deriving the system performance measures such as probability of emptiness of the system, probability of
emptiness of the marginal queues, the average number of customers in each queue, the utilization of the
service station, the throughput of nodes, the average waiting time of customers in each queue. The
sensitivity analyses of the models are also presented. Comparative study of the proposed models with

that of models having Poisson arrival and service processes is also discussed.
2. SINGLE SERVER NON-HOMOGENEOUS POISSON QUEUING MODEL

In this section, we briefly present the development of the queuing model, Consider a single server

Queuing model with the following assumptions.

a) The arrival process follows a non homogeneous Poisson process with mean arrival rate
A(t)=M+)at.

b) The service process follows a non homogeneous Poisson process with mean service rate
n(t)=pr+uot.

c) Itis further assumed that the service rate is dependent on the number of customers in the queue.

d) The Queue discipline is first-in-first-out.

e) The Queue capacity is infinity.

f) The schematic diagram representing the Queuing model is shown in Figure-1.

Arrival A (t) Queue Server p(t) Departure

_

v

Figl: Schematic diagram showing the queuing model.

Let n denote the number of customers in the queue, and Pn(t) be the probability that there are n
customers in the queue at time t. The difference- differential equations governing the model are:

ngt(t) = —(A(®) + nu()Pu(t) + APy (8) + (0 + ()P (8) 5 forn =1
PO — _AOP () + u(OP, (O forn=0 1)

at

Let the probability generating function of P, (t) be

P(s,t) = Z P.(£)s™ 2.2)
n=0

Multiplying the equation (2.1) by s” and summing over all n, we obtain

oP(s,t) 0P (s, t)

5~ HOQA =)= ——AOP(s, )1 —5) (2.3)
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Solving the equation (2.3) by the Lagrangian method, the auxiliary equation is

oo 9P 0s
1 AGE-DP  u®)(s—1)

(2.4)

To solving the first and third terms in equation (2.4), consider the service rate is linear and time
dependent and is of the form u(t) = u; + pyt .

This implies,

t2
a=(s—1e (pltﬂlz 2) , where a is an arbitrary constant (2.5)

Solving the first and second terms in equation (2.4), consider the arrival rate is linear and time dependent
and is of the form A(t) = A; + A,t

b = Pexp [—(s —1)e~Ju®at j A(t)el rOdt gy (2.6)
where b is arbitrary constant. Using the initial conditions Pj(0)=0, Po(0)=1, Po(t)=0; Vv t > 0 ; the general

solution of (2.4) gives the probability generating function of the number of customers in the queue at time
‘t’ as

P(s,t) =exp|(s—1) +

t2 v2 v?
e-(nlth;) [/11 fote"l““z?dv + A, fot veulvwz?dv” ;<1 (2.7)

3. CHARACTERSTICS OF THE SINGLE SERVER NON-HOMOGENEOUS POISSON QUEUING
MODEL

Expanding P(s, t) given in equation (2.7) and collecting the constant terms, we obtain the
probability that the queue is empty as

t t
t2 v? v?
Py(t) = exp _e—(u1t+u27) Alje(”1v+#27)dv+izjve(’“w“?)dv 3.1
0 0

The mean number of customers in the system is

t t
L(t) = e_(ulthtz_z) Alfe(mw‘h%)dv+/12fve(”1v+”2v2_2>dv (3.2)
0 0

The mean number of customers in the queue is

Ly(®) = L) — (1 = Py(1))
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t t
— e—(#1f+#2t2—2) Alfe(#ﬂﬂ'#z%)dv+Azfve<#1v+#2§)dv
0

0

t t
—|1—exp —e_(”1t+”zt2_2) l&l J. e(”1v+”zvz_2)dv + 2, J. ve<”1v+”2v2_2)dv

(3.3)
The utilization of the service station is
U(t) =1—Py(t)
¢? - v2 ‘ v?
=|1—exp —e_(“1t+“27) A f e<#1v+“27)dv+A2 f ve(”1v+#27)dv (3.4)
0
The throughput of the service station is
Thp(t) = u()U(2)
¢? ; v? : v?
=(puy +ust) |1 —exp —e_(“1t+“27) A f e(#1v+“27>dv+/12 j ve(ulvsz)dv (3.5)
0
The average waiting time of a customer in the system is
L(®)
WO =50
2
e (”1””2 2) [/1 f (H1v+#2 2 )dv + 1, f (#1v+uz 2 )dv]
= (3.6)

(uz + ppt) [1 — &P [ ) [/hf (v )dv+/12 I el )d”m

The variance of the number of customers in the system is

t t
V() = e—f<#1+#2t2—2) Alfe<#1+#2v2—2> dv + Alfe(#r"#zvz—z) dv (3.7)
0

0

The coefficient of variation of the number of customers in the system is

VV ()

CV = 10

* 100

~1/,

=[e (e )[/1 INC (1a#12%) gy 4 PR (wr+ua z)dv]] 100 (3.8)
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4. NUMERICAL ILLUSTRATION AND SENSITIVITY ANALYSIS

In this paper, the performance of the queuing model is discussed through numerical
illustration. The customers arrive to the queue in which the arrival and service processes are non-
homogeneous Poisson processes with mean arrival rate A(t)=A1+A>t and service rate p(t)=p1+pot.

Because the characteristics of the queuing model are highly sensitive with respect to time, the
transient behavior of the model is studied by computing the performance measures with the following
sets of values for the model parameters

t=2,3,4,56; M=2,4,6,8,10,13; N=1,4,5,7,8,9
w=3,9, 10,11, 12, 13; u=1,2,25,3,3.5,4;

The probability of emptiness of the queue, the mean number of customers, the utilization of
service station, the throughput of the service station, the variance of the number of customers in the
queue and the coefficient of the variation of the number of customers in the queue are computed for
different values of the parameters t, A1, A2, 1, 2 and are presented in Table 1. The relationships between
the parameters and performance are shown in Figure 2a, 2b.

Table 1
Values of Po(t), L(t), U(t), ThP(t),W(t),V(t),CV(t) for different values of parameters
t | M| M| m | Po(t) L(t) u(t) ThP(t) Wi(t) V(t) CV(t)
2 |2 1 3 1 0.4536 0.7906 0.5464 2.7320 0.2894 0.7906 1.1247
312 1 3 1 0.4368 0.8282 0.5632 3.3791 0.2451 0.8282 1.0988
4 |2 1 3 1 0.4257 0.8540 0.5743 4.0201 0.2124 0.8540 1.0821
5|2 1 3 1 0.4177 0.8729 0.5823 4.6583 0.1874 0.8729 1.0703
6 |2 1 3 1 0.4117 0.8875 0.5883 5.2947 0.1676 0.8875 1.0615
2 |4 1 3 1 0.2986 1.2088 0.7014 3.5072 0.3447 1.2088 0.9096
2 16 1 3 1 0.1965 1.6270 0.8035 4.0174 0.4050 1.6270 0.7840
2 |8 1 3 1 0.1293 2.0452 0.8707 4.3533 0.4698 2.0452 0.6992
2 110 |1 3 1 0.0851 2.4635 0.9149 4.5743 0.5385 2.4635 0.6371
2 |13 |1 3 1 0.0455 3.0908 0.9545 4.7727 0.6476 3.0908 0.5688
2 |2 4 3 1 0.1484 1.9075 0.8516 4.2578 0.4480 1.9075 0.7240
2 |2 5 3 1 0.1023 2.2798 0.8977 4.4885 0.5079 2.2798 0.6623
2 |2 7 3 1 0.0486 3.0245 0.9514 4.7571 0.6358 3.0245 0.5750
2 12 8 3 1 0.0335 3.3968 0.9665 4.8326 0.7029 3.3968 0.5426
2 |2 9 3 1 0.0231 3.7691 0.9769 4.8846 0.7716 3.7691 0.5151
2 |2 1 9 1 0.6989 0.3582 0.3011 3.3120 0.1082 0.3582 1.6708
2 12 1 10 |1 0.7199 0.3286 0.2801 3.3609 0.0978 0.3286 1.7445
212 1 11 |1 0.7382 0.3035 0.2618 3.4023 0.0892 0.3035 1.8151
2 12 1 12 |1 0.7543 0.2820 0.2457 3.4403 0.0820 0.2820 1.8831
2 12 1 13 |1 0.7685 0.2634 0.2315 3.4731 0.0758 0.2634 1.9486
2 |2 1 3 2 0.5628 0.5748 0.4372 3.0602 0.1878 0.5748 1.3190
2 12 1 3 2.5 | 0.6038 0.5045 0.3962 3.1695 0.1592 0.5045 1.4079
2 |2 1 3 3 0.6382 0.4491 0.3618 3.2564 0.1379 0.4491 1.4922
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2 12 3 3.5 | 0.6673 0.4045 0.3327 3.3270 0.1216 0.4045 1.5723
2 12 3 4 0.6922 0.3678 0.3078 3.3856 0.1087 0.3678 1.6488
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Figure 2a: The relationships between the parameters and performance measures.
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Figure 2b: The relationships between the parameters and performance measures.

From Table-1, it is observed that as time (t) increases, the probability of emptiness of the
queue decreases, the mean number of customers in the queue increases, the utilization of the service
station increases, the throughput of the service station increases, the average waiting time of the
customers in the queue decreases, the variance of the number of customers in the queue increases, and
the coefficient of variation of the number of customers in the queue decreases, when the other
parameters are fixed.

It is observed that as the arrival rate parameter (A1) increases, the probability of emptiness of the
queue decreases, the mean number of customers in the queue increases, the utilization of the service
station increases, the throughput of the service station increases, the average waiting time of the
customers in the queue increases, the variance of the number of customers in the queue increases, and the
coefficient of variation of the number of customers in the queue decreases, when the other parameters
are fixed.

It is also observed that as the arrival rate parameter (\z) increases, the probability of emptiness of
the queue decreases, the mean number of customers in the queue increases, the utilization of the service
station increases, the throughput of the service station increases, the average waiting time of the
customers in the queue increases, the variance of the number of customers in the queue increases, and the
coefficient of variation of the number of customers in the queue decreases, when the other parameters
are fixed.

It is observed that as the service rate parameter (pi1) increases, the probability of emptiness of the
queue increases, the mean number of customers in the queue decreases, the utilization of the service
station decreases, the throughput of the service station increases, the average waiting time of the
customers in the queue decreases, the variance of the number of customers in the queue decreases, and
the coefficient of variation of the number of customers in the queue increases, when the other parameters
are fixed.

It is observed that as the service rate parameter (pi2) increases, the probability of emptiness of the
queue increases, the mean number of customers in the queue decreases, the utilization of the service
station decreases, the throughput of the service station increases, the average waiting time of the
customers in the queue decreases, the variance of the number of customers in the queue decreases, and
the coefficient of variation of the number of customers in the queue increases, when the other parameters
are fixed.
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Sensitivity analysis of the model is performed with respect to the value of time (t), arrival
rate parameters A1 and Ao, service rate parameters pand p» and all parameters together on the mean
number of customers (L), Utilization (U), the mean delay (W) and the throughput (Thp), are computed
and presented in Table 2 with variation of -15%, -10%, -5%, 0%, +15%, +10%, +5% on the model
parameters.

Table 2: Sensitivity Analysis of the model
(t =4/ }\1 =2/ }\2 =1/ H1=3/ H2 =1)

Parameter | Performance % change in parameters
measure -15% | -10% | -5% 0% 5% 10% 15%
t=4 L(t) 0.8396 | 0.8447 | 0.8495 | 0.8540 | 0.8583 | 0.8622 | 0.8660
U(t) 0.5681 | 0.5703 | 0.5724 | 0.5743 | 0.5761 | 0.5778 | 0.5794
W(t) 0.2309 | 0.2244 | 0.2183 | 0.2124 | 0.2069 | 0.2017 | 0.1967
Thp(t) 3.6360 | 3.7642 | 3.8922 | 4.0201 | 4.1479 | 4.2756 | 4.4032
A =2 L(t) 0.8102 | 0.8248 | 0.8394 | 0.8540 | 0.8686 | 0.8832 | 0.8978
U(t) 0.5552 | 0.5617 | 0.5680 | 0.5743 | 0.5805 | 0.5866 | 0.5925
W(t) 0.2085 | 0.2098 | 0.2111 | 0.2124 | 0.2138 | 0.2151 | 0.2165
Thp(t) 3.8867 | 3.9318 | 3.9763 | 4.0201 | 4.0633 | 4.1059 | 4.1478
=1 L(t) 0.7697 | 0.7978 | 0.8259 | 0.8540 | 0.8821 | 0.9102 | 0.9398
U(t) 0.5369 | 0.5497 | 0.5622 | 0.5743 | 0.5861 | 0.5976 | 0.6087
W(t) 0.2048 | 0.2073 | 0.2099 | 0.2124 | 0.2150 | 0.2176 | 0.2202
Thp(t) 3.7580 | 3.8478 | 3.9352 | 4.0201 | 4.1027 | 4.1830 | 4.2611
=3 L(t) 0.9139 | 0.8930 | 0.8731 | 0.8540 | 0.8358 | 0.8184 | 0.8017
U(t) 0.5990 | 0.5906 | 0.5823 | 0.5743 | 0.5665 | 0.5588 | 0.5514
W(t) 0.2329 | 0.2257 | 0.2189 | 0.2124 | 0.2064 | 0.2006 | 0.1951
Thp(t) 3.9238 | 3.9569 | 3.9890 | 4.0201 | 4.0503 | 4.0796 | 4.1080
no=1 L(t) 0.9322 | 0.9046 | 0.8786 | 0.8540 | 0.8308 | 0.8087 | 0.7878
U(t) 0.6063 | 0.5953 | 0.5846 | 0.5743 | 0.5643 | 0.5546 | 0.5451
W(t) 0.2402 | 0.2302 | 0.2210 | 0.2124 | 0.2045 | 0.1971 | 0.1901
Thp(t) 3.8804 | 3.9290 | 3.9756 | 4.0201 | 4.0628 | 4.1038 | 4.1431

The performance measures are highly affected by time (t) as t increases from -15% to +15%, the
average number of customers in the queue along with the average delay are increasing. As A; and A2 are
increasing the average number of customers in the queue along with the average delay, the utilization
and throughput are increasing. Similarly as the service rate parameters p; and p» decrease from -15% to
+15%, the same phenomenon is observed. Overall analysis of the parameters reflects that the load
dependent strategy reduces the congestion in queues, the delay in transmission and improves the quality
of service.

5. COMPARATIVE STUDY OF SINGLE SERVER NON-STATIONARY QUEUING MODEL
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The comparative study between the non-homogeneous and homogeneous Poisson arrival and
service rates is presented in this session. The computed performance measure of both models are
presented in the Table-3 for different values of t = 2, 3, 4, 5, 6 seconds.

Table 3: Comparative study if model with non-homogeneous and homogeneous Poisson Arrival and
Service rates

Parameter Non-homogeneous arrival Homogeneous arrival Difference | Percentage of

measure and service process and service process Variation
L(t) 1.20878 1.3303 0.12152 9.134782
U(t) 0.70144 0.73553 0.03409 4.634753
W(t) 0.34466 0.60275 0.25809 42.81875
L(t) 1.17175 1.33317 0.16142 12.10798
U(t) 0.69018 0.73636 0.04618 6.271389
W(t) 0.28296 0.6035 0.32054 53.1135
L(t) 1.14596 1.33333 0.18737 14.05279
U(t) 0.68209 0.7364 0.05431 7.375068
W(t) 0.24001 0.60353 0.36352 60.2323
L(t) 1.12705 1.33333 0.20628 15.47104
U(t) 0.67601 0.7364 0.06039 8.200706
W(t) 0.2084 0.60353 0.39513 65.46982
L(t) 1.11254 1.33333 0.22079 16.55929
U(t) 0.67128 0.7364 0.06512 8.84302
W(t) 0.18415 0.60353 0.41938 69.48785

From Table 3, it is observed that as time increases the percentage of variation of the
performance measures between the two models are increasing. The model with homogeneous Poisson
arrival and service process has more L(t) ant W(t) than the model with non-homogeneous Poisson arrival
and service processes. It is also observed that the assumption of non-homogeneous Poisson arrival and
service processes has a significant influence on all the performance measures of the queuing model. As t
increases the percentage of variation is increasing. Time also has a significant effect on the system
performance and the proposed model can predict the performance more accurately.

6. TWO NODE TANDEM NON-HOMOGENEOUS POISSON QUEUING MODEL

Consider a queuing system in which the customers arrive to the first queue and after getting
service through the first server they join the second queue, which is serially connected to the first service
station. The arrival of the customers follow non-homogeneous Poisson process with mean arrival rate
A(t)= A1+ Ast. and the service processes in the first and second service stations follow non-homogeneous
Poisson processes with mean service rates pi(t) = ar+pit and pa(t) = ax+Pat respectively. The schematic
diagram representing the queuing model is shown in Figure-3.
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A(H) pa(t) Ha(t)

Figure -3: Schematic diagram of the queuing model

Let By n,(t) be the probability that there are ni customers in the first queue and n, customers in
the second queue at time’t". The difference differential equations governing the model are:

OPpy ny (2)
% = —(ﬂ(t) + Ny (8) + npp, (t))PnLnZ (@) + A(O)Pp 1,0, (1)

+(y + Dy (O Py s 1n,-1(8) + (g + Dptp () Py 41 (0) Vn,n, =0

aPnl O(t)
—r— = (4O + i (©)Pay o) + AW) Py -1,0(8) + 12 ()P, 1 (6)
\4 Tll > 0, n2 = 0
9Py, (£)
ot _(/1(5) + nz#z(t))Po,nz(t) + 11 (P p,—1(t) + (g + Dz (£) Py, 11 (t);

Vnz >O,Tl1 =0

22000 = _2(t)Poo(t) + 2 (DPo 1 (£); 1y = 0,1, =0 6.1)

The probability generating function of B, ,,(t) is

P(SuSu) = D ) i, (57 (62)

n1=0n,=0

Multiplying the equation (6.1) with s;'%, 5,2 and summing over all n;,nz, we get

dP(t) _ 1 p ny ny, A(6) P ny Nz
7 == (A(®) +nypy () + npu,(t)) nqny (t)Sl S, 7+ ®) ny—1,n, (t)Sl Sy
ni=0n,=0 ni=0n,=0
£ 0+ D OPayanga O35
n1=0n,=0
£ (0 + DO Pryy s (07537
ny=0n,=0
(6.3)
After simplifying, we get
aP(51’SZI t) 6P(Sll SZ’ t) 6P(511 Sz, t)
Y u(®)(s2 — s1) T + 1 (0)(1 = s5) T
=A(t)(1 = s1)P(sy,52,1) (6.4)

Solving the equation (6.4) by Lagrangian’s method, the auxiliary equations are
dt ds, ds, apP

1T “m®6-s1) —m@A—-s) A —s)P(s1,520)

(6.5)
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Let the arrival rate and service rates are linear and time dependent and is of the form
() = ay + pit; 0<p =1
and u,(t) = a, + B,t; 0B, <1la,#a,

Solving the first and third terms in equation (6.5), we get

a= (s, — e Jm®ar (6.6)
Solving the first and second terms in equation (6.5), we get

b = Sle—fﬁh(f)dt + (s, — 1)e—fﬂ2(t)dt(f 'ul(t)ef[ﬂz(t)—h(t)]dt dt) + fﬂl(t)e—ful(t)dtdt)

6.7
Solving the first and fourth terms in equation (6.5), we get 7
¢ = P(sy, 5, t) exp (_ [Sle—ful(r)dr + (s, — 1)e~Traae (f 1y (£)e 2O ©lae dt)
+ ful(t)e—fnl(t)dtdt] U A(D) eful(t)dt])
+ [(52 — 1)e-Sm@a f A(t) e ma®at ( f 1y () e 2= ©Olae dt) dt]
+ U A(0) efﬂl“)df(yl(t)e‘f"l“)dfdt)dt] +f/1(t)dt
6.8)

Where a, b and c are arbitrary constants. Using the initial conditions Poo(0)=1, Poo(t)=0, V t >0.
The probability generating function of the number of customers in the first queue and the number of
customers in the second queue at time't’ is

[

|
P(Sll S2, t) = €exp Al | (Sl - 1)e

n

2
_(a1t+[31§> fot(/ll + /1219)e(a119+ﬁ1197> 9 1

A ay

92
t - 9 —B.)—
_(azthtz_z) 1 fo (ay +5119)e(a2 a0+ (B2=P7 g9

a; —a; a

+ (s, — De

92 92
t -— t - - =
(waerply) Sy + 2,9)e Pz d9 [ (@ + py9)e 2 0+ PP 7 gy
A

+(SZ_1)3

92 92
Jy Qa + 2,0)e "+ (fot(al + ﬁlﬁ)e(“2‘“1)“(’32"31)76119) L \

1
_ Sl
A az) | |
]
(6.9)

7. CHARACTERSTICS OF THE TWO NODE TANDEM NON-HOMOGENEOUS POISSON
QUEUING MODEL
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Expanding P(s1,s2,t) given in equation (9) and collecting the constant terms, we obtain the probability
that the queue is empty as

[

| (aernid) [ o + 2a9)e (w0+r%) g 4 (aateraly) [ 1

_ _ 1t+B15 1 2 1 —~(azt+Bre

Pyo(t) = expl /11| 7 @ +e 2 o
| L

92
fgt(al + [31]9)8(112—061)1%(32—51)7(1]9

a

92
(aat+85) | Jo {1y + 10000 BT 0 [y + eV g

+e
A

9?2 92
fot(/ll + /1219)ea119+.817 (fot(al + ﬁlﬁ)e(az—al)ﬁﬂﬁz—gl)Tdﬁ

N
| =

Taking s> =1 in P(s1,52,t) , we obtain the probability generating function of the first queue size as

9
(oo o)
P(s1,t)=exp |1,(s; — De (alHﬁl 2) o +Azte ®w_1 (7.2)

A1 a

By expanding P(s1,t), and collecting the constant terms, we obtain the probability that the first queue is
empty as

9+p, - )

A, + 1,0)e (w04 d9 1

Py, (t) = exp|—A,e (alﬂ'ﬁlz) f ! z /11 -— (7.3)
1

The mean number of customers in the first queue is

192
2\ [ ot <“1‘9+517)
— = A1+ 9
Ly(6) = Age (e [ L0atia0re ©w_L (7.4)

A a

The utilization of the first service station is

Ui(8) =1 =Py ()

9+B, - )

(A, + 2,9)e (w0817 a1

1—exp|—Lye (meemy) Jo G+ 2o - - (7.5)
1 ay
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The throughput of the first service station is
ThPy(t) = u (DU (2)

[

=(a; + Blt)il —exp|—Ae

|

The average waiting time of a customer in the first queue is

92
a119+517>d19
1

2 ¢ <
—(a1f+ﬂ1—t2) JoA1+229)e
A ay

(7.6)

e —

Ly(t)
ThP, (t)

Wi(t) =

2
t2\[ ¢ <a119+51197>
—(aat+Brm || [f(A1+229)e dd 1
Ae

_ \ ) 7.7)

[ t2 /t <a119+[31’32—2>
-<a1f+ﬁ17) Jo(A1+2429)e

(a1+ﬁ1t)|1—exp|—lle T a

L

The variance of the number of customers in the first queue is

.'92
_ [ [fy, + 2 z9)e(a119+ﬁ17)d19 1
V,(t) = e (aerinty) [ o+ 2o . -— (7.8)
1 1

The coefficient of variation of the number of customers in the first queue is

V()

O =T %

9?2 2
} & [ [+ 40el P Tag
. P (a1t+[>’12> fo 1 2 - - (7.9)
1 1

Taking s1 =1 in P(s1,52,t) , we obtain the probability generating function for the Second queue size as

[ »
t2 t (az=a1)9+(B2-B1)5
_ | _ —<“2t+ﬁ27) 1 Jo(@1+B19)e 2 d9 _
P(s;,t) = exp |/11 (s —De o « (s,
£2 t fl219+/32ﬁ t (062—011)19+(/32—E1)ﬁ
(i t+8, (A1+129)e 2 do [, (ay+B19)e 2 ¥y
1 )e 1 Bl 2 0 0 _
A1
t 9+ ﬁ t (az—a1)9+(B2-B )ﬁ ]
Je Ay +2,9)e 10 HF17 <fo(a1+ﬁu9)e 27% 2P dﬁ)dﬁ . |
n % | (7.10)
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By expanding P(s2,t), and collecting the constant terms, we obtain the probability that the first queue is
empty as

—_—

92
1 fot(al + ‘3119)6(“2—“1)19*'([;2—[31)7(119

(woerprly
~(azt+ —)
—2 e 2tTP2y
0 — 0 a;

Po(t) = exp

|

[ 92 9?2
+ e_(azt+ﬁ’2§) f()t(/11 + 1,0)e“ T dy fot(“l + pro)e @ I T gy
)

92 92
Jy G + A,0)e ¥ (fot(al + ﬁlﬁ)e(“2‘“1)“(32‘31)7(119) o |

- -— 7.11
PN az (7.11)
The mean number of customers in the Second queue is
192
L(t) =4 e_(“2t+ﬁ2§) 1 fot(% + pro)e @ I+ BmbT gy
? ! a; — a;
[ t o+p:5 1o (¢ (@2-a)+ (BB
L3 e_(a2t+32f2_2)|f0 (A4 + 2,9)e™ Pr7dY [ (ay + p9)e >N 27PU5dY
1 { ll
t “119+31ﬁ t (“2—“1)19+(ﬁ2—ﬁ1)£
Jy Gy + 2,9)e 2 { Jy(ay + Bid)e z2d9 | d9 1
- -—] 7.12
N o J (7.12)

The utilization of the Second service station is

Up(t) =1—=Po(t)
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[
.(92
=1—ex |_/1 e—(a2t+ﬁ2t2—2) 1 B fot(al + ﬁlg)e(az—m)tﬂ(ﬁz—ﬁﬂTdﬁ
= P|—h p— -
(azt+ﬁ’2 ) (/11 + 1 ﬁ)eallﬂﬁl 2 dz9f (o) + B,9)e @2~ 9+(B2= % > d19
+e
A

|

92 92
fot(ll + 2.219)6“119+‘81T <f0t(0[1 + ﬁlﬁ)e(0!2—0!1)19+(.32—.31)7d19> do 1

- - 7.13
/11 ay ( )
The throughput of the Second service station is
ThP,(t) = (U, (1)
[ )
| t2 1 ft(al + ﬁlﬁ)e(az_al)ﬂ"'(ﬁz—ﬁﬂTdﬁ
= + i1 = -1 a2t+ﬁ2 2) _Jo
(“2 BZ )l exp| Lle a, — aq aq
[ o+ > ¢ (az—a1)9+(B2— )ﬁ
~(@at+moy f Ay + 229)e“ P 7y [ (ay + py9)e 2+ PP gy
I 7
o2 92 1l
fot(/‘ll + }1219)6“119+ﬁ17 <f0t(a1 + ‘8119)6(az_a1)0+(ﬁ2_ﬁ1)7dﬁ) d19 ) ] |
- - 7.14
Al a, ( )

The average waiting time of a customer in the Second queue is

_ Ly(®)
W = Thp 0
Where, L(t) and ThP;(t) are given in equation (7.12) and (7.14) respectively (7.15)

The variance of the number of customers in the Second queue is

92
¢ —a)9+(By—B )
_<a2t+ﬁzt2—2) 1 fo (ay +Bll9)e(a2 a)9+(B2=F1)75 49

a, —a; ay

V() = 4
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192 1‘92
(watrsy) [fot(zl + 10)e T [ (aq + pib)e T BT g

| i

9?2 92
Jy Ay + 2,0)e“ P Pz (fot(al + ﬁlﬁ)e(“2‘“1)‘9+(ﬁ2‘ﬁ1)7d19) @ ]

+Ae

- -—] 7.16
1 o J (7.16)
The coefficient of variation of the number of customers in the Second queue is
V2(t)
CVy(t) = —=
2(t) L®
|r ¢ 92
— l/l e_(“2f+ﬁzt2—2> L fo (@ + Bro)e 2 Vi gy
- | ! a; —a a;
2 [ t “119+.31ﬁ t (012—011)19‘*'(32—31)ﬁ
—(a2t+B2%) fO (Al + /1219)@ 2 do fo (a1 + ,3119)6 2 d9
+ A€ |[ 7
]-_1
92 92 2
[y Qs + 1,0)e oz (fot(al + ﬁlﬁ)e(“2‘“1)‘9+(ﬁ2‘ﬁ1)7d19) o “
- -—] 7.17
1 az Jl | (7.17)

The mean number of customers in the queuing system at time t is

L(®) = L1 (8) + L, (8)

92
+ 2,9 9+B1
1 e_<a1t+/31t22> fot()Ll A, )e(a1 +512>d .
=

A ay

2 - g2
—(azf"'ﬁz%) 1 f(f(a1+[>’119)€(a2 a)9+(B2=F1) 7 g9

az—ay ay

+1e

2 92 _ 92
‘(“2“‘!32%) f(f(11+/1219)€a119+31 2 d9 fot(a1+ﬁ119)e(a2 a9+ (F2-B1)F gy
A

Ae

- (7.18)

A1 az

92 92
fot(?ll+/1219)ea1ﬂ+ﬁ17<f0t(a1+,B’119)e(az_al)ﬁJr(Bz_Bl)Tdﬁ)dﬁ

The variance of the number of customers in the system is
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V(e) = Vi(t) + V2(0)

2
—(a1t+ﬁ1t2_2) fot()ll + )lzﬁ)e(a119+ﬁl%)dl9 1

= A€ " _a_1

2 - PR
_(azth%) 1 _f(f(aﬁﬁlﬁ)e(az a)9+(B2-B1) 5 49

+e

az—ay aq

2 92 B 02
A ~(ast+8.5) | o @a+220)e 1P 7 ap [ (ay +py9)e @2 VPP T ap
A1

92 92
f(fulwlzﬂ)e“l‘““’lT( fo‘(al+ﬁ119)e(“z‘“l)"”(ﬁz‘ﬁl)Tdﬂ)da
1

A Ta (7.19)
The mean number of customers waiting in the queue is
Ly(6) = Ly () = (1 = Po()) + Ly (8) + (1 — Py (D))
t (ar0+8 ﬁ)
_ A e_(a1t+ﬁ1t2_2) fO (Al + 1219)6 1 17 d19 _ l
=1 T -
t (a1ﬂ+/31£)
2
texp |1 e—(a1t+ﬁ1t7) fg A4 +29)e 2)d9 _i
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t 92
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9?2 92
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[ 5
| 2 t (az-a)9+(B2-F1)%
(st 1 (a1+B19)e 2 dy
+exp|—/11 e (2 b’zz) _ Jolas+py
| az—aq aq
NP 04p 2l (@g-an)9+(B2-B1)y
o @t B2 | foGataz0)e P P T as fy (s +pr9)e 2T VT2 T a
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¢ ar0+p, 2 ¢ (ag-ar)9+(Bz-Boe |
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)

8. NUMERICAL ILLUSTRATION AND SENSITIVITY ANALYSIS

In this section, the performance of the queuing model is discussed through numerical
illustration. The characteristics of the queuing model are highly sensitive with respect to time, the
transient behavior of the model is studied by computing the performance measures with the following
sets of values for the model parameters.

t=0.11,0.13,0.15,0.17 A1=4,6,8,9,95 A»=5,55,59,64,68 a1=9,10,10.2,10.4, 10.6
B1=6,8,10,13,16 a=11,114,11.8,12.2,12.6 B2 =11, 15, 20, 25, 30

For different values of the parameters t, A1, A2, ay, B1, az, and P2, the computed values of the
probability of emptiness of the queue, the mean number of customers, the utilization of the service
station, the throughput of the service station, the variance of the number of customers in the system and
the coefficient of variation of the number of customers in the system are presented in Table 4. The
relationship between the parameters and the performance measures are represented in the Figures 4a, 4b.

From Table 4, it is observed that as time (t) varies from 0.11 to 0.17, the probability of emptiness
of the queuing system increases from 0.63850 to 0.67847 .Similarly, the probability of emptiness of the first
queue decreases from 0.87268 to 0.74922 and the probability of emptiness of the second queue increases
from 0.73165 to 0.90557, the mean number of customers in the first queue increases from 0.13618 to
0.28872, and in the second queue it decreases from 0.31246 to 0.09919 and the mean number of customers
in the system decreases from 0.44864 to 0.38791, when all other parameters are fixed.

Table.4
Values of Poo(t), Po.(t), Po(t), L1(t), L2(t) for different values of parameters
T MM a | P1| az | P2 Poo(t) Po.(t) Po(t) La(t) La(t) L(t)
011 |4 5 9 6 |11 11 | 0.63850 | 0.87268 | 0.73165 0.13618 | 0.31246 0.44864
013 | 4 5 9 6 |11 11 | 0.66026 | 0.82222 | 0.80301 0.19574 | 0.21938 0.41512
015 | 4 5 9 6 |11 11 | 0.67287 | 0.78183 | 0.86063 0.24612 | 0.15009 0.39621
017 | 4 5 9 6 |11 11 | 0.67847 | 0.74922 | 0.90557 0.28872 | 0.09919 0.38791
017 | 6 5 9 6 |11 11 | 0.57143 | 0.66310 | 0.86176 0.41083 | 0.14878 0.55961
017 |7 5 9 6 |11 11 | 0.52442 | 0.62383 | 0.84065 0.47188 | 0.17358 0.64546
017 | 8 5 9 6 |11 11 | 0.48127 | 0.58688 | 0.82006 0.53294 | 0.19838 0.73132
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017 |9 5 9 6 11 11 | 0.44168 | 0.55212 | 0.79997 0.59399 | 0.22318 0.81717
017 {95 |55 |9 6 11 11 | 0.42124 | 0.53314 | 0.79012 0.62897 | 0.23557 0.86454
017 {95 |59 |9 6 11 11 | 0.41975 | 0.53125 | 0.79012 0.63253 | 0.23557 0.86810
017 |95 |64 |9 6 11 11 | 0.41788 | 0.52889 | 0.79012 0.63698 | 0.23557 0.87255
017 {95 | 6.8 |9 6 11 11 | 0.41640 | 0.52701 | 0.79012 0.64054 | 0.23557 0.87611
0.17 {95 | 6.8 |10 6 11 11 | 0.21728 | 0.52671 | 0.41252 0.64111 | 0.88547 1.52658
017 |95 |68 [10.2 |6 11 11 | 0.15843 | 0.52728 | 0.30047 0.64002 | 1.20240 1.84242
017 |95 |68 [104 |6 11 11 | 0.09386 | 0.52802 | 0.17775 0.63862 | 1.72737 2.36599
017 |95 |68 [10.6 |6 11 11 | 0.03306 | 0.52892 | 0.06250 0.63692 | 2.77264 3.40956
017 |95 |68 | 106 |8 11 11 | 0.03333 | 0.53272 | 0.06257 0.62977 | 2.77139 3.40116
017 {95 |68 |10.6 |10 |11 11 | 0.03361 | 0.53649 | 0.06265 0.62271 | 2.77020 3.39291
017 {95 |68 |10.6 |13 |11 11 | 0.03402 | 0.54209 | 0.06275 0.61233 | 2.76854 3.38087
017 |95 |68 |10.6 |16 |11 11 | 0.03442 | 0.54762 | 0.06285 0.60218 | 2.76701 3.36919
017 {95 |68 |10.6 |16 | 114 |11 | 017831 | 0.54762 | 0.32561 0.60218 | 1.12206 1.72424
017 {95 |68 |10.6 |16 |11.8 | 11 | 0.30377 | 0.54762 | 0.55471 0.60218 | 0.58931 1.19149
017 {95 |68 |10.6 |16 | 122 |11 | 0.39236 | 0.54762 | 0.71648 0.60218 | 0.33340 0.93558
017 {95 |68 |10.6 |16 |12.6 |11 | 0.45405 | 0.54762 | 0.82914 0.60218 | 0.18736 0.78954
017 |95 |68 | 10.6 |16 |12.6 |15 | 0.46089 | 0.54762 | 0.84163 0.60218 | 0.17241 0.77459
017 {95 |68 | 10.6 |16 |12.6 |20 | 0.46897 | 0.54762 | 0.85638 0.60218 | 0.15504 0.75722
017 |95 |68 [ 10.6 |16 |12.6 |25 | 047655 | 0.54762 | 0.87022 0.60218 | 0.13901 0.74119
017 |95 |68 [ 10.6 |16 | 12.6 | 30 | 0.48364 | 0.54762 | 0.88317 0.60218 | 0.12423 0.72641
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Figure 4a: The relationship between the parameters and performance measures

It is further observed that as the arrival rate parameter (A1) varies from 6 to 9, the probability of
emptiness of the queuing system decreases from 0.57143 to 0.44168 .Similarly, the probability of
emptiness of the first and second queues decrease from 0.66310 to 0.55212 and 0.86176 to 0.79997
respectively, the mean number of customers in the first and second queues increase from 0.41083 to
0.59399 and 0.14878 to 0.22318 respectively, and the mean number of customers in the system increases
from 0.55961 to 0.81717, when all other parameters are fixed.

It is also observed that as the arrival rate parameter (\2) varies from 5.5 to 6.8, the probability of
emptiness of the queuing system decreases from 0.42124 to 0.41640. Similarly, the probability of
emptiness of the first queue decreases from 0.53314 to 0.52701, and in the second queue it remains
constant, the mean number of customers in the first queue increases from 0.62897 to 0.64054, and in the
second queue it remains constant, the mean number of customers in the system increases from 0.86454 to
0.87611, when all other parameters are fixed.

It is observed that as the service rate parameter (ai:) varies from 10 to 10.6, the probability of
emptiness of the queuing system decreases from 0.21728 to 0.03306. Similarly, the probability of
emptiness of the first queue increases from 0.52671 to 0.52892, the probability of emptiness of the second
queue decreases from 0.41252 to 0.06250 and the mean number of customers in the first queue decreases
from 0.64111 to 0.63692, the mean number of customers in the second queue increases from 0.88547 to
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2.77264 and the mean number of customers in the system increases from 1.52658 to 3.40956, when all
other parameters are fixed.

It is also observed that as the service rate parameter (1) varies from 8 to 16, the probability of
emptiness of the queuing system increases from 0.03333 to 0.03442. Similarly, the probability of
emptiness of the first queue increases from 0.53272 to 0.54762, the probability of emptiness of the second
queue increases from 0.06257 to 0.06285 and the mean number of customers in the first queue decreases
from 0.62977 to 0.60218, the mean number of customers in the second queue decreases from 2.77139 to
2.76701 and the mean number of customers in the system decreases from 3.40116 to 3.36919, when all
other parameters are fixed.

It is observed that as the service rate parameter (az) varies from 11.4 to 12.6, the probability of
emptiness of the queuing system increases from 0.17831 to 0.45405. Similarly, the probability of
emptiness of the second queue increases from 0.32561 to 0.82914, and in the first queue it remains
constant, the mean number of customers in the second queue decreases from 1.12206 to 0.18736, and in
the first queue it remains constant, the mean number of customers in the system decreases from 1.72424
to 0.78954, when all other parameters are fixed.

It is also observed that as the service rate parameter ([32) varies from 15 to 30, the probability of
emptiness of the queuing system increases from 0.46089 to 0.48364. Similarly, the probability of emptiness
of the second queue increases from 0.84163 to 0.88317, and in the first queue remains constant, the mean
number of customers in the second queue decreases from 0.17241 to 0.12423, and in the first queue
remains constant, the mean number of customers in the system decreases from 0.77459 to 0.72641, when
all other parameters are fixed.

From Table 5, as time (t) varies from 0.11 to 0.17, the utilization of the first service station, the
throughput of the first service station, and the average waiting time of a customer in the first queue
increase from 0.12732 to 0.25078, 1.22987 to 2.51280 and 0.11073 to 0.11490 respectively. But in the second
queue they decrease from 0.26835 to 0.09443, 3.27659 to 1.21530 and 0.09536 to 0.0.08162 respectively.
When all other parameters are fixed. It is observed that the utilization of the service stations, throughput
of the service stations and the waiting time of customers in each queue are highly sensitive with respect

to time.
Table 5
Values of Uj(t), Uz(t), Thpi(t), Thpz(t), Wi(t), Wa(t) for different values of parameters
T M A2 ai B1 ai B2 Ui(t) Ux(t) Thp;(t) Thpa(t) Wi(t) W(t)
011 |4 5 9 6 11 11 | 012732 | 0.26835 | 1.22987 | 3.27659 0.11073 | 0.09536
013 |4 5 9 6 11 11 | 017778 | 0.19699 | 1.73866 | 2.44854 0.11258 | 0.08960
015 |4 5 9 6 11 11 | 0.21817 | 0.13937 | 2.15987 | 1.76301 0.11395 | 0.08513
017 |4 5 9 6 11 11 | 0.25078 | 0.09443 | 2.51280 | 1.21530 0.11490 | 0.08162
017 |6 5 9 6 11 11 | 033690 | 0.13824 | 3.37574 | 1.77921 0.12170 | 0.08362
017 |7 5 9 6 11 11 | 037617 | 0.15935 | 3.76927 | 2.05085 0.12519 | 0.08464
017 |8 5 9 6 11 11 | 041312 | 0.17994 | 413949 | 2.31584 0.12875 | 0.08566
017 |9 5 9 6 11 11 | 0.44788 | 0.20003 | 4.48778 | 2.57434 0.13236 | 0.08669
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017 |95 |55 |9 6 11 11 | 0.46686 | 0.20988 | 4.67794 | 2.70120 0.13445 | 0.08721
017 |95 (59 |9 6 11 11 | 0.46875 | 0.20988 | 4.69692 | 2.70120 0.13467 | 0.08721
017 |95 (64 |9 6 11 11 | 047111 | 0.20988 | 4.72056 | 2.70120 0.13494 | 0.08721
017 |95 (68 |9 6 11 11 | 047299 | 0.20988 | 4.73939 | 2.70120 0.13515 | 0.08721
017 |95 |68 |10 6 11 11 | 0.47329 | 0.58748 | 5.21569 7.56085 0.12292 | 0.11711
017 |95 |68 [10.2 |6 11 11 | 047272 | 0.69953 | 5.30391 9.00291 0.12067 | 0.13356
017 |95 |68 104 |6 11 11 | 0.47198 | 0.82225 | 5.38999 10.58234 | 0.11848 | 0.16323
017 |95 |68 |106 |6 11 11 | 0.47108 | 0.93750 | 5.47398 12.06567 | 0.11635 | 0.22980
017 |95 |68 |106 |8 11 11 | 0.46728 | 0.93743 | 5.58871 12.06466 | 0.11269 | 0.22971
017 |95 |68 |106 |10 |11 11 | 046351 | 0.93735 | 5.70122 | 12.06371 0.10922 | 0.22963
017 |95 |68 |106 |13 |11 11 | 045791 | 0.93725 | 5.86588 12.06236 | 0.10439 | 0.22952
017 |95 |68 |106 |16 |11 11 | 0.45238 | 0.93715 6.02573 12.06112 | 0.09993 | 0.22942
017 |95 |68 106 |16 | 114 |11 | 0.45238 | 0.67439 6.02573 | 8.94917 0.09993 | 0.12538
017 |95 |68 |106 |16 |11.8 | 11 | 0.45238 | 0.44529 6.02573 6.08714 0.09993 | 0.09681
017 |95 |68 |106 |16 |12.2 |11 | 0.45238 | 0.28352 6.02573 | 3.98907 0.09993 | 0.08358
017 |95 |68 |10.6 |16 |12.6 |11 | 0.45238 | 0.17086 6.02573 | 2.47232 0.09993 | 0.07578
017 |95 |68 |106 |16 |12.6 |15 | 0.45238 | 0.15837 | 6.02573 | 2.39931 0.09993 | 0.07186
017 |95 |68 |10.6 |16 |12.6 |20 | 0.45238 | 0.14362 6.02573 | 2.29784 0.09993 | 0.06747
017 |95 |68 |10.6 |16 |12.6 |25 | 0.45238 | 0.12978 6.02573 | 2.18678 0.09993 | 0.06357
017 |95 |68 |106 |16 |12.6 | 30 | 0.45238 | 0.11683 6.02573 | 2.06783 0.09993 | 0.06008
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Figure 4b: The relationship between the parameters and performance measure

It is further observed that as the arrival rate parameter (A1) varies from 6 to 9, the utilization of
the service station, the throughput of service station, and the average waiting time of a customers in the
first and second queue increase from 0.33690 to 0.44788, 0.13824 to 0.20003, 3.37574 to 4.48778, 1.77921 to

2.57434, 0.12170 to 0.13236 and 0.08362 to 0.08669 respectively, when all other parameters are fixed.

It is also observed that as the arrival rate parameter (A\2) varies from 5.5 to 6.8 , the utilization of
the first service station, the throughput of the first service station, and the average waiting time of a
customers in the first queue increase from 0.46686 to 0.47299, 4.67794 to 4.73939 and 0.13445 to 0.13515

respectively.

It is observed that as the service rate parameter (a1) varies from 10 to 10.6, the utilization of the first
service station decreases from 0.47329 to 0.47108, the utilization of the second service station increases
from 0.58748 to 0.93750, the throughput of the first and second service stations increase from 5.21569 to
5.47398, 7.56085 to 12.06567 respectively, and the average waiting time of a customers in the first queue
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decreases from 0.12292 to 0.11635, the average waiting time of a customers in the second queue increases
from 0.13356 to 0.22980, when all other parameters are fixed.

It is also observed that as the service rate parameter (1) varies from 8 to 16, the utilization of the first
and second service stations decrease from 0.46728 to 0.45238 and 0.93743 to 0.93715 respectively, the
throughput of the first service station increases from 5.58871 to 6.02573 and the second service station
decreases from 12.06466 to 12.06112, and the average waiting time of a customers in the first and second
queue decrease from 0.11269 to 0.09993 and 0.22971 to 0.22942 respectively, when all other parameters are
fixed.

It is observed that as the service rate parameter (a2) varies from 11.4 to 12.6, the utilization of the
second service station, the throughput of the second service station, and the average waiting time of a
customer in the second queue decrease from 0.67439 to 0.17086, 8.94917 to 2.47232 and 0.12538 to 0.07578
respectively.

It is also observed that as the service rate parameter ([32) varies from 15 to 30, the utilization of the
second service station, the throughput of the second service station, and the average waiting time of a
customer in the second queue decrease from 0.15837 to 0.11683, 2.39931 to 2.06783 and 0.07186 to 0.06008
respectively. And the performance measures remain constant in first queue, when all other parameters
are fixed.

From Table 6, as time (t) varies from 0.11 to 0.17, the variance of the number of customers in first
queue increases from 0.13618 to 0.28872, in second queue it decreases from 0.31246 to 0.09919 and in the
system it decreases from 0.44864 to 0.38791, the coefficient of variation of number of customers in first
queue decreases from 2.70983 to 1.86106 and in second queue it increases from 1.49297 to 1.60559, when
all other parameters are fixed. It is observed that the variance and coefficient of variation of number of
customers in each queue are highly sensitive with respect to time.

It is further observed that as the arrival rate parameter (A1) varies from 6 to 9, the variance of the
number of customers in each queue and in the system increase from 0.41083 to 0.59399, 0.14878 to 0.22318
and 0.55961 to 0.81717 respectively the coefficient of variation of number of customers in each queue
decrease from 1.56016 to 1.29750 and 1.33677 to 1.10623 respectively for first and second queue, when all
other parameters are fixed.

It is also observed that as the arrival rate parameter (A2) varies from 5.5 to 6.8, the variance of the
number of customers in first queue increases from 0.62897 to 0.64054, in second queue remains be
constant and in the system it increases from 0.86454 to 0.87611, the coefficient of variation of number of
customers in each queue decreases from 1.26091 to 1.24947 and 1.07549 to 1.06836 for first and second
queue respectively, when all other parameters are fixed.

It is observed that as the service rate parameter (ai) varies from 10 to 10.6, the variance of the
number of customers in first queue decreases from 0.64111 to 0.63692, in second queue it increases from
0.88547 to 2.77264 and in the system it increases from 1.52658 to 3.40956, the coefficient of variation of
number of customers in first queue increases from 1.24892 to 1.25302 and in second queue it decreases
from 0.80936 to 0.54156, when all other parameters are fixed.
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It is also observed that as the service rate parameter (1) varies from 8 to 16, the variance of the
number of customers in the first, second queues and in the system decrease from 0.62977 to 0.60218,
2.77139 to 2.76701 and 3.40116 to 3.36919 respectively, the coefficient of variation of number of customers
in first and second queue increase from 1.26012 to 1.28866 and 0.54223 to 0.54480 respectively, when all
other parameters are fixed.

It is observed that as the service rate parameter (az) varies from 11.4 to 12.6, the variance of the
number of customers in the second queue and in the entire queue decrease from 1.12206 to 0.18736 and
1.72424 to 0.78954 respectively and in the first queue they remain constant,

Table.6
Values of Vi(t), Va(t),V(t), CVi(t), CV2(t) for different values of parameters

T M A\ o ﬁl az [32 Vl(t) Vz(t ) V(t) CV1(t) CVz(t)
011 | 4 5 9 6 |11 11 | 0.13618 | 0.31246 | 0.44864 | 2.70983 | 1.49297
013 | 4 5 9 6 |11 11 | 0.19574 | 0.21938 | 0.41512 | 2.26024 | 1.55206
015 | 4 5 9 6 |11 11 | 0.24612 | 0.15009 | 0.39621 | 2.01572 | 1.58869
017 | 4 5 9 6 |11 11 | 0.28872 | 0.09919 | 0.38791 | 1.86106 | 1.60559
017 | 6 5 9 6 |11 11 | 0.41083 | 0.14878 | 0.55961 | 1.56016 | 1.33677
017 |7 5 9 6 |11 11 | 0.47188 | 0.17358 | 0.64546 | 1.45573 | 1.24470
017 | 8 5 9 6 |11 11 | 0.53294 | 0.19838 | 0.73132 | 1.36981 | 1.16936
01719 5 9 6 |11 11 | 0.59399 | 0.22318 | 0.81717 | 1.29750 | 1.10623
017 195|559 6 |11 11 | 0.62897 | 0.23557 | 0.86454 | 1.26091 | 1.07549
01719559 |9 6 |11 11 | 0.63253 | 0.23557 | 0.8681 | 1.25736 | 1.07328
01719564 |9 6 |11 11 | 0.63698 | 0.23557 | 0.87255 | 1.25296 | 1.07054
017 {9568 |9 6 |11 11 | 0.64054 | 0.23557 | 0.87611 | 1.24947 | 1.06836
017 {95 | 6.8 | 10 6 |11 11 | 0.64111 | 0.88547 | 1.52658 | 1.24892 | 0.80936
017195168102 |6 |11 11 | 0.64002 | 1.20240 | 1.84242 | 1.24998 | 0.73673
017 |95 168|104 | 6 |11 11 | 0.63862 | 1.72737 | 2.36599 | 1.25135 | 0.65012
017195 |68 106 | 6 | 11 11 | 0.63692 | 2.77264 | 3.40956 | 1.25302 | 0.54156
01719568106 |8 |11 11 | 0.62977 | 2.77139 | 3.40116 | 1.26012 | 0.54223
017 |95 |68 |10.6 | 10 | 11 11 | 0.62271 | 2.77020 | 3.39291 | 1.26723 | 0.54289
017195 |68 |10.6 |13 | 11 11 | 0.61233 | 2.76854 | 3.38087 | 1.27793 | 0.54386
017 |95 |68 |10.6 | 16 | 11 11 | 0.60218 | 2.76701 | 3.36919 | 1.28866 | 0.54480
017 |95 |68 | 10.6 | 16 | 11.4 | 11 | 0.60218 | 1.12206 | 1.72424 | 1.28866 | 0.76156
017195 | 6.8 |10.6 | 16 | 11.8 | 11 | 0.60218 | 0.58931 | 1.19149 | 1.28866 | 0.91612
017 |95 | 6.8 | 10.6 | 16 | 12.2 | 11 | 0.60218 | 0.33340 | 0.93558 | 1.28866 | 1.03386
017 |95 | 68| 10.6 | 16 | 12.6 | 11 | 0.60218 | 0.18736 | 0.78954 | 1.28866 | 1.12541
017195 | 6.8 |10.6 | 16 | 12.6 | 15 | 0.60218 | 0.17241 | 0.77459 | 1.28866 | 1.13622
017 |95 | 68| 10.6 | 16 | 12.6 | 20 | 0.60218 | 0.15504 | 0.75722 | 1.28866 | 1.14919
017195 | 6.8 |10.6 | 16 | 12.6 | 25 | 0.60218 | 0.13901 | 0.74119 | 1.28866 | 1.16155
017195 | 6.8 |10.6 | 16 | 12.6 | 30 | 0.60218 | 0.12423 | 0.72641 | 1.28866 | 1.17330

the coefficient of variation of number of customers in second queue increases from 0.76156 to 1.12541 and
in the first queue they remain constant, when all other parameters are fixed.
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It is also observed that as the service rate parameter (B2) varies from 15 to 30, the variance of the
number of customers in the second queue and entire queue decrease from 0.17241 to 0.12423 and 0.77459
to 0.72641 respectively and in the first queue they remain constant, the coefficient of variation of number
of customers in second queue increases from 1.13622 to 1.17330 and in the first queue they remain
constant, when all other parameters are fixed.

The sensitivity analysis of the model with respect to the mean number of customers, the utilization
of service stations, the mean delay in transmission, and the throughput are computed and presented in
Table 7 with variation of -10%, -5%, 0%, 5%, 10%, on the model parameter. The performance measure are
highly sensitive with respect to time (t) as t increases, the average number of customers in the first queue
increase along with the average delay, the utilization and the throughput of the first queue. Arrival rate
parameter A1 increases, the average number of customers in first queue increase along with the average
delay in transmission, the utilization of service stations and throughput of each queue.

Arrival rate parameter A; increases, the average number of customers in the first queue increase
along with the average delay, the utilization of first queue and the throughput of the first queue and there
is no change with respect to the second queue.

Service rate parameter ai increases, the average number of customers in the first queue decreases
and second queue increases along with the average delay, the utilization of first queue decreases and
second queue increases, the throughput of the each queue is increases. Service rate parameter (1
increases, the average number of customers in each queue is decreasing along with the average delay in
each queue, the utilization of each queue decreases. The throughput of the first queue increases and in the
second queue it decreases.

Table.7
The Values of Lq(t), L2(t), Ui(t), Uz(t), Thpi(t), Thpa(t), Wi(t), Wa(t) for different values of t, A1, Az, a1, By,
az, B2 parameters

Parameter % change in Performance Measures
parameters La(t) Lo(t) Ui(t) Us(t) Wi (t) W(t) Thpl(t) Thpz(t)
t=0.2 -10% 0.31916 | 0.17854 | 0.27324 | 0.16351 0.11799 0.08877 | 2.70506 | 2.01116
-5% 0.33765 | 0.15060 | 0.28656 | 0.13980 0.11842 0.08687 | 2.85123 | 1.73357
0% 0.35480 | 0.12642 | 0.29869 | 0.11875 0.11879 0.08516 | 2.98689 | 1.48441
+5% 0.37073 | 0.10555 | 0.30977 | 0.10017 0.11908 0.08363 | 3.11316 | 1.26220
+10% 0.38552 | 0.08760 | 0.31990 | 0.08388 0.11932 0.08224 | 3.23102 | 1.06523
M=4 -10% 0.32620 | 0.11378 | 0.27834 | 0.10754 0.11720 0.08464 | 2.78340 | 1.34427
-5% 0.34050 | 0.12010 | 0.28859 | 0.11316 0.11799 0.08490 | 2.88587 | 1.41456
0% 0.35480 | 0.12642 | 0.29869 | 0.11875 0.11879 0.08516 | 2.98689 | 1.48441
+5% 0.36910 | 0.13274 | 0.30865 | 0.12431 0.11959 0.08543 | 3.08647 | 1.55382
+10% 0.38341 | 0.15170 | 0.31846 | 0.12982 0.12039 0.08622 | 3.18463 | 1.62279
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\2=6 -10% 0.34792 | 0.12642 | 0.29385 | 0.11875 0.11840 0.08516 | 2.93848 | 1.48441
-5% 0.35136 | 0.12642 | 0.29627 | 0.11875 0.11859 0.08516 | 2.96272 | 1.48441

0% 0.35480 | 0.12642 | 0.29869 | 0.11875 0.11879 0.08516 | 2.98689 | 1.48441

+5% 0.35824 | 0.12642 | 0.30110 | 0.11875 0.11898 0.08516 | 3.01096 | 1.48441

+10% 0.36168 | 0.12642 | 0.30350 | 0.11875 0.11917 0.08516 | 3.03496 | 1.48441

a=9 -10% 0.35927 | 0.01475 | 0.30182 | 0.01464 0.13081 0.08059 | 2.74653 | 0.18302
-5% 0.35761 | 0.05922 | 0.30065 | 0.05750 0.12455 0.08239 | 2.87122 | 0.71880

0% 0.35480 | 0.12642 | 0.29869 | 0.11875 0.11879 0.08516 | 2.98689 | 1.48441

+5% 0.35113 | 0.24612 | 0.29611 | 0.21817 0.11348 0.09025 | 3.09434 | 2.72711

+10% 0.34680 | 0.53734 | 0.29305 | 0.41570 0.10857 0.10341 | 3.19429 | 5.19627

p1=5 -10% 0.35619 | 0.12661 | 0.29966 | 0.11892 0.12007 0.08517 | 2.96665 | 1.48650
-5% 0.35550 | 0.12651 | 0.29917 | 0.11884 0.11942 0.08517 | 2.97679 | 1.48545

0% 0.35480 | 0.12642 | 0.29869 | 0.11875 0.11879 0.08516 | 2.98689 | 1.48441

+5% 0.35411 | 0.12632 | 0.29820 | 0.11867 0.11816 0.08516 | 2.99695 | 1.48338

+10% 0.35342 | 0.12632 | 0.29772 | 0.11859 0.11753 0.08516 | 3.00697 | 1.48236

a»=10.5 -10% 0.35480 | 0.93377 | 0.29869 | 0.60693 0.11879 0.13437 | 2.98689 | 6.94934
-5% 0.35480 | 0.30435 | 0.29869 | 0.26239 0.11879 0.09686 | 2.98689 | 3.14217

0% 0.35480 | 0.12642 | 0.29869 | 0.11875 0.11879 0.08516 | 2.98689 | 1.48441

+5% 0.35480 | 0.04758 | 0.29869 | 0.04647 0.11879 0.07862 | 2.98689 | 0.60527

+10% 0.35480 | 0.00584 | 0.29869 | 0.00582 0.11879 0.07402 | 2.98689 | 0.07886

B2=10 -10% 0.35480 | 0.12976 | 0.29869 | 0.12169 0.11879 0.08669 | 2.98689 | 1.49679
-5% 0.35480 | 0.12808 | 0.29869 | 0.12021 0.11879 0.08592 | 2.98689 | 1.49066

0% 0.35480 | 0.12642 | 0.29869 | 0.11875 0.11879 0.08516 | 2.98689 | 1.48441

+5% 0.35480 | 0.12477 | 0.29869 | 0.11730 0.11879 0.08442 | 2.98689 | 1.47804

+10% 0.35480 | 0.12315 | 0.29869 | 0.11587 0.11879 0.08369 | 2.98689 | 1.47154

(t=02, M=4M=6,a1= 9, B1= 5 a2=10.5, 2=10)
Service rate parameters a; and {; increase, the average number of customers in the second queue
decreases along with the average delay in the second queue, the utilization and throughput of the second
service station decrease and there is no change with respect to the first queue.

9. COMPARATIVE STUDY OF THE TWO NODES TANDEM NON-STATIONARY QUEUING
MODEL

The comparative study of the developed model with that of homogeneous poison
arrival and service rates is performed by computing the performance measure. The results are presented
in the Table 8 for different values of t = 0.18, 0.20, 0.22, 0.24.

From Table 8, it is observed that as the time increases the percentage variation of the
performance measures between the two models is significant. The model with non-homogeneous Poisson
arrival and service processes has higher performance than that of the model with homogeneous Poisson
arrival and service process. It can also be observed that the assumption of non-homogeneous Poisson
arrival and service processes has a significant influence on all the performance measures of the queuing
model. This model includes the following queuing models as particular cases:

(i) M/M/1 Queuing with state dependent service model when Az = 0, f1 =0, a2=0, 32 =0.
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(if) Two node tandem Poisson queuing with load dependent model when A2 = 0, p1 =0, and B2 =0.

(iii) Single server of queuing model with non-homogeneous Poisson arrivals and state dependent
service. When, p1 =0, a=0, 32 =0.

(iv) Two node tandem queuing model with non-homogeneous Poisson arrivals and state
dependent service. When, 31 =0, 2 =0.

(v) Single node Poisson arrival and non-homogeneous Poisson service queuing model with load
dependent when Az = 0, ax=0, 2 =0.

(vi) Two node tandem queuing model with Poisson arrival and non-homogeneous Poisson
service processes with load dependent when A; = 0.

Table 8

Comparative study of models with Non-Homogeneous and Homogeneous Poisson arrival and service

rates

T Parameter | Models with Models with Difference | Pesrcentage of

Measure | Non-Homogeneous Homogeneous arrival and Variation
arrival and service service

0.18 | La(t) 0.62670 0.63027 0.00357 0.566424
La(t) 0.13444 0.20059 0.06615 32.97772
Ua(t) 0.46565 0.46755 0.0019 0.406374
Ux(t) 0.12579 0.18175 0.05596 30.78955
Wia(t) 0.09984 0.12717 0.02733 21.49092
W(t) 0.06985 0.08759 0.01774 20.25345

0.20 | La(t) 0.66593 0.68108 0.01515 2.224408
La(t) 0.07777 0.13355 0.05578 41.76713
Ua(t) 0.48620 0.49393 0.00773 1.564999
Ux(t) 0.07482 0.12502 0.0502 40.15358
Wia(t) 0.09925 0.13008 0.03083 23.70080
Wo(t) 0.06663 0.08478 0.01815 21.40835

0.22 | La(t) 0.69436 0.72218 0.02782 3.852225
La(t) 0.04055 0.08572 0.04517 52.69482
Ua(t) 0.50060 0.51431 0.01371 2.665707
Ux(t) 0.03974 0.08215 0.04241 51.62508
Wia(t) 0.09823 0.13247 0.03424 25.84736
Wo(t) 0.06418 0.08282 0.01864 22.50664

0.24 | La(t) 0.71429 0.75543 0.04114 5.445905
La(t) 0.01695 0.05199 0.03504 67.39758
Ua(t) 0.51046 0.53019 0.01973 3.721307
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Ua(t) 0.01681 0.05066 0.03385 66.81800
Wi(t) 0.09690 0.13442 0.03752 27.91251
W(t) 0.06225 0.08145 0.0192 23.57274

7. Conclusion

This paper deals with design and development of a new novel queuing models with time
dependent arrival and service processes and state dependent service which is very useful for analyzing
the communication network such as LAN, WAN, MAN, data voice transformations during the peak time
analysis. Here the arrival and service processes are characterized with non-homogeneous Poisson
processes. The explicit expressions for the system performance measures such as the content of the
buffers, the average waiting time of the customers in the queue and in the system, the throughput of the
nodes and the variance are useful for predicting the system behavior under transient conditions. It is
observed that the time dependent and state dependent nature of the arrival and service processes have
significant effect on the system performance measures. There is a scope for further extension of this paper
by developing and analyzing a two node tandem queueing model with bulk arrivals having time and
state dependent arrival and service rates.
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