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SOME RESULTS ON ¢-ANALOGUE TYPE OF FUBINI
NUMBERS AND POLYNOMIALS

WASEEM A. KHAN

ABSTRACT. In the present article, we define a new class of g-analogue type
of Fubini numbers and polynomials and investigate some properties of these
polynomials. We derive recurrence relation, derivative properties, integral
representation, and summation formulas of these polynomials by summation
techniques series. Furthermore, we consider some relationships for g-Fubini
polynomials associated with g-Bernoulli polynomials, g-Euler polynomials,
and g-Genocchi polynomials and g¢-Stirling numbers of the second kind.

1. Introduction

Throughout this presentation, we use the following standard notions N =
{1,2,---}, No = {0,1,2,---} = NU {0}, Z= = {-1,—2,---}. Also as usual Z
denotes the set of integers, R denotes the set of real numbers and C denotes the
set of complex numbers.

Recently, many mathematicians like as (see [1, 8, 9, 10, 11, 12, 13, 14]) have
been introduced to the subject of g-calculus. The applications of g-calculus in var-
ious fields of mathematics, physics, and engineering. The definitions and notations
of g-calculus reviewed here are taken from (see [1]):

The g-analogue of the shifted factorial (a),, is given by

n—1
(aiq)o =1,(a;q)n = [ (1 - ¢™a),n e N.
m=0
The g-analogue of a complex number a and of the factorial function is given by
1 _ A4a
[a]q = 17_qqaq eC- {l}va € Ca

lg! = T tlg = [(1a2lg o)y = (gq;_q;;n,q# LineN,

m=1

0! =1¢€C0<|¢g|< 1.
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The Gauss ¢g-binomial coefficient < Z > is given by
q

n) _ Il (@ 01
< K )q C[Klg!n — K]t (q;Q)k(q;q)n,k’k_O’l’ 1.

The g-analogue of the function (z + y)7 is given by

n
(x+y)g = Z( Z ) Rk=1)/2gn—kyk pn e Ny. (1.1)
k=0 q
The g-analogue of exponential functions are given by
6($):ixn = : 0<|gl<Lifa|<|l—q|™ (1.2)
! —nl! ((1-a@)z9)e’ ’ ’
and
o) B 2
=Y = (- gmae 0<lgl< Lz eC (13)
q!

Moreover, the functions e, (z) and E,(x) satisfy the following properties:
Dyeq(x) = eq(x), DyEy(z) = Ey(gx), (1.4)
where the g-derivative D, f of a function f at a point 0 # z € C is defined as

follows: ) — £(2)
_ flgz) = f(z
Dy f(2) = 4z — 2

For any two arbitrary functions f(z) and g(z), the g-derivative operator D, satisfies
the following product and quotient relations:

0<]q|< 1.

Dy, (f(2)9(2)) = f(2)Dq,29(2) + 9(q2) Dy, f(2), (1.5)
f(z) 9(q2) Dy, (2) — f(q2)Dg,-9(2)
Pas <g(Z)> a 9(2)g(qz) '

The g¢-Bernoulli polynomials B,(L(fq) (z,y) of order a, the g-Euler polynomials

ET(Laq) (z,y) of order av and the g-Genocchi polynomials G%(fg(x,y) of order « are
defined by means of the following generating function (see [1, 11, 12, 13]):

(eq(t§_1> ZB“ o ',|t|<27r 1% =1, (1.6)

n=0
(e(,(t)2+1> ZEr(Laq) Y5 A [n; Jtl<m1®=1, (L7
(e(f)t-f—l> yeq(ﬂﬁt)Eq(yt) =Y G, )[:L; Lltl<m 1 =1 (1.8)
1 n=0 q-

Clearly, we have
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Geometric polynomials (also known as Fubini polynomials) are defined as fol-

lows (see [2]):
Fu(z) =Y { Z } Kz, (1.9)

k=0

n

where { A } is the Stirling number of the second kind (see [5]).

For = 1 in (1.9), we get n‘® Fubini number (ordered Bell number or geometric
number) F), [2, 3, 4, 5, 6, 7, 16] is defined by

F,(1) :Fnzzn:{ Z }k:!. (1.10)

k=0

The exponential generating functions of geometric polynomials is given by (see
[2]):
1 = tn
= F,(x)—, (1.11)
n!
n=0
and related to the geometric series (see [3]):

d\™ 1 - 1 T
el _ k™ k _ — Fn(——), 1.
<xd:c) 11—z ’;) . 11—z (17$)|x|<
Let us give a short list of these polynomials and numbers as follows:

Fo(z) =1, Fy(x) = x, Fy(x) = 2+222, F3(z) = 24+62°+62°, Fy(z) = 24142 +362°+242% |

1—z(et —1)

and
Fob=1F,=1,F,=3,F3=13,F, =T75.

Geometric and exponential polynomials are connected by the relation (see [2]):

Fo(z) = /OOO bn(z)e dA. (1.12)

The goal of this paper is as follows. In section 2, we define generating functions
for g-type Fubini numbers and polynomials and give some properties of these num-
bers and polynomials. In section 3, we derive summation formulas of ¢g-type-Fubini
numbers and polynomials and some relationships between ¢-Bernoulli polynomi-
als, g-Euler polynomials, and ¢-Genocchi polynomials and Stirling numbers of the
second kind.

2. g-analogue type of Fubini numbers and polynomials

In this section, we introduce g-type Fubini polynomials F;, ;(x;y) and investi-
gate some basic properties of these polynomials. We begin the following definition
as follows.

Definition 2.1. Let ¢ € C with 0 <| ¢ |< 1, the g-type Fubini polynomials

F, 4(z;y) of two variables are defined by means of the following generating func-
tion:
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1 - o
T yle,m - = ;Fn,q(fv;y)[n—h!. (2.1)

From definition (2.1), we have
Frg(x51) = Fy g(2), Frg(0;1) = Fy g,

where F,, ; are called the g-type Fubini numbers.

Remark 2.1. On setting ¢ — 17 in (2.1), the result reduces to the known result
of Kargin [6] as follows:

1
e n" Z F(z; y (22)

Theorem 2.1. The following series representation for the g-type Fubini polyno-
mials F, ,(x;y) holds true:

Rt = > (1 ) Pt 2.3

m=0

Proof. Using equation (1.2) and (2.1), we have

;Fn,q(z,y) ]! =1_ y(eqg(t) — 1)6q(17t)

= <2Fk,q(y)[k]q!> (Z_:JU W)
k=0 n=0

Applying the Cauchy product rule and equating the coefficients of same powers of
t in both sides of resultant equation, we get representation (2.3). |

Theorem 2.2. For n > 0, the following formula for ¢-type Fubini polynomials
holds true:

2" =F,q(zy) —yFu(z+ L y) + yF q(x;y). (2.4)
Proof. We begin with the definition (2.1) and write

_1—yle(t) - 1)
eq(wt) = meq(ﬂ)

eq(at) yleq(t) — 1)
- - eq(xt).
T yleg®) -1 T gleg@ -1
From (1.4) and (2.1), we have
t" - i
Z Ty =Y [Fug(@iy) = yFnq(z + 1;y) + yFog(z;y)] o
n=0 q*
Finally, comparing the coefficients of L, we get (2.4). 0
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Theorem 2.3. The following formula for ¢g-type Fubini polynomials holds true:
yEh gz +1y) = 1+ y)F,q(zy) — 2™ (2.5)
Proof. From (2.1), we have

o

. ) o ep(xt)
7;) [Fn,q(x + Ly) - Fn,q(xvy)] [n]q' - 1— y(eq(t) o 1)

_1 6q(xt) e (x
- L—meq(t)—l) ot)

1 & ot
—;;[Fn,q(%y)—x ] [Tl] |

q:

(eq(t) — 1)

Comparing the coefficients of #"q, on both sides, we obtain (2.5). O

Theorem 2.4. The following recursive formula for the ¢-type Fubini polynomials
F, ¢(z;y) holds true:

Dp,q;:an,q(% y) = [n]an—l,q(x§ Y)- (2.6)

Proof. Differentiating generating function (2.1) with respect to z and y with the
help of equation (1.5), we have

oo

Z Do Frq(2;y) C 1= Dga Z Foq(z;y) C 1
"0 [n]q! n—0 [n]q!
1
Tyl = 1) el
t
T yem -0

n+1
fZan tn 7

and then simplifying with the help of the Cauchy product rule formulas (2.6)
are obtained. (]

Theorem 2.5. The following definite ¢g-integral is valid

b
/ Frq(z;y)dez =

Fn+1 (.’L‘, g; y) - Fn+1,q(I7 %; y)
[n+ 1], .
Proof. Since

[ S Rl = 1) = ). G [,

in terms of equation (2.7) and equations (1.4) and (1.5), we arrive at the asserted

result
1

b b

)

—F, o(z;9)dgr = —————— | D,F, iy)d,
/a 5o@ (T3 y)dga [n+1]p7q/a ¢Fnt1,q (21y) dg
Fur1(2,23y) = Fat1,q(2, %59)

[n+1], '
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The other can be shown using similar method. Therefore, the complete the proof
of this theorem. O

Theorem 2.6. The following relationship holds true:
Fi1g(iy) = 2F, ( ,y) 7"+ yz ( ) a3 9) Frg (4™ 9)d". (2.8)

Proof. By (1.4), (1.5) and (2.1), we get

Z FnJrl,q(x; y)i' = Dq;t Z Fn,q(x; y)i'
"0 [n]q! ne0 [n]q!
1
=P (@)
xeq(xt) yeq(zt)ey(t)

T 1 yleglat) — 1) - (1 —yleq(t) = 1))(1 — y(eq(qt) — 1))
> x tm t
:"””ZF"’Q <q;y) [l “’(ZFM“’ ) (ZFM Y kmq!)

Using the Cauchy product and comparing the coefficients of o ] 7 in both sides,
which yields to the desired result. 0

Theorem 2.7. The following relation for the g-type Fubini polynomials F, ,(x; y)
holds true:

(14 9)Fq(wiy) = yz( ) Fo_tglay) +2™ (2.9

Proof. Consider the following identity
1+y - 1 1
(= yleq) — Dye®) ~ T yleg®— 1) yeg(t)’
Evaluating the following fraction using above identity, we find
(1+y)eqg(xt) _ eq(xt) eq(xt)
(1 —y(eq(t) —1))yeq(t) L—yleq(t) = 1) yeq(?t)

n

(1 +y>ZFn,q<x;y>[t

|
n=0 ’I’L] a

o0

oo

= F, o

=y Z o Z R
k= 0

Applying the Cauchy product rule in the above equatlon and then equating the

coeflicients of like powers of ¢ in both sides of the resultant equation, assertion

(2.9) follows. O
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3. Main results
First, we prove the following result involving the ¢-type Fubini polynomials

F, q(z;y) by using series rearrangement techniques and considered its special case:

Theorem 3.1. The following summation formula for g-type Fubini polynomials
F, 4(z;y) holds true:

k,l
: k l nts
Fogwn) = Y (0) (1) @ Rt G
n,s=0 q q

Proof. Replacing t by ¢ + w in (2.1) and then using the formula [15]:

Zf x“’ an+m 'fn“ (3.2)
n,m=0

in the resultant equation, we find the following generating function for the g-type
Fubini polynomials F,, 4(z;y):

1
L —y(eg(t+u) —1)

tlc l

= eq(—z(t +u)) 1;1::0 Fk+l,q($§y)mma

Replacing x by w in the above equation and equating the resultant equation to
the above equation, we find

(see [11]). (3.3)

= th ol
eq((w —)(t +u)) Z Fk+l,q(9«"§y)?7,
2 W, U
_y v (3.4
= Fyeyi,4(w;y) 3.4
2 Ferta G
On expanding exponential function (3.4) gives
= Yt 4 u))V ul
Flot1,q(73y) m
ZO iR Z ‘ [k] 0]
tk ul
F —_ .
Z k:-‘rl,q k] ] [l]q'7 (3 5)

k,1=0
which on using formula (3.2) in the first summation on the left hand side becomes

> w— n+stn s t l
Z ( Z Fest,q(3y) Wﬁ
n,s=0 ! k,l=0
th
= Z Freti,q(w;y) WW (3.6)
k,1=0

Now replacing k by k —n, [ by [ — s and using the lemma (see [13]):
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o0 o0 %) k
SN Ak =3 Ak —n), (3.7)
k=0n=0 k=0 n=0
in the Lh.s. of (3.6), we find
[eS) k,l
4w a)te ¢
T b —n—s,g\L; Y
k,lzzo TL#Z:O [n}q![s]q! o Q( )(k — Tl)q! (- S)q!
k,1=0 q* g

Finally, on equating the coeflicients of the like powers of ¢ and w in the above
equation, we get the assertion (3.1) of Theorem 3.1. O

Remark 3.1. Taking ! = 0 in assertion (3.1) of Theorem 3.1, we deduce the

following consequence of Theorem 3.1.

Corollary 3.1. The following summation formula for g-type Fubini polynomials
F, ¢(z;y) holds true:

k
Fuatwsy) = 3 (0 ) w02 Fionylain) (39)
n=0 q
Remark 3.2. Replacing w by w + z in (3.9), we obtain
ok
Fawtain) = 30 (1) WP o) (3.10)
n=0 q

Theorem 3.2. The following summation formula for g-type Fubini polynomials
F, 4(z;y) holds true:

Fualws) Wi = - (7 ) () e

r,k=0
X Fprig (05 9) (W = X)E Py g (X5 Y). (3.11)
Proof. Consider the product of the g-type Fubini polynomials, we can be written

as generating function (2.1) in the following form:
1 1

T yle® — Ty e,y - D)
= Rl 3 R (6 (312
n=0 " =0 q-

Replacing « by w, X by W in (3.12) and equating the resultant to itself,

SN Fug(w;y)Fog(W3Y) " T

[n]q! [ml!

n=0m=0

= eq ((w—a)t) eq (W = X)T)
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S FglepFg i) o I

oy S [n]q! [mlg!

which on using the generating function (3.7) in the exponential on the r.h.s.,

becomes o oo
Z Z Frb,q("U?y)FM,q(W;Y)ilTiml
n=0m=0 [n]q [m]q
i ( ) ( ) $ntr
= w— ) F q(03y) =y
=, g™ [n]g!r]q!
0o Tm+k
2 W= X0 P XY

Finally, replacing n by n — r and m by m — k and using equation (3.7) in the
r.h.s. of the above equation and then equating the coefficients of like powers of ¢
and T, we get assertion (3.11) of Theorem 3.2. (]

Theorem 3.3. The following summation formula for g-type Fubini polynomials
F, ¢(z;y) holds true:

Fpq(z+Ly) = En: ( f )anr,q(x;y). (3.14)

r=0

Proof. Using the generating function (2 1), we have

ZFﬂJC—Fly Zanxy }

= <1y(e;(t)1)) (eq(t) — D)eg(at)

= Fugley) o (3 1
"0 [n]q! —o [r]g!

- Z Fn,q(z; y) "
n=0

[n]q!

n N o
ZZ(JfWW”m!Z”“”mV

n=0r=0 n=0
Finally, equating the coefficients of the like powers of ¢ on both sides, we get
(3.14). O

Theorem 3.4. For n > 0 and y; # y», the following formula for ¢-type Fubini
polynomials holds true:

Z( . ) Frokg(@1351) Fr g (25 42)
q

k=0
_ Yo Fn q(x1 + 22501) — y1 Fo g(@1 + 225 92)
Y2 — Y1 '

oo

= Fuglmsy) o 30
[n]g! —0 [r]q!

n=0
n

(3.15)
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Proof. The products of (2.1) can be written as

imF xyF(ﬂfy)tn "

n 1 1 k 2, Y2 T1.1 1

n=0 k=0 q ! [n]q' [k]q|
eq(T1t) eq(zat)

T 1 yi(eg(t) — 1) T — yaleq(t) — 1)
tn

7;) <Z ( Z )ank,q(xl;y1)Fk,q($2;y2)> !

k=0
_ v egllmt )ty eql(n + o)t
Y2 —y1 1 —vileg(t) = 1) g2 —y1 1 —yaley(t) = 1)
_ (yZFn,q(xl +22;91) — y1Fn g1 + Cﬂz;yz)) [
Y2 =W [n]q!
By equating the coefficients of [fb—]:, on both sides, we get (3.15).

4. Applications

In this section, we derive some relationships for ¢-type Fubini polynomials re-
lated to g-Bernoulli polynomials, g-Euler polynomials and g-Genocchi polynomials
and Stirling numbers of the second kind. We start a following theorem.

Theorem 4.1. Each of the following relationships holds true:

Fo (23 y)
i( ). lZ( ) Bl = Bt | Ereigl

where B,, 4(x) is ¢-Bernoulli polynomials.

Proof. By using definition (2.1), we have

(weqlw) calt)

(1 y(eq (t)—1)

oo—\»—t
3
o
YR
o~
Il @
=)

>~ »

N———
Q

(I!

5‘
>Q
v
Ta
Q
QQ
»T 3

1 & s & n
_ E;)Bs,q x [5](1' ;Fn,q(y) [n]q|

1 0o n n s s i
- grLE::O [s_o < § )qu,q(«T) Fnsaly) [n]4!
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By using Cauchy product and comparing the coeflicients of #nq!, we arrive at the

required result (4.1).

Theorem 4.2. Each of the following relationships holds true:

Foq(2;9)
:éj( Z )q Lzs:_o( z )quk,q(a;)ths’q(x) W’ (4.2)

where E,, () is g-Euler polynomials.

Proof. By using definition (2.1), we have

©S Fu() [;]”q,
BB B e (1) 2
X Fr_sq(y) [;]nq,

Comparing the coefficients of #"q!, we arrive at the desired result (4.2).

Theorem 4.3 . Each of the following relationships holds true:

Fr q(;

y)

s=0

where G, ¢(2) is ¢-Genocchi polynomials.
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Proof. By using definition (2.1), we have

(1—y<eq1<t>—1>> alet)
B (1 - y(eqlos) - 1)) a(t) %i I };ﬁj eq(at)
e |2 (E (1), 6] i+ S et
IO

= S n
B Pl]qnz_; [Z_;( . )qk_o( . )quk,q( )+§( " )qc,q(:g)]
X Fn+1s,q(y)[nin]]q!.

Comparing the coefficients of [be—]",, then we have the asserted result (4.3).
i

Theorem 4.4. For n > 0, the following formula for ¢-type Fubini polynomials

holds true:
n l
n n
Fralein) =3 (1) o 3 iR (1) (4.4)
1=0 q k=0

Proof. From (2.1), we have

tn
2 P = T m - p

— e, (at) i J* i kS, (1, k)#
k=0 =

) 00 l

=> a" Z B k1Sa (0, k:

n=0 =0 k=0

Replacing n by n — [ in above equatlon, we get

ZFn,q(‘my)LL,
0 [n]q
0 n n o l ¢
- Z (Z( l )qm lz_:ykk!sz,q(l»k)> Tl

t

Q' ‘Z'

Comparing the coefficients of I in both sides, we get (4.4).

on
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Theorem 4.5. For n > 0, the following formula for g-type Fubini polynomials
holds true:

n

1
Fq(z+ry) = Z < ;L > ! Z yPEISe (I + 7k + 7). (4.5)
q k=0

1=0
Proof. Replacing « by = + r in (2.1), we have

= " 1
ZF” TG T Ty, = T

= eq(t)eq(rt) Zyk —1)*
k=0
o) S #
q(xt)eq(rt) Zyka So.q(l, k)
k:O 1=k Hq'

*Z . |Zy ZkqulJerJrT)[l]

Replacing n by n — l in above equatlon7 we get

oo m
Fog@+ry)
2 Frale b0

e n l
tn
=Y }:( 7) 2 RISy g (L4 k) |
q [n]q

n=0 \[=0 k=0

Comparing the coefficients of [2; 7 in both sides, we get (4.5).
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