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CONTROLLABILITY OF NON-AUTONOMOUS SEMILINEAR
NEUTRAL EQUATIONS WITH IMPULSES AND NON-LOCAL
CONDITIONS

ROBERTH CHACHALO!, HUGO LEIVA!, AND LENIN RIERA!

ABSTRACT. In this work we study the controllability of a control system governed by
a non-autonomous semilinear neutral equations with impulses and non-local conditions.
The idea is to see under which conditions the controllability of the associated system
of ordinary differential equations implies the controllability of the semilinear system of
neutral equations with impulses and non-local conditions. This is done by imposing
some conditions on the non-linear terms that appear in the system. First, we prove
the approximate controllability assuming that the associated system of linear ordinary
differential equations is exactly controllable over every small interval, which allows us to
use a technique developed by A.E. Bashirov et al. avoiding fixed point theorems to prove
approximate controllability; then assuming different conditions on the nonlinear terms
of system, allows us to apply Banach Fixed Point Theorem to prove exact controllability.

1. INTRODUCTION AND PRELIMINARIES

In this work we study the controllability of a control system governed by a semilinear
neutral differential equation with impulses and non-local conditions; the idea is to see
that under certain conditions the controllability of the associated linear system of ordi-
nary differential equations implies the controllability of the semilinear system of neutral
differential equations with impulses and non-local conditions. This is done by imposing
some conditions on the non-linear terms that involve the system, and applying a direct
approach developed by A.E. Bashirov et al.[1-3] to avoid fixed point theorems to prove
approximate controllability; then assuming different conditions on the nonlinear terms of
system, allows us to apply Banach Fixed Point Theorem to prove exact controllability.
At this point it is good to mention that there is a wide literature on the controllability
of linear equations of neutral type, there is even an algebraic condition for controllability
of such equations that extends the well-known Kalman’s condition for autonomous sys-
tems of linear ordinary differential equations ([15-17]). However, for semilinear neutral
equations, the literature is limited, there are few works on the existence of solutions, to
mention(see [6,7]), and recently, in [14] the controllability of neutral differential equation
with impulses on time scales has been studied. As far as we know, this is the first time
that the controllability of neutral equations with impulses and nonlocal conditions simul-
taneously has been studied, which reveals the novelty of this work, showing that neutral
differential equations are just perturbations of ordinary differential equations from a con-
trollability point of view. Without further ado, the system that we will study here is
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given as follows:

d

S 2@) = fat z)] = Ao()z(t) + Bt)ult) + filt,z), t# e, t€[0,7],
(1.1) 2(0) + h2r s 21y, - - 27,)(0) = 1(0), 0 € [—r,0],

2(65) = 2(t;) = J(t, 2(tr), u(ty), k=1,2,....p,
where A_;(t), Ao(t), A1(t) are n X n continuous matrices, B(t) a n X m continuous matrix
and u belongs to L?(0, 7;R™), the functions f_;, fi, h are smooth enough, and 0 < ¢; <
to < - <t,<T,0< T <7y, <7y <r<7. Here, z : [-7,0] — R", 2,(0) = z(t +0),
and n € PW, the phase Banach space defined as follows

PW, = {77 : [=7,0] — R" : 5 is continuous except in a finite number of points 6y,
k=1,2,...,p,where the side limits n(6;"),n(6; ) exist and n(6;) = n(6;)},
endowed with the norm
Il = sup ||77( Mg

te[—r,0
Also, we shall introduce some notation, deﬁne a natural Banach spaces for the solutions
of problem (1.1) will take place and present motivation for our main theorems in the next
sections. We begin defining the following Banach space
={n:[-r 7] — R":n|_rq € PW, and 1|, is continuous

except in a finite number of points tx, k = 1,2, ..., p, where
the side limits exist n(t;, ), n(t{) = n(te) }
equipped with the norm
Inll, = sup [|n()lIga-

te[—r,7]

We will also consider

q
Rq":R"xR"x~--xR”:HR”
q—times

q
lyll, = > 19llzn-
i=1

Analogously, we define the Banach space

endowed with the norm

PWyp = {77 — R : n is continuous except in a finite number of points
O, k = 1, 2,...,p, where the side limits exist 5(6;),n(6;") = n(6) }
equipped with the norm
11l = sup |n(®)ll, = sup (Z [l: (¢ |an> :
te[—r,0] te[—r,0
The functions involved in system (1.1) are defined in these spaces
fo1, f1:0, 7] x PW, — R", h:PWg, — PW,, Jp:[0,7] x R" — R".

Corresponding to the nonlinear system (1.1), we have the linear autonomous system of
ordinary differential equations(Ay(t) = Ao, B(t) = B constants)

(1.2) {z’(t) = Aoz(t) + Bu(t), t€ [to7)

Z(to) = Z20-
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The idea is to prove that under some conditions the controllability of the linear system
(1.2) implies the controllability of the nonlinear system (1.1). Indeed, it is well known
that the autonomous linear system (1.2) is exactly controllable on [0, 7] if, and only if,
the Kalman’s Rank condition holds

Rank[B : AgB: ... A} "'B] = n.

REMARK 1.1. Since Kalman’s Algebraic condition does not depend on time, then system
(1.2) is controllable on any interval, particularly, on [to, T] with to < T.

Also, it is well known that the following autonomous neutral linear system

(1.3) %[z(t) —A_jz2(t —r)] = Aoz(t) + A12(t — r) + Bu(t), tel0,7],
2(0) =n(0), 6€l[-r0].

is exactly controllable if, and only if, the following rank conditions hold:
Rank (A(\)) =n, Rank [B:A¢B:...Al 'Bl=n

where A(\) = A\ — NA_je™" — Ay — Aje™".

We assume the reader is familiar with the concepts of exact controllability and approxi-
mate controllability(See [4,8-11]). Without further ado we have the following result on
approximate controllability

LEMMA 1.1. If system (1.2) is controllable, then system (1.3) is approzimately controllable
on [0, 7].

Proof. Suppose that system (1.2) is exactly controllable. Then, from Remark 1.1 it is ex-
actly controllable on any interval [ty, 7], with 0 <ty < 7. Therefore, for any initial statez
and a final statez; there exists a control u;,, € L? (o, 7;R™) such that the corresponding
solution of the initial value problem (1.2) satisfies that y(7) = z;. Moreover, u;, can be
taken as follows
Uy, (t) _ B*GA*(Tft)@)gl (Zl . eAg(Tfto)Z()) ’
with .
s, = / e BBt dp.

to

(see [4,5]). On the other hand, the solution of the initial value problem (1.3) is given by
2(t) =A_12(t — 1) + ' n(0) — A_in(—r)]
t t
+ / e NAG A + Ay)2(0 — r)do + / 0= By (0)df.
to 0
Let 7, z; be the initial and the final state for system (1.3). Consider any control u €

L*(0,7;R™) fixed and the corresponding solution z(¢) of (1.3) evaluated at t = 7 — d
21 —d) =A_12(1 —d — 1) + TV [n(0) — A_yn(—7)]

T—d T—d
(1.4) + / e T ENAGA |+ Ay]2(0 —r)dO + / e0(m=4=6) Boy(9)d6.
0 0

Consider 0 < d < min{r,7 — r,¢/M} small enough, with
M = max {|[e®D (AgA_; + A)|||[2(0)]|},

0<6<r

and define the control
wl(t) = u(t), %fOStST—d
ur_q(t), fr—d<t<r

115



ROBERTH CHACHALO, HUGO LEIVA, AND LENIN RIERA

where
Ur—q(t) = BT IY 1 (2 — e z)
and
(1.5) = YA 21 —d) - A_12(r —d—71) + Az(T — d).

Consider 2%(t,n,u?) = 2%(t) the corresponding solution of (1.3) of the control u?, which
we evaluate at ¢t = 7.

2U(r) =A12(7 =) + e [n(0) — Ain(—1)]

+ / edo(m=0) [ApA_1 + Al]Zd(9 —r)ds + / €A0(779)Bud(9)d9'
0 0

Since d < r implies 7 — r < 7 — d, then we have that z4(7 —r) = z(7 — r). So, 2¢(7) can
be written as follows

2(r) =ALz(r — d — 1) + D (0) — A_pn(—r)]

T—d T—d
+ / eAO(T—d—i-d—@) [AOA—I + Al]Z(Q _ T)d@ + / er(T—d—l—d—G)Bu(Q)dQ
0 0

[ MO A0 )i+ [ OB, (6).
T—d T—d

Then
21 =A_12(r —d—1r) + eAOd{eAO(Td) n(0) — A_yin(—r)]

T—d T—d
+ / 6A0(7—d—9) [AOAfl + A1]2<9 o T)de + / er(T—d—e)Bu(e)de}
0 0

+/ ﬁ”%Mﬂ4+&VW—”w+/ e Bu,_q(0)db.
T—d T—d

Therefore,

2 1) =A2(r—d—7)— ™A _2(r —d—7) + eAOd{A_lz(T —d—r)

T—d

+ =D n(0) — A_n(—r)] + / e A0A | + Ay)2(0 — r)dd

0

T—d T
+ / eA0<T—d—9>Bu(9)d9} + / eMT=OAGA_ 4+ A]24(0 — r)db
0 T—d

+ / eAO(T_e)BuT_d(Q)dH.
T—d

Thus,
2Ty =A_jz2(t —d —71) — ™ A_12(1 —d — 1) + M2 (1 — d)

T

+ /T eAo(7=0) [AgA_q + Al]zd(H —r)df +/ eAO(T_G)BuT_d(H)dH
:A_l;zj —d—r)+e(z(r —d) — A_i2(T —T_c;l— r))
+ /T e By, 4(0)dd + /T eMT=AGA_ + Ay)24(60 — r)db.
If we consider o o

o= e Mt —d—r) 4+ (2(r—d) = A2(r —d 1)),
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then the solution of the initial value problem (1.2), with to = 7 — d, evaluated at 7 takes
the form

y(1) =0z, +/ e By 4(0)do
T—d

—A_z(t—d—7r)+ e (2(r—d) — A 1z2(t —d—71)) + / e By, 4(0)dh
T—d

=Z1.
Hence, T
sz(T) — yd(T)H < / ) HeAO(T*d)H |AgA_1 + A4 sz(ﬁ — 7")Hd0.

T

From the way we choose 0 < d, it turns out that z%(f — r) = 2(0 — r). Thus

sz(T) -z <e

2. ExacT CONTROLLABILITY OF SYSTEM (1.2)

In this section we shall prove that under certain conditions on the matrices Ay, A_1,
A; and B the exact controllability of the autonomous system of ordinary differential
equations (1.2) implies the exact controllability of the neutral autonomous system (1.3).
This will be done by applying Banach contraction mapping theorem. Specifically, we shall
prove the following theorem

LEMMA 2.1. If system (1.2) is exactly controllable and the following condition holds
IA- || (L + 7ML BI) + 7MiM (1+ 7| BIME D) < 1,
where My = sup ||| and My = ||AgA_1 + A4||, then system (1.3) is ezactly control-

0<6<r

lable on [0, T].

Proof. From [4,5,9-11] it is well known that system (1.2) is exactly controllable if, and
only if, the Gramian matrix

Y = / " Aolr0) B im0 g
0

is invertible, and a control steering system (1.2) from initial state zy to the final state z;
is given by

U(t) _ B*eAS(T—t)QJ—I(Zl . eAOTZO)a
and the steering operator I : R — L?(0,7;R™), defined by I'¢ = B*e% )9~ is a
right inverse of the controllability operator € : L?(0, 7; R™) — R" define by

Q:u:/ =% By (0)df.
0

ie.,

€' = Ign and u=T(z —e72).
Suppose for a moment that system (1.3) is exactly controllable. So, for every n €
C(—r,0;R™) and z; € R" there exists u € C'(0, 7; R™) such that the corresponding solution
2(t) = z(t,n,u) of (1.3) satisfies z(7) = 21, i.e.,

7 = 2(1) =A_12(1 — 1) + e™7[n(0) — A_in(—r)]

+ / eto(m=0) [AgA_1 + A]z(0 — 7)df + / GAO(T_G)BU(Q)(M'
0 0

117



ROBERTH CHACHALO, HUGO LEIVA, AND LENIN RIERA
Then
Cu=2 —A_12(1 —71) — e [n(0) — A_in(—7)] — /T e A Ay + Ai]z(0 — r)db.
Now, if we consider the operator .Z : C(—r,7; R™) —0> R"™ defined by

L(z) =2 —Aqz(1—1) — eAOT[W(O) —An(=r)] - /OT =0 [AogA_y + Ay]z(0 —r)d0,

then €u = Z(z). So, we choose the control in the following way,
(2.6) u=T%2(z).

This suggests that we must solve a fixed point problem, which is equivalent to the exact
controllability of (1.3). Indeed, it is enough to show that the following operator has a
fixed point: Let K : C(—r,7;R") — C(—r, 7; R"™) be given by

(Ky)(t) =A_1z(t —r) + ™' [(0) — A_yn(—r)]

t t
4 / A0 A+ A0 — r)dd + / e BT.Z (2)(6)de.
0 0

Now, we shall prove that K is a contraction mapping. In fact, let z,y € C(—r, 7;R") and
consider

I(Ky) () = (K2) (O] <[ Aalllly(t —r) = =(t =)

¢
+ / Her(t_'g)”HAoA_l + Aql||z(0 — r) — y(0 —r)||db
0

; / |00 B2 (y)(6) — DL (=)(6)]| o

Then,
[(Ky)(#) — (K2)()|| < 7MiMsl[z =yl + [[Adllllz — yll + M| B||[|[TZ (y) — TL(2)]].
On the other hand, we have the following estimate
1L(y) = L ()| < Ay = 2]l + 7Mi[[ Ao Ay + Ad|l[ly — 2]|-
Thus
K (y) — K(2)|| <TMiMslly — 2| + [[A-a[lly — 2|+
M| B (|BIIM: ||~ |7 M| Ao Ay + Adfllly — 2]l + A1 |ly — =)
< ([[A=y|| + TM My + 72| B ME||9 || Mo + 7My || B|[[| A1 ]]) Iy — 2|
< A (1 + 7My||B|) + 7MiMy (14 7| B MED7) ] lly — =]

Since ||A_y|| (1 + 7M;||B]|) +7M My (1 + 7||B||ME||D7Y|) < 1, then K is a contraction
mapping, and by applying Banach Fixed Point Theorem it has a fixed point. That is to
say,

z = K(z).
Since u = I"Z(z), then
Cu=%(z)
=21 — A_yz2(r — 1) = 7[n(0) — Ayn(~7)]

— / e AGA | + Ay)2(0 — r)do.
0
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3. CONTROLLABILITY OF NON-AUTONOMOUS LINEAR NEUTRAL DIFFERENTIAL
EQUATIONS.

In this section we shall study the controllability of the following non-autonomous linear
neutral differential equation

(37) %[z(t) — A (t)z(t — )] = Ao(t)z(t) + Ar(t)z(t — ) + B(t)u(t), te0,7],

2(0) =n(0), 0€[-r0]

where A_;(t), Ao(t), A1(t) are n X n continuous matrices, B(t) a n X m continuous matrix
and u belongs to L*(0,7;R™). Corresponding to system (3.7), we have the following
non-autonomous linear system of ordinary differential equations

(3.8) {( € = M=) £ BOE) <l

We are interested in showing that, under some conditions, the controllability of system
(3.8) implies the controllability of system (3.7). In this regard, we note that, the solution
of the initial value problem (3.7) is given by

2(t) =A_1(t)z(t —r) + 5(t,0) [n(0) — A1 (0)n(—r)]
/ S(t,0) [Ag(0)A_1(0) + A1(0)]))2(6 — r)df + /0 tS(t,H)B(G)u(H)d@,
where S(t,0) = ®(¢)d~'(0) and
(3.9) {i’((g; - fo(t)q)(t),
Consider the following definitions and notation:
Ny = sup. A1 (0), My = Sup 15(7, ),

My = sup [[4p(0)A-1(0) + A(O), Bl = sup [IBO)],

0<0<1

and
(3.10) 9, — /t " S(r 0)BO)B(0)S* (7. 0)d0, D = Vo

The proof of the following Lemmas follows in the same way as Lemmas 1.1 and 2.1.

LEMMA 3.1. If system (3.8) is exactly controllable in any interval [ty, 7] with 0 <ty < T,
then system (3.7) is approximately controllable on [0, T].

LEMMA 3.2. If system (3.8) is exactly controllable on [0, 7] and
Ni (1+7M||B| ) + 7MiMy (1 + 7| Bl M| 7]) < 1
then system (3.7) is exactly controllable on [0, 7.
4. CONTROLLABILITY OF A SEMILINEAR NON-AUTONOMOUS NEUTRAL
DIFFERENTIAL EQUATION WITH IMPULSES AND NON-LOCAL CONDITIONS.

In this section we shall study the controllability of the semilinear non-autonomous
neutral differential equation with impulses and non-local conditions (1.1). To be more
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specific, we will study the controllability of the following semilinear neutral differential
equation with impulses and non-local conditions.

%[z(t) — fo1(t,z0)] = Ao(t)2(t) + B(t)u(t) + fi(t,z), t#tg, te][0,7]
(119 2(0) + B2y, 2y 20)(0) = 0(6), 6 € [~ 0],
z(tZ) =z(t;) = Ji(te, 2(tr)), k=1,2,...,p,

Since the functions f_;, f; and g are smooth enough functions,(from [12]) the problem
(4.11) admits a solution given by

2(t) =f_1(t, z) + S(¢,0) [77(0) — W(2rs Zrys oo 22,)(0) = f21(0,1 = R(27y, 21y, - - -, qu))}

+/tS(t,0)A0(0)f_1(0, ze)d9+/t S(t,0)£1(0, z)d0

+/t5(t,¢9)B(0)u(9)d9+ Y St te) it =(t).

O<tr<t

Corresponding to the non-linear system (4.11), we have the linear system

(112 {ﬂﬂ:va®+B@wm ¢ € fto, 7],

2(to) = 20.

4.1. Approximate controllability of (4.11). As in section 1, we shall prove that, un-
der certain conditions, that the controllability of the non-autonomous linear system of
ordinary differential equations (4.12), over any interval [tq, 7] with 0 < tg < 7, implies the
controllability of the non-autonomous semilinear neutral system of differential equations
with impulses and nonlocal conditions (4.11). For which, we will assume the following
hypotheses:

(H1) The functions f_; and f; satisfy the following conditions

[fa &< pa (n(=m)ID),  [[f2(En, )< oo (in(=r)I)

where p_1, p1 : RT — R are continuous.
(H1) The system (1.2) is exactly controllable in any interval [to, 7] with 0 < ¢y < 7.

The hypothesis (H2) can be satisfied in many cases; perhaps, when Ag(t) = A and
B(t) = B are constant, and satisfy the Kalman’s Rank Conditions, according to remark

1.1. But, also in [13] one can find an example of non-autonomous system satisfying
hypothesis (H?2).

THEOREM 4.1. Under the hypotheses (H1) and (H2) the non-autonomous semilinear
neutral system of differential equations with impulses and nonlocal conditions (4.11) is
approzimately controllable on [ty, 7).

Proof. Given € > 0, we consider any fixed control u € L?(0, 7;R™) and the corresponding
solution z(t) = z(t,n,u) of problem (4.11). Then, we consider a number d > 0 small
enough such that d < min{r,7 —r,7 —t,,¢/M N}, where

M = sup {[[S(7, O)[[[ Ao(O)], 1S (7, D)}, N = max{p_y ([[z(6 —7)[[)+p1 (|2(0 — 7))}
0<6<r 0€[0,7]
Define the following control

gy = u(t), ift € [0,7—d,
“ ) wa(t), ifte (r—d,rl,
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where
ua(t) = B*(#)()S(r, ), (2 = S(7,7 — d)z))

with 9!, defined by (3.10), and 2 is to be defined later. Let z%(¢) = 2(¢,n,u?) be the
corresponding solution of (4.11) for the control u¢ defined above. Then,

2(7) =S(7,0) [(0) = h(h, 2 2)(0) = fr (0m = h(h, 28 22)
+ foa(r, 29 + /T S(7,0)Ao(0) f-1(0, 25)dO + /T S(7,0)£1(0, 25, u(0))do
0 0

+ /O ' S(r.0)BOW(O)dO + > S(7— d ) Ji(te, 2 (t), u' ()

0<tp<T—d

Therefore,
2(r) = falr2))

+ S(r, 7 — d){S(T —d,0) [77(0) — h(zfl, zf;, . zfq)(O) — f21(0,mp — h(zﬁl, zfé, . ,z‘fq))
o [ St ) 020,84 10,00 a9

+ / S — d,0) B0 (6)do + S S(r—dote) Jilth, 2(t), u(tk))}

+ / ) [Ao(0) f-1(0, ) + f1(0, 25, u(0))] dO + / " S(r.0)BO)u(0)do.
T—d T—d
Thus
) =fa(r,2) = S(r,7 —d) foa (T — d, 2rq) + S(7,7 — 8)2(7 — d)
+ / S(r0) [A0(0)f-1(0, 28) + f1(6, 29, ua(0))] d0
+ / S 0)BOu0)ds.

The solution of (4.12) for tgo =7 —d at t € (7 — d, 7] is given by

ya(t) = S(t, 7 — d)zo + / t_d S(t, ) B(8)ua(6)db.

So,
ya(T) = S(1,7 — d) 20 +/ S(7,0)B(0)ugy(6)do.
T—d
Taking
20 = S<T - d7 T)f—l(Ta ZT) - f—l(T - d7 ZT—d) + Z(T - d)u
we get that

ya(17) = fo1(7, 27)=S(1, 7—d) f_1(T—d, ZT_d)—FS(T,T—d)Z(T—d)—G—/id S(7,0)B(0)uy(0)db.
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Hence

J7) = s < [ IS O Ao f-1(6. ) + (6. 4, ua(e))
< [ IS oA o (=40 )]
+ [ ISEoler (40 - ) ds

Since 0 < d <rand7—60 <6 < 7, we have that 0 —r < 7 —r < 7 —d. Then
240 — r) = z(6 — r). This implies that

[24(7) = 2| < / dM (p—1 (N12(0 = 7)]) + p2 (l2(0 = 7)) dO
Then
|24(7) = 21|| S dMN < e.

O
4.2. Exact Controllability of (4.11). In this subsection, we will study the exact con-
trollability of the (4.11) system using the ideas from Sections 2 and 3 where we turn
the exact controllability problem into a fixed point problem. In other words, to prove
the exact controllability, we will impose some conditions in such a way that an operator
associated with the system has a fixed point. For which, we will assume the following

hypotheses:
(H3) There exists constants dy, L, > 0,k =1,2,...,p such that

1Tk(ty) = Ik, 2)llgn < dilly = 2llgns 4,2 € R 2 €0, 7],

”h(y>(t) ( HR" < L Z ||yl - HR”H yav e Pqu-

(H4) The function f_; satisfies
[f2(tm) = fam)llgn < Loallm = m2ll,, mm2 € P,

and f; satisfies

[f1t,m) = fit ) lgn < Lallm —me2ll,s i, me € P,

Also we shall consider the following notation:
M= sup [[SEt0), [Bllo= sup [BO), |[T]= sup [|B(0)S*(r,0)D7|,

t,0€[0,7] 0e[0,7] 0e[0,7]
M, =M sup ||Ag(@)|, T = de, My=1L_y+L,Mq+ ML 7+ MLy7+ MT.
0€l0,7]

THEOREM 4.2. Suppose that (H3) and (H4) hold, the linear system of ordinary differ-
ential equations (4.12) is exactly controllable on [0,7] and the following condition holds.

(4.13) L i+ ML+ ML_1Lyq+ MyT+ MLy + M| B||||T'[|M2+ MTT < 1
Then, the system (4.11) is exactly controllable [0, 7).

Proof. From [4,5,9-11] it is well known that system (4.12) is exactly controllable if, and
only if, the Gramian matrix

9 = /OT S(r,0)B(0)B*(0)S(r,0)"do
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is invertible, and a control steering system (4.12) from initial state zo to the final state z;
is given by

u(t) = B*(t)S* (1, )9 (21 — S(7,0)20),
and the steering operator I' : R — L%(0,7; R™), defined by T'¢ = B*(-)S*(7, )¢, is
a right inverse of the controllability operator € : L?(0, 7; R™) — R"™ define by

Cu = / " S(r, 0)BO)u(0)do.

€l =1Ign and u=TI(z —S(7,0)z).

Again, the controllability of system (4.11) will be equivalent to find a fixed points for the
following operator
K :C(—r,7;R") — C(—r,7;R™) defined by

(Ky)(t) =f_1(t, z) + S(t,0) [ (0) = h(2r, 2rps - - - 21,)(0) —f_1(0,77—h(zﬁ,zm,...,qu))}

/ (t,0) Ao (0 (H,zg)d¢9+/tS(t,O)fl(G,zg)dH
0 0

+/ StOBOTL(0)d0 + > S(t,ti) Ju(tr, 2(1)),

0<tp<t

where .Z : C'(—r,7;R™) — R" is the operator defined by
L((z)=2z— fa(r,z)
( ,0)[ (0 ) W(Zrys Zrgs o3 20 )(0) = F1(0,1 = h(2rys 2y -+ 21,))]
S(1,0)A0(0) f- Hz@d9+/0 (7,0) f1(0, z9, u(6))do

— Z S(7, tr) Ji(th, 2(t1)).

O<trp<Tt

To apply Banach contraction mapping we need to prove that K is a contraction mapping.
In deed, consider z,y € C(—r,7;R") and

I(Ey)(8) = (K2) O < [[f2(0,0 = hzr, 20y, -5 20)) = F1(0,0 = h(Yrys Yoy -, y,))
=2t 20) = Fa &y |+ [Pz 25 22)(0) = P Y -+ 97, ) (O)]

T / 1S(E. 6) Ao(6) (J_1.(6, 26) — f-1(6, o)) 1d + / 15(t,0)(£1(60, 20) — f1(6, o) 6

+/0 1S(t,6)BO)L(Z(8) —-Z@)d8 + D ISt tw) [t 2(t)) = Julta, 2(te)]

0<tp<t

Then, using the above notation, we get that

[(Ky)(t) = (K2)(@)[| < Lallz = yll + MLggllz — yll + ML_1Lgqllz — y| + 7Mi[[z — y]|
+ M7L||z = yl| + TM|| B[l [TI[[[Z(2) = L ()l + MT]|z = y]|

On the other hand, we have the following estimate

12 (2) = Z(y)ll < M|z = y]|
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Thus

1K (y) — K(2)]| <
{L.y+MLyg+ ML_1Lyqg+ 7M; + M7Ly + 7M||B||co||T|| M2 + MT} ||z — y|.

Since L_y +MLyqg+ ML_1L,q+ TM; + MLy + 7M| B||oo||T|| M2 + MT < 1, then K is
a contraction mapping, and consequently has a fixed point. That is to say,

2= K(z).
Since u = FZ(z), then
=Z(2) =21 = fo(7, 27)
S(7.0) [$(0) = hlen 23+ 20)(0) = J1(0,6 = hary, 2y, 21)]
0 (. 0) Ao(0) 1 (6, 24 d0+/0 0) f1(6, 29, u(8))d6
—OZ S(r,th) Ju(ts, 2(t)).

5. FINAL REMARK

In this work we study the approximate controllability and the exact controllability
for semi-linear neutral differential equations with non-local conditions and impulses, this
is done assuming that the associated system of linear ordinary differential equations is
controllable, plus some additional conditions imposed on the non-linear terms that could
be seen as perturbations of the linear system of ODEs; in fact, what we have proven is that
from the point of view of controllability, semi-linear neutral control systems can be seen as
perturbations of the corresponding linear system of ordinary differential equations, which
may represent the novelty of this work. Of course, once we have studied in depth the
finite-dimensional case, we will study the case of control systems modeled by semi-linear
neutral equations in infinite-dimensional spaces.
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