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Abstract. A nonlinear viscoelastic wave equation with Balakrishnan-Taylor

damping, infinite memory and distributed delay terms is studed. By consid-
ered the kernel h : R+ → R+ satisfying

h(t) ≤ ξ(t)H(h(t)), ∀t ∈ R+,

where ξ and H are functions satisfying some specific properties, and under

this very general hypothesis on the behavior of h at infinity and by drop

the boundedness hypothesis in the history data, we show the stability of the
system.

1. Introduction

Let H = Ω × (τ1, τ2) × (0,∞), in the present work, we consider the following
wave equation

utt −
(
ζ0 + ζ1‖∇u‖22 + σ(∇u,∇ut)L2(Ω)

)
∆u(t) +

∫ ∞
0

h(%)∆u(t− %)d%

+β1|ut(t)|m−2ut(t) +

∫ τ2

τ1

|β2(s)||ut(t− s)|m−2ut(t− s)ds = 0.

u(x,−t) = u0(x), ut(x, 0) = u1(x), in Ω
ut(x,−t) = f0(x, t), in Ω× (0, τ2)
u(x, t) = 0, in ∂Ω× (0,∞)

(1.1)

where Ω ∈ RN is a bounded domain with sufficiently smooth boundary ∂Ω.
ζ0, ζ1, σ, β1 are positive constants, m ≥ 1 for N = 1, 2, and 1 < m ≤ N+2

N−2 for
N ≥ 3.
τ1 < τ2 are non-negative constants such that β2 : [τ1, τ2]→ R represents distribu-
tive time delay, h is positive functions.

Physically, the relationship between the stress and strain history in the beam
inspired by Boltzmann theory called viscoelastic damping term, where the kernel
of the term of memory (finite or infinite) is the function h. There are many works
that talk about this topic with a lot of new and innovative results, especially the hy-
potheses on the kernel and the initial conditions. See ([2],[6],[9],[12],[13],[14],[16],[17],
[18],[19],[21],[23],[25],[26]).
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2 ABDELBAKI CHOUCHA

In [4], Balakrishnan and Taylor they proposed a new model of damping called it
the Balakrishnan-Taylor damping , as it relates to the span problem and the plate
equation. For more depth, here are some papers that focused on the study of this
damping ([4],[5] [8],[12],[16],[17],[20],[22],[26] ).
The effect of the delay often appear in many applications and pratical prob-
lems and turns a lot of systems into different problems worth studying. Re-
cently, the stability and the asymptotic behavior of evolution systems with time
delay especially the distributed delay effect has been studed by many authors.
See([7],[9],[10],[12],[13],[24]).
Based on all of the above, the combination of these terms of damping (Infinte
memory, Balakrishnan-Taylor damping and the distributed delay terms ) in one
particular problem, especially with the addition of the past history and the dis-

tributed delay (

∫ τ2

τ1

|β2(s)||ut(t− s)|m−2ut(t− s)ds) we believe that it constitutes

a new problem worthy of study and research different from the above that we will
try to shed light on it.
The rest of work is organized as follows: In section 2, we recall some preliminaries
and assumptions. In section 3, we prove the main stability result in both cases
where H is linear and nonlinear. Finally, we give a conclusion in Section 4.

2. Preliminaries

For studying our problem, in this section we will need some materials.
Firstly, to achieve our goal, we suppose the following assumptions:
(H1) h : R+ → R+ is a nonincreasing C1 function satisfing

h(0) > 0, , h0 =

∫ ∞
0

h(%)d%, ζ0 − h0 = l > 0. (2.1)

(H2)There exists a C1 function H : R+ → R+ satisfing H(0) = H ′(0) = 0.
The function H(t) is linear or it is an increasing strictly convex function of class
C2(R+) on (0, r], r ≤ h(0), such that

h′(t) ≤ −ξ(t)H(h(t)), ∀t ≥ 0. (2.2)

where ξ(t) is a C1 function satisfying

ξ(t) > 0, ξ′(t) ≤ 0, ∀t ≥ 0. (2.3)

(H3) β2 : [τ1, τ2]→ R is a bounded function satisfing∫ τ2

τ1

|β2(s)|ds < β1. (2.4)

Let us indroduce

(h ◦ ψ)(t) :=

∫
Ω

∫ ∞
0

h(%)|ψ(t)− ψ(t− %)|2d%dx.

and

M(t) :=

(
ζ0 + ζ1‖∇u‖22 + σ(∇u(t),∇ut(t))L2(Ω)

)
.
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VISCOELASTIC WAVE EQUATION WITH PAST HISTORY 3

Lemma 2.1. (Sobolev-Poincare inequality [1]). Let 2 ≤ q < ∞(n = 1, 2) or
2 ≤ q < 2n

n−2 (n ≥ 3). Then, ∃c∗ = c(Ω, q) > 0 such that

‖u‖q ≤ c∗‖∇u‖2, ∀u ∈ H1
0 (Ω).

Secondly, as in [24], taking the following new variables

y(x, ρ, s, t) = ut(x, t− sρ)

which satisfy {
syt(x, ρ, s, t) + yρ(x, ρ, s, t) = 0,
y(x, 0, s, t) = ut(x, t).

(2.5)

Set an auxiliary variable as in [15]

ηt (x, %) = u (x, t)− u (x, t− %) , % ≥ 0.

Then,

ηtt (x, %) + ηt% (x, %) = ut (x, t) . (2.6)

So, problem (1.1) can be written as

utt −
(
l + ζ1‖∇u‖22 + σ(∇u,∇ut)L2(Ω)

)
∆u(t) +

∫ ∞
0

h(%)∆ηt(%)d%

+β1|ut(t)|m−2ut(t) +

∫ τ2

τ1

|β2(s)||y(x, 1, s, t)|m−2y(x, 1, s, t)ds = 0.

syt(x, ρ, s, t) + yρ(x, ρ, s, t) = 0
ηtt (x, %) + ηt% (x, %) = ut (x, t) ,

(2.7)

where

(x, ρ, s, t) ∈ Ω× (0, 1)× (τ1, τ2)× (0,∞).

with the intial data and boundary conditions
u(x,−t) = u0(x), ut(x, 0) = u1(x), in Ω
y(x, ρ, s, 0) = f0(x, ρs), in Ω× (0, 1)× (0, τ2)
u(x, t) = ηt (x, %) = 0, x ∈ ∂Ω, t, % ∈ (0,∞),
ηt (x, 0) = 0, ∀t ≥ 0, η0 (x, %) = η0 (%) = 0, ∀% ≥ 0,

(2.8)

Now, we give the energy functional.

Lemma 2.2. The energy functional E, defined by

E(t) =
1

2
‖ut‖22 +

1

2

(
ζ0 −

∫ ∞
0

h(%)d%

)
‖∇u(t)‖22 +

ζ1
4
‖∇u(t)‖42

+
1

2
(h ◦ ∇u)(t) +

m− 1

m

∫ 1

0

∫ τ2

τ1

s|β2(s)|‖y(x, ρ, s, t)‖mmdsdρ.

(2.9)

satisfies

E′ (t) ≤ −γ0‖ut(t)‖mm +
1

2
(h′ ◦ ∇u)(t)− σ

4

(
d

dt

{
‖∇u(t)‖22

})2

≤ 0, (2.10)

where γ0 = β1 −
∫ τ2
τ1
|β2(s)|ds > 0.

71



4 ABDELBAKI CHOUCHA

Proof. Taking the inner product of (2.7)1 with ut, then integrating over Ω, we find

(utt(t), ut(t))L2(Ω) − (M1(t)∆u(t), ut(t))L2(Ω)

+(

∫ ∞
0

h(%)∆ηt(%)d%, ut(t))L2(Ω) + β1(|ut|m−2ut, ut)L2(Ω)

+

∫ τ2

τ1

|β2(s)|(|y(x, 1, s, t)|m−2y(x, 1, s, t), ut(t))L2(Ω)ds = 0.

(2.11)

where

M1(t) :=

(
l + ζ1‖∇u‖22 + σ(∇u(t),∇ut(t))L2(Ω)

)
.

A calculation direct, gives

(utt(t), ut(t))L2(Ω) =
1

2

d

dt

(
‖ut(t)‖22

)
, (2.12)

using integration by parts, we find

−(M1(t)∆u(t), ut(t))L2(Ω)

= −(

(
l + ζ1‖∇u‖22 + σ(∇u(t),∇ut(t))L2(Ω)

)
∆u(t), ut(t))L2(Ω)

=

(
l + ζ1‖∇u‖22 + σ(∇u(t),∇ut(t))L2(Ω)

)∫
Ω

∇u(t).∇ut(t)dx

=

(
l + ζ1‖∇u‖22 + σ(∇u(t),∇ut(t))L2(Ω)

)
d

dt

{∫
Ω

|∇u(t)|2dx
}

=
d

dt

{
1

2

(
l +

ζ1
2
‖∇u‖22

)
‖∇u(t)‖22

}
+
σ

4

d

dt

{
‖∇u(t)‖22

}2

.

(2.13)

By (2.6) and integration by parts, we have

(

∫ ∞
0

h(%)∆ηt(%)d%, ut(t))L2(Ω) =

∫
Ω

∇ut
∫ ∞

0

h(%)∇ηt(%)d%dx

=

∫ ∞
0

h(%)

∫
Ω

∇ut∇ηt(%)dxd%

=

∫ ∞
0

h(%)

∫
Ω

(∇ηtt +∇ηt%)∇ηt(%)dxd%

=

∫ ∞
0

h(%)

∫
Ω

∇ηtt∇ηt(%)dxd%

+

∫
Ω

∫ ∞
0

h(%)∇ηt%∇ηt(∇)d∇dx

=
1

2

d

dt
(h ◦ ∇u)(t)− 1

2
(h′ ◦ ∇u)(t). (2.14)
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VISCOELASTIC WAVE EQUATION WITH PAST HISTORY 5

Now, multiplying the equation (2.7)2 by −y|β2(s)|, and integrating over Ω×(0, 1)×
(τ1, τ2), and using (2.5)2, we get

d

dt

m− 1

m

∫
Ω

∫ 1

0

∫ τ2

τ1

s|β2(s)|.|y(x, ρ, s, t)|mdsdρdx

= −(m− 1)

∫
Ω

∫ 1

0

∫ τ2

τ1

|β2(s)|.|y|m−1yρdsdρdx

= −m− 1

m

∫
Ω

∫ 1

0

∫ τ2

τ1

|β2(s)| d
dρ
|y(x, ρ, s, t)|mdsdρdx

=
m− 1

m

∫
Ω

∫ τ2

τ1

|β2(s)|
(
|y(x, 0, s, t)|m − |y(x, 1, s, t)|m

)
dsdx

=
m− 1

m

(∫ τ2

τ1

|β2(s)|ds
)∫

Ω

|ut(t)|mdx

−m− 1

m

∫
Ω

∫ τ2

τ1

|β2(s)|.|y (x, 1, s, t) |mdsdx

=
m− 1

m

(∫ τ2

τ1

|β2(s)|ds
)
‖ut(t)‖mm

−m− 1

m

∫ τ2

τ1

|β2(s)|‖y (x, 1, s, t) ‖mmds. (2.15)

and by Young’s inequalitie, we have∫ τ2

τ1

|β2(s)|
(
|y(x, 1, s, t)|m−2y(x, 1, s, t), ut(t)

)
L2(Ω)

ds (2.16)

≤ 1

m

(∫ τ2

τ1

|β2(s)|ds
)
‖ut(t)‖mm +

m− 1

m

∫ τ2

τ1

|β2(s)|‖y (x, 1, s, t) ‖mmds.

By replacement (2.12)-(2.16) into (2.11), we find (2.9) and (2.10). Hence, by
(2.2)−(2.4), we get E is a non-increasing function. This completes of the proof. �

Let the vector function U = (u, ut, y, η
t)T .

Theorem 2.3. Suppose that (2.1)-(2.4) are satisfied. Then, for any U0 ∈ H,
there exists a unique solution U of problem (2.7)-(2.8) such that

U ∈ C(R+,H).

If U0 ∈ H1, then U satisfies

U ∈ C1(R+,H) ∩ C(R+,H1).

where

H = H1
0 (Ω)× L2(Ω)× L2(Ω, (0, 1), (τ1, τ2))× Lh.

H1 =

{
U ∈ H/u ∈ u ∈ H2 ∩H1

0 , ut ∈ H1
0 (Ω), y, yρ ∈ L2(Ω, (0, 1), (τ1, τ2)),

ηt ∈ Lh, ηt(x, 0) = 0, y(x, 0, s, t) = ut

}
.
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3. Stability result

In this section, we state and prove the asymptotic behavior of the system (2.7)-
(2.8). For this goal, we need the following lemmas.
As in [23], we set for any 0 < κ < 1,

Lemma 3.1. Assume that condition (2.1)-(2.2) holds.∫
Ω

(∫ ∞
0

h(%)(u(t)− u(t− %))d%

)2

dx ≤ Cκ(g ◦ u)(t). (3.1)

where

Cκ :=

∫ ∞
0

h2(%)

κh(%)− h′(%)
d%

g(t) := κh(t)− h′(t).

Proof. ∫
Ω

(∫ ∞
0

h(%)(u(t)− u(t− %))d%

)2

dx

=

∫
Ω

(∫ t

−∞
h(t− %)(u(t)− u(t− %))d%

)2

dx

=

∫
Ω

(∫ t

−∞

h(t− %)√
κh(t− %)− h′(t− %)

√
κh(t− %)− h′(t− %)

(u(t)− u(%))d%

)2

dx

(3.2)

by Young’s inequality, we obtain (3.1). �

Lemma 3.2. (Jensens inequality). Let H : [a, b] → R be a convex function.
Assume that the functions f : Ω → [a, b] and g : Ω → R are integrable such that

g(x) > 0, for any x ∈ Ω and

∫
Ω

g(x)dx = k > 0. Then

H

(
1

k

∫
Ω

f(x)g(x)dx

)
<

1

k

∫
Ω

H(f(x))g(x)dx. (3.3)

Lemma 3.3. As in [18], there exist a positive constant β such that

I(t) =

∫
Ω

∫ ∞
t

h(%)|∇ηt(σ)|2d%dx ≤ βµ(t), (3.4)

where

µ(t) =

∫ ∞
0

h(t+ %)

(
1 +

∫
Ω

∇u2
0(x, %)dx

)
d%.
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Proof. Since E(t) is decreasing function and using (2.9), then for t, % ≥ 0,∫
Ω

|∇ηt(%)|2dx =

∫
Ω

(∇u(x, t)− u(x, t− %)2dx

≤ 2

∫
Ω

∇u2(x, t)dx+ 2

∫
Ω

∇u2(x, t− %)dx

≤ 2 sup
%>0

∫
Ω

∇u2(x, %)dx+ 2

∫
Ω

∇u2(x, t− %)dx

≤ 4E(0)

l
+ 2

∫
Ω

∇u2(x, t− %)dx, (3.5)

then

I(t) ≤ 4E(0)

l

∫ ∞
t

h(%)d%+ 2

∫ ∞
t

h(%)

∫
Ω

∇u2(x, t− %)dxd%

≤ 4E(0)

l

∫ ∞
0

h(t+ %)d%+ 2

∫ ∞
0

h(t+ %)

∫
Ω

∇u2
0(x, %)dxd%

≤ βµ(t). (3.6)

where β = max{ 4E(0)
l , 2} and µ(t) =

∫∞
0
h(t+ %)(1 +

∫
Ω
∇u2

0(x, %)dx)d%. �

Now, we set

Ψ(t) :=

∫
Ω

u(t)ut(t)dx+
σ

4
‖∇u(t)‖42 (3.7)

and

Φ(t) := −
∫

Ω

ut

∫ ∞
0

h(%)(u(t)− u(t− %))d%dx (3.8)

and

Θ(t) :=

∫ 1

0

∫ τ2

τ1

se−ρs|β2(s)|.‖y(x, ρ, s, t)‖mmdsdρ.

(3.9)

Lemma 3.4. The functional Ψ(t) defined in (3.7) satisfies, for any ε, δ1 > 0

Ψ′(t) ≤ ‖ut‖22 − (l − ε(c1 + c2)− δ1)‖∇u‖22 − ζ1‖∇u‖42 +
c

δ1
Cκ(g ◦ ∇u)(t)

+c(ε)

(
‖ut‖mm +

∫ τ2

τ1

|β2(s)‖y(x, 1, s, t)‖mmds
)
. (3.10)
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Proof. A differentiation of (3.7) and using (2.7)1, gives

Ψ′(t) = ‖ut‖22 +

∫
Ω

uttudx+ σ‖∇u‖22
∫

Ω

∇ut∇udx

= ‖ut‖22 − ζ0‖∇u‖22 − ζ1‖∇u‖42−β1

∫
Ω

|ut|m−2utudx︸ ︷︷ ︸
J1

+

∫
Ω

∇u(t)

∫ ∞
0

h(%)∇u(t− %)d%dx︸ ︷︷ ︸
J2

−
∫

Ω

∫ τ2

τ1

|β2(s)||y(x, 1, s, t)|m−2y(x, 1, s, t)udsdx︸ ︷︷ ︸
J3

. (3.11)

We estimate the last 3 terms of the RHS of (3.11). Applying Hölder’s, Sobolev-
Poincare and Young’s inequalities, (2.1) and (2.9), we find

J1 ≤ εβm1 ‖u‖mm + c(ε)‖ut‖mm
≤ εβm1 c

m
p ‖∇u‖m2 + c(ε)‖ut‖mm

≤ εβm1 c
m
p

(
E(0)

l

)(m−2)/2

‖∇u‖22 + c(ε)‖ut‖mm

≤ εc1‖∇u‖22 + c(ε)‖ut‖mm. (3.12)

and, By Lemma 3.1, we get for any δ1 > 0

J2 ≤ (

∫ ∞
0

h(%)d%)‖∇u‖22 −
∫

Ω

∇u(t)

∫ ∞
0

h(%)(∇u(t)−∇u(t− %))d%dx

≤ (ζ0 − l + δ1)‖∇u‖22 +
c

δ1
Cκ(g ◦ ∇u)(t). (3.13)

Similarly to J1, we have

J3 ≤ εc2‖∇u‖22 + c(ε)

∫ τ2

τ1

|β2(s)|.‖y(x, 1, s, t)‖mmds. (3.14)

Combining (3.12)-(3.14) and (3.11), we obtain (3.10). �

Lemma 3.5. The functional Φ(t) defined in (3.8) satisfies, for any δ, δ2, δ3 > 0

Φ′(t) ≤ −
(
h0 − δ3

)
‖ut‖22 + δ

(
ζ0 + h2

0

)
‖∇u‖22 + ζ1δ‖∇u‖42

+δ2
2σE(0)

l

(
1

2

d

dt
‖∇u‖22

)2

+ c(δ, δ2, δ3)Cκ(g ◦ ∇u)(t)

+c(δ)

(
‖ut‖mm +

∫ τ2

τ1

|β2(s)‖y(x, 1, s, t)‖mmds
)
.

(3.15)
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VISCOELASTIC WAVE EQUATION WITH PAST HISTORY 9

Proof. A differentiation of (3.8) and using (2.7)1, gives

Φ′(t) = −
∫

Ω

utt

∫ ∞
0

h(%)(u(t)− u(t− %))d%dx

−
∫

Ω

ut
∂

∂t

(∫ ∞
0

h(%)(u(t)− u(t− %))d%

)
dx

= (ζ0 + ζ1‖∇u‖22)

∫
Ω

∇u
∫ ∞

0

h(%)(∇u(t)−∇u(t− %))d%dx︸ ︷︷ ︸
J1

+σ

∫
Ω

∇u∇utdx.
∫

Ω

∇u
∫ ∞

0

h(%)(∇u(t)−∇u(t− %))d%dx︸ ︷︷ ︸
J2

−
∫

Ω

(∫ ∞
0

h(%)∇u(t− %)d%

)
.

(∫ ∞
0

h(%)(∇u(t)−∇u(t− %))d%

)
dx︸ ︷︷ ︸

J3

−β1

∫
Ω

|ut|m−2ut

(∫ ∞
0

h(%)(∇u(t)−∇u(t− %))d%

)
dx︸ ︷︷ ︸

J4

−
∫

Ω

∫ τ2

τ1

|β2(s)||y(x, 1, s, t)|m−2y(x, 1, s, t)

×
∫ ∞

0

h(%)(∇u(t)−∇u(t− %))d%

)
d%dx︸ ︷︷ ︸

J5

−
∫

Ω

ut
∂

∂t

(∫ ∞
0

h(%)(u(t)− u(t− %))d%

)
dx︸ ︷︷ ︸

J6

. (3.16)

We estimate the terms of the RHS of (3.16). Applying Hölder’s, Sobolev-Poincare
and Young’s inequalities, (2.1), (2.9) and Lemma 3.1, we find

|J1| ≤ (ζ0 + ζ1‖∇u‖22)

(
δ‖∇u‖22 +

1

4δ
Cκ(g ◦ ∇u)(t)

)
≤ δζ0‖∇u‖22 + δζ1‖∇u‖42 +

(
ζ0
4δ

+
ζ1E(0)

4lδ

)
Cκ(g ◦ ∇u)(t),

(3.17)

and

J2 ≤ δ2σ

(∫
Ω

∇u∇utdx
)2

‖∇u‖22 +
σ

4δ2
Cκ(g ◦ ∇u)(t)

≤ δ2
2σE(0)

l

(
1

2

d

dt
‖∇u‖22

)2

+
σ

4δ2
Cκ(g ◦ ∇u)(t), (3.18)
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|J3| ≤
∫

Ω

(∫ ∞
0

h(%)∇u(t)d%

)(∫ ∞
0

h(%)(∇u(t− %)−∇u(t))d%

)
dx

−
∫

Ω

(∫ ∞
0

h(%)(∇u(t)−∇u(t− %))d%

)2

dx

≤ δh2
0‖∇u‖22 +

(
1 +

1

4δ

)
Cκ(g ◦ ∇u)(t), (3.19)

|J4| ≤ c(δ)‖∇ut‖mm + δβm1

∫
Ω

(∫ ∞
0

h(%)(u(t)− u(t− %))d%

)m
dx

≤ c(δ)‖∇ut‖mm + δ

(
βm1 c

m
p [

4h0E(0)

l
](m−2)

)
Cκ(g ◦ ∇u)(t)

≤ c(δ)‖∇ut‖mm + δc3Cκ(g ◦ ∇u)(t), (3.20)

Similarly, we have

J5 ≤ c(δ)‖y(x, 1, s, t)‖mm + δc4Cκ(g ◦ ∇u)(t), (3.21)

and, to estimate J6, we have

∂

∂t

(∫ ∞
0

h(%)(u(t)− u(t− %))d%

)
=

∂

∂t

(∫ t

−∞
h(t− %)(u(t)− u(%))d%

)
=

∫ t

−∞
h′(t− %)(u(t)− u(%))d%

+

(∫ t

−∞
h(t− %)d%

)
ut(t)

=

∫ ∞
0

h′(%)(u(t)− u(t− %))d%+ h0ut(t),

by (2.2), gives

J6 ≤ −(h0 − δ3)‖ut‖22 +
c

δ3
Cκ(g ◦ ∇u)(t). (3.22)

A substitution of (3.17)-(3.22) into (3.16), we get (3.15). �

Lemma 3.6. The functional Θ(t) defined in (3.9) satisfies

Θ′(t) ≤ −γ1

∫ 1

0

∫ τ2

τ1

s|β2(s)|.‖y(x, ρ, s, t)‖mmdsdρ

−γ1

∫ τ2

τ1

|β2(s)|.‖y (x, 1, s, t) ‖mmds+ β1‖ut(t)‖mm. (3.23)
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Proof. By differentiating of Θ(t), and using (2.7)2, we have

Θ′(t) = −m
∫

Ω

∫ 1

0

∫ τ2

τ1

e−sρ|β2(s)|.|y|m−1yρ (x, ρ, s, t) dsdρdx

= −
∫

Ω

∫ 1

0

∫ τ2

τ1

se−sρ|β2(s)|.|y(x, ρ, s, t)|mdsdρdx

−
∫

Ω

∫ τ2

τ1

|β2(s)|
[
e−s|y (x, 1, s, t) |m − |y (x, 0, s, t) |m

]
dsdx.

Applying y(x, 0, s, t) = ut(x, t), and e−s ≤ e−sρ ≤ 1, for any 0 < ρ < 1, and we
set γ1 = e−τ2 , we obtain

Θ′(t) ≤ −γ1

∫
Ω

∫ 1

0

∫ τ2

τ1

s|β2(s)|.|y(x, ρ, s, t)|mdsdρdx

−γ1

∫
Ω

∫ τ2

τ1

|β2(s)||y(x, 1, s, t)|mdsdx+

∫ τ2

τ1

|β2(s)|ds
∫

Ω

|ut|m(t)dx,

using (2.4), we find (3.23).
�

Now, we define the functional

F (t) :=

∫
Ω

∫ t

0

f(t− %)∇u(%)2d%dx (3.24)

where f(t) =
∫∞
t
h(%)d%.

Lemma 3.7. Assume that (2.1)-(2.2) hold. Then, the functional F3 satisfies,

F ′(t) ≤ −1

2
(h ◦ ∇u)(t) + 3(ζ0 − l)

∫
Ω

∇u2dx

+
1

2

∫
Ω

∫ ∞
t

h(%)(∇u(t)−∇u(t− %))2d%dx. (3.25)

Proof. It follows from the proof of Lemma 3.4 in [23] and Lemma 3.7 in [19]. �

We are now ready to prove the following result.

Theorem 3.8. Assume (2.1)-(2.4), there exist positive constants τi, i = 1, 2, 3 and
τ4(t) be a positive function, such that the energy functional given by (2.9) satisfies

E (t) ≤ τ1H−1
2

(
τ2 + τ3

∫ t
0
ξ(ς)H4(τ4(ς)µ(ς))dς∫ t

0
ξ(ς)dς

)
, (3.26)

where

H2(t) = tH ′(ε0t), H3(t) = tH ′−1(t), H4(t) = H
∗
3(t), (3.27)

which are convex and increasing functions on (0, r]

Proof. Firstly, we introduce the functional

G(t) := NE(t) +N1Ψ(t) +N2Φ(t) +N3Θ(t), (3.28)
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for some positive constants N,Ni, i = 1, 2, 3 to be determined.
A differentiation of (3.33), using 2.10, the Lemmas 3.4, 3.5 and 3.6

G′(t) := NE′(t) +N1Ψ′(t) +N2Φ′(t) +N3Θ′(t)

≤ −
{
N2(h0 − δ3)−N1

}
‖ut‖22 −

{
N3ζ1 −N2ζ1δ

}
‖∇u‖42

−
{
N1(l − ε(c1 + c2)− δ1)−N2δ(ζ0 + h2

0)

}
‖∇u‖22

−
{
Nσ

4
−N2δ2

2σE(0)

l

}(
1

2

d

dt
‖∇u‖22

)2

+

{
N1c(δ1) +N2c(δ, δ2, δ3)

}
Cκ(g ◦ ∇u)(t) +

N

2
(h′ ◦ ∇u)(t)

−
{
γ0N −N1c(ε)−N2c(δ)−N3β1

}
‖ut‖mm

−
(
γ1N3 −N1c(ε)−N2c(δ)

)∫ τ2

τ1

|β2(s)‖y(x, 1, s, t)‖mmds
)

−N3γ1

∫ 1

0

∫ τ2

τ1

s|β2(s)|.‖y(x, ρ, s, t)‖mmdsdρ. (3.29)

At this stage, we choose the various constants so that the values inside the paren-
theses are positive.
First, setting

δ3 =
h0

2
, ε =

l

4(c1 + c2)
, δ1 =

l

4
, δ2 =

lN

16E(0)N2
, N1 =

h0

4
N2.

Thus, we arrive at

G′(t) ≤ −h0

4
N2‖ut‖22 − ζ1N2

(
h0

4
− δ
)
‖∇u‖42

−N2

(
lh0

8
− δ(ζ0 + h2

0)

)
‖∇u‖22 −

Nσ

8

(
1

2

d

dt
‖∇u‖22

)2

+N2c(δ, δ1, δ2, δ3)Cκ(g ◦ ∇u)(t) +
N

2
(h′ ◦ ∇u)(t)

−
(
γ0N −N2c(δ, ε)−N3β1

)
‖ut‖mm

−
(
γ1N3 −N2c(δ, ε)

)∫ τ2

τ1

|β2(s)‖y(x, 1, s, t)‖mmds
)

−N3γ1

∫ 1

0

∫ τ2

τ1

s|β2(s)|.‖y(x, ρ, s, t)‖mmdsdρ. (3.30)

Next, we choose δ so small that

δ < min

{
h0

4
,

lh0

8(ζ0 + h2
0)

}
.
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Then, we pick N2 large enough such that

N2

(
lh0

8
− δ(ζ0 + h2

0)

)
> 4h0 = 4(ζ0 − l),

then we choose N3 large enough such that

γ1N3 −N2c(δ, ε) > 0.

Therefore, (3.30) becomes, for positive constants di, i = 1, 2, 3, 4

G′(t) ≤ −d1‖ut‖22 − d2‖∇u‖42 − 4h0‖∇u‖22 −
Nσ

8

(
1

2

d

dt
‖∇u‖22

)2

−
(
N

2
− d3Cκ

)
(g ◦ ∇u)(t) +

Nκ

2
(h ◦ ∇u)(t) (3.31)

−(γ0N − c)‖ut‖mm − d4

∫ 1

0

∫ τ2

τ1

%|β2(s)|.‖y(x, ρ, s, t)‖mmdsdρ.

As κh2(%)
κh(%)−h(%) ≤ h(%), it follows from the Lebesgue Dominated Convergence

lim
κ→0+

κCκ = lim
κ→0+

∫ ∞
0

κh2(%)

κh(%)− h(%)
d% = 0 (3.32)

Consequently, there exists 0 < κ0 < 1 such that if κ < κ0, then

κCκ ≤
1

d3
(3.33)

On the other hand, from (3.7)-(3.9), by using Hölder, Young’s and poincare in-
equalities, we get

|G(t)−NE(t)| ≤ N1

2

(
‖ut(t)‖22 + cp‖∇u(t)‖22

)
+ σ

N1

4
‖∇u(t)‖42

+
N2

2
‖ut(t)‖22 +

N2

2
cpCκ(g ◦ ∇u)(t)

+N3

∫ 1

0

∫ τ2

τ1

se−ρs|β2(s)|.‖y(x, ρ, s, t)‖mmdsdρ. (3.34)

Using the fact that e−ρs < 1 and (2.2), we find

|G(t)−NE(t)| ≤ N1

2

(
‖ut(t)‖22 + cp‖∇u(t)‖22

)
+ σ

N1

4
‖∇u(t)‖42

+
N2

2
‖ut(t)‖22 +

N2c

2
Cκ(h ◦ ∇u)(t)

+N3

∫ 1

0

∫ τ2

τ1

se−ρs|β2(s)|.‖y(x, ρ, s, t)‖mmdsdρ

≤ C(N1, N2, N3)E(t) = C1E(t). (3.35)

that is

(N − C1)E (t) ≤ G (t) ≤ (N + C1)E (t) (3.36)
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Now, by choosing N large enough, and set κ = 1
2N , such that

N − C1 > 0, , γ0N − c > 0,
1

2
N − 1

2κ0
> 0, κ =

1

2N
< κ0,

we find

G′ (t) ≤ −k2E(t) +
1

4
(h ◦ ∇u)(t) (3.37)

for some k2 > 0, and

c5E (t) ≤ G (t) ≤ c6E (t) ,∀t ≥ 0 (3.38)

for some c5, c6 > 0, we have
G(t) ∼ E(t).

Secondly, we consider the following two cases.

Case 3.9. H is linear. Multiplying (3.37) by ξ(t), we find

ξ(t)G′ (t) ≤ −k2ξ(t)E(t) +
1

4
ξ(t)(h ◦ ∇u)(t). (3.39)

The last term in (3.39), we have

ξ(t)

4
(h ◦ ∇u)(t) =

ξ(t)

4

∫
Ω

∫ ∞
0

h(σ)|∇ηt(%)|2d%dx

=
ξ(t)

4

∫
Ω

∫ t

0

h(%)|∇ηt(%)|2d%dx︸ ︷︷ ︸
I1

+
ξ(t)

4

∫
Ω

∫ ∞
t

h(%)|∇ηt(%)|2d%dx︸ ︷︷ ︸
I2

(3.40)

To estimate I1, using (2.9),

I1 ≤ 1

4

∫
Ω

∫ t

0

ξ(%)h(%)|∇ηt(%)|2d%dx

= −1

4

∫
Ω

∫ t

0

h′(%)|∇ηt(%)|2d%dx

≤ − 1

2l
E′(t), (3.41)

and by (3.4), we get

I2 ≤ β

4
ξ(t)µ(t). (3.42)

Hence,

ξ(t)G′ (t) ≤ −k2ξ(t)E(t)− 1

2l
E′(t) + β̂v(t), (3.43)

where β̂ = β
4 and v(t) = ξ(t)µ(t).

Using ξ′(t) ≤ 0, we have

G′1 (t) ≤ −k2ξ(t)E(t) + β̂v(t), (3.44)
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with

G1(t) = ξ(t)G (t) +
1

2l
E(t) ∼ E(t),

we have

k4E(t) ≤ G1(t) ≤ k5E(t), (3.45)

then, from (3.44) for all T ≥ 0, we have

k2E(T )

∫ T

0

ξ(t)dt ≤ k2

∫ T

0

ξ(t)E(t)dt

≤ G1(0)− G1(T ) + β̂

∫ T

0

v(t)dt

≤ G1(0) + β̂

∫ T

0

ξ(t)µ(t)dt.

Hence

E(T ) ≤ 1

k2

(G1(0) + β̂
∫ T

0
ξ(t)µ(t)dt∫ T

0
ξ(t)dt

)
,

Since H is linear, we deduce that H2, H2 and H4 are linear functions. Then, we
can write

E(T ) ≤ λ1H
−1
2

( G1(0)
k2

+ β̂
k2

∫ T
0
ξ(t)µ(t)dt∫ T

0
ξ(t)dt

)
, (3.46)

which gives (3.26) with τ1 = λ1, τ2 = G1(0)
k2

, τ3 = β̂
λ2k2

, and τ4(t) = 1. This
completes the proof.

Case 3.10. H is nonlinear. First, According (3.25) and (3.37). Let the func-
tional

G2(t) = G(t) + F (t)

is positive and satisfies, for some k3 > 0 and ∀t ≥ 0,

G′2(t) ≤ −k3E(t) +
1

2

∫
Ω

∫ ∞
t

h(%)(∇u(t)−∇u(t− %))2d%dx, (3.47)

by using (3.4), this gives us

k3

∫ t

0

E(y)dy ≤ G2(0)− G2(t) +
β

2

∫ t

0

µ(ς)dς

≤ G2(0) +
β

2

∫ t

0

µ(ς)dς. (3.48)

Therefore ∫ t

0

E(y)dy ≤ k6µ0(t), (3.49)

where k6 = max{G2(0)
k3

, β
2k3
} and µ0(t) = 1 +

∫ t
0
µ(ς)dς.
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Corollary 3.11. From (2.9) and (3.49), we have∫ t

0

∫
Ω

|∇u(t)−∇u(t− %)|2dxd%

≤ 2

∫ t

0

∫
Ω

∇u2(t)−∇u2(t− %)dxd%

≤ 4

l

∫ t

0

E(t)− E(t− %)d%

≤ 8

l

∫ t

0

E(y)dy ≤ 8k6

l
µ0(t). (3.50)

Now, we define ζ(t) by

ζ(t) := B(t)

∫ t

0

∫
Ω

|∇u(t)−∇u(t− %)|2dxd% (3.51)

where B(t) = B0

µ0(t) and 0 < B0 < min{1, l
8k6
}.

Then, by (3.49), we have
ζ(t) < 1, ∀t > 0, (3.52)

we further assume that ζ(t) > 0, ∀t > 0.
Also, we define another functional Γ by

Γ(t) := −
∫ t

0

h′(%)

∫
Ω

|∇u(t)−∇u(t− %)|2dxd% (3.53)

Clearly, Γ(t) ≤ −cE′(t). Since H(t) is strictly convex on (0, r] and H(0) = 0, then

H(λx) ≤ λH(x), 0 < λ < 1, x ∈ (0, r]. (3.54)

By using (2.3) and (3.52), we get

Γ(t) =
−1

B(t)ζ(t)

∫ t

0

ζ(t)(h′(%))

∫
Ω

B(t)|∇u(t)−∇u(t− %)|2dxd%

≥ 1

B(t)ζ(t)

∫ t

0

ζ(t)ξ(%)H(h(%))

∫
Ω

B(t)|∇u(t)−∇u(t− %)|2dxd%

≥ ξ(t)

B(t)ζ(t)

∫ t

0

H(ζ(t)h(%))

∫
Ω

B(t)|∇u(t)−∇u(t− %)|2dxd%

≥ ξ(t)

B(t)
H

(
1

ζ(t)

∫ t

0

ζ(t)h(%)

∫
Ω

B(t)|∇u(t)−∇u(t− %)|2dxd%
)

=
ξ(t)

B(t)
H

(
B(t)

∫ t

0

h(%)

∫
Ω

|∇u(t)−∇u(t− %)|2dxd%
)

=
ξ(t)

B(t)
H

(
B(t)

∫ t

0

h(%)

∫
Ω

|∇u(t)−∇u(t− %)|2dxd%
)

(3.55)

where H is a C2-extension of H, that is strictly increasing and strictly convex on
R+. From (3.55), we get∫ t

0

h(%)

∫
Ω

|∇u(t)−∇u(t− %)|2dxd% ≤ 1

B(t)
H
−1
(
B(t)Γ(t)

ξ(t)

)
(3.56)
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Substituting (3.56)and (3.4) into (3.37), we get for some k6 > 0

G′ (t) ≤ −k2E(t) +
k6

B(t)
H
−1
(
B(t)Γ(t)

ξ(t)

)
+ k6µ(t) (3.57)

Now, for ε0 < r, we define the function K1(t) by

K1(t) = H
′
(
ε0
B(t)E(t)

E(0)

)
G(t) + E(t) (3.58)

which is equivalent to E(t). In view of E′(t) ≤ 0, H
′
> 0, and H

′′
> 0, and using

(3.57), we conclude that

K′1(t) = ε0

(
B(t)E′(t)

E(0)
+
B′(t)E(t)

E(0)

)
H
′′
(
ε0
B(t)E(t)

E(0)

)
G(t)

+H
′
(
ε0
B(t)E(t)

E(0)

)
G′(t) + E′(t)

≤ −k2E(t)H
′
(
ε0
B(t)E(t)

E(0)

)
+ k6µ(t)H

′
(
ε0
B(t)E(t)

E(0)

)
+

k6

B(t)
H
−1
(
B(t)Γ(t)

ξ(t)

))
H
′
(
ε0
B(t)E(t)

E(0)

)
+ E′(t) (3.59)

As in [3] , we define the conjugate function of H by H
∗
, which satisfies

AB ≤ H∗ (A) +H (B) (3.60)

For A = H
′
(ε0(B(t)E(t))/(E(0)))) and B = H

−1
((B(t)Γ(t))/(ξ(t))) , and using

(3.59), we get

K′1(t) ≤ −k2E(t)H
′
(
ε0
B(t)E(t)

E(0)

)
+ k6µ(t)H

′
(
ε0
B(t)E(t)

E(0)

)
+

k6

B(t)
H
∗
(
H
′
(
ε0
B(t)E(t)

E(0)

))
+

k6

B(t)

B(t)Γ(t)

ξ(t)
+ E′(t)

≤ −k2E(t)H
′
(
ε0
B(t)E(t)

E(0)

)
+ k6µ(t)H

′
(
ε0
B(t)E(t)

E(0)

)
+

k6

B(t)
ε0
B(t)E(t)

E(0)
H
′
(
ε0
B(t)E(t)

E(0)

)
+
k6Γ(t)

ξ(t)
+ E′(t) (3.61)

Multiplying (3.61) by ξ(t), we see that

ξ(t)K′1(t) ≤ −k2ξ(t)E(t)H
′
(
ε0
B(t)E(t)

E(0)

)
+ k6ξ(t)µ(t)H

′
(
ε0
B(t)E(t)

E(0)

)
+
k6ξ(t)

B(t)
ε0
B(t)E(t)

E(0)
H
′
(
ε0
B(t)E(t)

E(0)

)
+ k6Γ(t) + ξ(t)E′(t)

≤ −k2ξ(t)E(t)H
′
(
ε0
B(t)E(t)

E(0)

)
+ k6ξ(t)µ(t)H

′
(
ε0
B(t)E(t)

E(0)

)
+
k6ξ(t)

B(t)
ε0
B(t)E(t)

E(0)
H
′
(
ε0
B(t)E(t)

E(0)

)
− cE′(t) (3.62)
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where we used the fact that as
ε0(B(t)E(t)/E(0)) < r, H

′
(ε0(B(t)E(t)/E(0))) = H ′ (ε0(B(t)E(t)/E(0))) ,

and we define the functional K2(t) by

K2(t) = ξ(t)K1(t) + cE(t) (3.63)

It is easy to obtain that K2(t) ∼ E(t), i.e., there exist two positive constants m1

and m2 such that

m1K2(t) ≤ E(t) ≤ m2K2(t), (3.64)

we obtain

K′2(t) ≤ −β3ξ(t)
E(t)

E(0)
H ′
(
ε0
B(t)E(t)

E(0)

)
+ k6ξ(t)µ(t)H ′

(
ε0
B(t)E(t)

E(0)

)
= −β3

ξ(t)

B(t)
H2

(
B(t)E(t)

E(0)

)
+ k6ξ(t)µ(t)H ′

(
ε0
B(t)E(t)

E(0)

)
(3.65)

where β3 = (k2E(0)− ε0k6) and H2(t) = tH ′ (ε0t).
Choosing ε0 so small such that β3 > 0, since H ′2(t) = H ′ (ε0t) +ε0tH

′′ (ε0t) , then,
using the strict convexity of H on (0, r], we know that H ′2(t), H2(t) > 0 on (0, 1].
Using the generalized Young inequality (3.60) on the last term in (3.65)

with A = H ′
(
ε0
B(t)E(t)
E(0)

)
and B = k6

δ µ(t), we find

k6µ(t)H ′
(
ε0
B(t)E(t)

E(0)

)
=

δ

B(t)

(
k6

δ
B(t)µ(t)

)(
H ′
(
ε0
B(t)E(t)

E(0)

))
<

δ

B(t)
H∗3

(
k6

δ
B(t)µ(t)

)
+

δ

B(t)
H3

(
H ′
(
ε0
B(t)E(t)

E(0)

))
<

δ

B(t)
H4

(
k6

δ
B(t)µ(t)

)
+

δ

B(t)

(
ε0
B(t)E(t)

E(0)

)
H ′
(
ε0
B(t)E(t)

E(0)

)
<

δ

B(t)
H4

(
k6

δ
B(t)µ(t)

)
+

δε0

B(t)
H2

(
ε0
B(t)E(t)

E(0)

)
.(3.66)

Combining (3.65) and (3.66) and we select δ small enough such that β3− δε0 > 0,
we obtain

K′2(t) ≤ −β4
ξ(t)

B(t)
H2

(
B(t)E(t)

E(0)

)
+
δξ(t)

B(t)
H4

(
k6

δ
B(t)µ(t)

)
. (3.67)

where β4 = β3 − δε0 > 0, H3(t) = tH ′−1 (t) and H4(t) = H
∗
3 (t).

Since E′ < 0 and B′ < 0, then H2(B(t)E(t)
E(0) ) is decreasing. Hence, for 0 ≤ t ≤ T ,

we have

H2

(
B(T )E(T )

E(0)

)
< H2

(
B(t)E(t)

E(0)

)
. (3.68)

Combining (3.67) with (3.68) and multiplying by B(t), we get

B(t)K′2(t) + β4ξ(t)H2

(
B(T )E(T )

E(0)

)
< δξ(t)H4

(
k6

δ
B(t)µ(t)

)
. (3.69)
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Since B′ < 0, then for any 0 < t < T

(BK2)′(t) + β4ξ(t)H2

(
B(T )E(T )

E(0)

)
< δξ(t)H4

(
k6

δ
B(t)µ(t)

)
. (3.70)

By integration of (3.70) over [0, T ] and we use B(0) = 1, we have

H2

(
B(T )E(T )

E(0)

)∫ T

0

ξ(t)dt <
K2(0)

β4
+

δ

β4

∫ T

0

ξ(t)H4

(
k6

δ
B(t)µ(t)

)
dt. (3.71)

Therefor,

H2

(
B(T )E(T )

E(0)

)
<

K2(0)
β4

+ δ
β4

∫ T
0
ξ(t)H4(k6δ B(t)µ(t))dt∫ T
0
ξ(t)dt

. (3.72)

Then, (
B(T )E(T )

E(0)

)
< H−1

2

( K2(0)
β4

+ δ
β4

∫ T
0
ξ(t)H4(k6δ B(t)µ(t))dt∫ T
0
ξ(t)dt

)
. (3.73)

Hence,

E(T ) <
E(0)

B(T )
H−1

2

( K2(0)
β4

+ δ
β4

∫ T
0
ξ(t)H4(k6δ B(t)µ(t))dt∫ T
0
ξ(t)dt

)
. (3.74)

which gives (3.26) with τ1 = E(0)
B(T ) , τ2 = K2(0)

β4
, τ3 = δ

β4
, and τ4(t) = k6

δ B(t).

This ends the proof of Theorem 3.8.

�

4. conclusion

In this work, we impose a several dissipations (Infinite memory, distributed de-
lay and Balakrishnan-Taylor damping terms) on the viscoelastic wave equation.
This type of damping mechanisms is found to be effective in various other systems
and problems especially (Infinite memory or distributed delay terms) like Timo-
shenko (see [10],[19]), porous system (see [13]), Bress (see[9]), Kirchhoff equation
([8],[12],[20]) and others. Under this very general hypothesis on the behavior of
h at infinity and by drop the boundedness hypothesis in the history data, we ob-
tain a general decay result. We strongly believe that the same result holds if the
damping terms is moved to the Kirchhoff equation or coupled system of nonlinear
viscoelastic wave equation.
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