Journal of Mathematical Control Science and Applications
Vol. 7 No. 2 (July-December, 2021)

Submitted: 29th June 2021 Revised: 30th July 2021 Accepted: 05th September 2021

STABILITY ANALYSIS FROM FOURTH ORDER NONLINEAR EVOLUTION EQUATION FOR
GRAVITY WAVES INCLUDING THE EFFECT OF THIN THERMOCLINE AND UNIFORM
WIND FLOW

SHIBAM MANNA AND A. K. DHAR

ABSTRACT. An evolution equation that is appropriate up to fourth order in wave steepness has been ascertained
for the deep water gravity waves in a situation of thin thermocline when the effect of wind blowing over water has
been taken into account. Later it has been employed to discuss the stability of the uniform gravity wavetrain. Along
with the wave number at marginal stability, the expression for maximum instability growth rate has been acquired
immediately. From the graphs, it has been investigated that for fixed values of wind velocity, the effect of a thin
thermocline appearing at depth / produces a stabilizing effect. Here the maximum instability growth rate diminishes
with the increment of thermocline depth 4. Moreover, it has been additionally inferred that the maximum instability
growth rate enhances with the increment of perturbation angle 6 and wind velocity u for fixed value of thermocline
depth A.

1. Introduction

The bulk of fascinating papers have been emerged on nonlinear interaction between internal waves and
surface gravity waves in recent times, among which many papers are dealing with the procedure of formation
of internal waves by coupling with surface gravity waves. Phillips [1], Gargett and Hughes [2] have exhibited
that the appearance of an internal wave would, in general, tend to modulate a surface wave spectrum, which
is by virtue of non-uniform surface current induced by the internal wave that is refracting the surface waves.
Obviously, the interaction is mutual since a non-uniform surface wave spectrum originates the internal wave.
Longuet-Higgins and Stewart [3] have demonstrated that the nonuniformities in the surface wave spectrum
produce corresponding nonuniformities in the radiation pressure and, therefore the surface forces are acting
on the internal wave. Ball [4], Thorpe [S5], Watson et al. [6] have cultivated interactions of two surface waves
including one internal wave. Dysthe and Das [7] have explored a modulational instability mechanism for the
creation of the lowest internal wave mode employing a pattern of the three-layer ocean. Recently, Manna
and Dhar [8] have studied the effect of vorticity on Peregrine breather for finite amplitude interfacial gravity
waves. In another paper [9], they have also obtained the analytical solutions from coupled nonlinear evolution
equations for obliquely interacting Stokes waves in deep water.

Now it is of remarkable significance to investigate the reverse problem. In this premise, we want to inves-
tigate how the surface gravity waves’ amplitude is modulated by the interaction with internal waves. Das [10]
has derived the fourth-order nonlinear evolution equation of a three-dimensional surface gravity wave packet
for a two-layer fluid considering the impact of its interaction with internal waves. Rizk and Ko [11] have con-
sidered similar sort of interactions between small scale surface waves and extensive scale internal waves in a
two-layer liquid in which their analysis is confined to one-dimensional wave packets along with the variance
of small density ratio.

The nonlinear evolution equation of fourth-order, which was first derived by Dysthe [12], is a good begin-
ning point to investigate the stability analysis of nonlinear water waves in deep water. Brinch-Nielsen and
Jonsson [13] have likewise determined the evolution equation of the fourth-order for Stokes wave on unre-
stricted water depth. Further, Janssen [14] has manifested on the Dysthe’s [12] approach by exploring the
impact of wave-induced flow on the extended characteristic of Benjamin-Feir instability. Additionally, he has
utilized this equation to the homogeneous random field of gravity waves and has found the nonlinear energy
transfer function that has been invented by Dungey and Hui [15]. Since then a number of authors Dhar and
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Das [16, 17], Dhar and Mondal [18], Dhar and Manna [19], Debsarma and Das [20, 21], Gramstad and Trulsen
[22], Hogan [23] and Stiassnie [24] have established the nonlinear evolution of fourth-order in different con-
texts. Purkait and Debsarma [25] have recently established a fourth order nonlinear evolution equations for two
obliquely interacting wave trains including the effect of thin pycnocline.

Considering the significance of the nonlinear evolution equation of fourth-order derived by Dysthe [12],
in this paper, we have extended the investigation of Dysthe [12] in a situation of thin thermocline and taking
into account the effect of uniform wind flow. Accordingly, the present paper deals with the wind effect on
Benjamin-Feir instability. In this paper, we have derived a nonlinear evolution equation of fourth-order which
is appropriate in case of the velocity of wind lesser than a critical velocity, which is characterized by the fact
that the wave turns out to be linearly unstable as the velocity of wind exceeds this critical velocity.

2. Basic assumptions and equations

When we deal with the mutual interaction between surface waves and internal waves in the ocean, we
consider the following assumptions. It appears from some articles (e.g. Watson et.al. [6], Olbers and Herterich
[26]) that the strongest interaction appears for the lowest internal mode. Thus being interested mainly in the
lowest internal mode (Phillips [27], P-211), we have considered the following simple model of the ocean for
convenience as displayed in figure-1,

(i) ahomogeneous layer of thickness 4,
(ii) a layer of thickness 2¢ below this layer, with a shallow thermocline region
of changing density. Thus our model agrees with the seasonal thermocline,

(iii) the ocean below the thermocline region is further taken to be homogeneous.

zf,D/_ x
1]
z=—h+E g
s
il
=—h— Ft+dp

FIGURE 1. Ocean model in a situation of thin thermocline at a depth &

We have chosen the interface of air and water in the undisturbed state as the z = 0 plane and wind blows over
water with velocity u along the x axis. The equation z = {(x,y,t) is considered as undulating common interface
at any time ¢ in the perturbed state. Taking p and p’ as the densities of water and air respectively, we now
consider non-dimensional quantities ¢* as perturbed velocity potential in water, ¢,* as the perturbed velocity
potential in air, {* the wavy surface elevation of the air-water interface, (x*,y*,z*) for the space coordinates, *,
u*, w*, v, as the time, air flow velocity, vertical component of velocity inside the thermocline and air to water
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density ratio respectively, which are connected to the corresponding dimensionless quantities as follows:

k3 k3
¢* = §0¢7 ‘Pa* = go(ba; C* = kUC; (X*J’*,Z*) = (kox,koy,koz),
k ! k
W —kh, t* = ot, u* = | L,y =2 =[5,
8 p 8

Here, kq is the characteristic wave number. Later we have used all those non-dimensional quantities by remov-
ing their asterisks. The velocity potential of water ¢ and the elevation of the free surface { can be written into
two parts given by,

(2.2) O=0¢o+¢, {=0C+G,

where @, {y are real functions gradually varying with space and time, expressing the perturbations formed by
the internal wave due to the presence of a thin thermocline and by spatial non-uniformity of the surface wave
radiation stress and ¢, {; correspond to the surface gravity waves [7]. As surface gravity waves and internal
waves interact non-linearly, we write the full expressions for ¢ and { through nonlinear terms. The governing
equations for ¢;, ¢, and {; in which we have not considered the existence of the thermocline are the following
equations (2.3) to (2.8):

2.1

(2.3) Vi =0, —0<z<(
(2.4) V29, =0, { <z<oo

ag 9G
(2.5) TZ_WZ(VX)) (P)-(ny C)a OnZ:C

999G I
(26) aZa — W —Mg = (ny (])a).(vxy C), onz= C
a‘Pl a¢a aq)a 1 2, 7 2

27 G 1-9E— — Lwer+Yw _
( ) ot ’}/at +( }/)C Yu ox 2( ¢) +2( ¢a) , 0N g C

d 0
(2.8) 9% hasz— -0 2% L 0asz e,

dz dz
where V,, = (%7 9%,0) is the horizontal gradient operator. We consider that the thermocline thickness 2¢ is
small so that it is confined between the planes z = —h + € and z = —h — €. The terms responsible for internal

waves of long wavelength are taken to be sufficiently small and hence their product and higher degree terms
can be neglected [7]. The equations for ¢,¢),5o, where ¢y and @) are the velocity potentials above and below
the thermocline respectively, can be expressed as follows

(2.9) Vi =0, —h+e<z<¢
(2.10) V2) =0, —0o<z< —h—¢

d o 99,
().

aZ z=—h+¢€ (9Z 7z=—h—¢

272
(2.12) %-ﬁ-Nz(Z)(Viy w)=0, —h—e<z<—h+e
(2.13) 9% —0asz— —oo
dz
d o a0

C.14) (52) ~50= e 0n%y )
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8(])0 1 2
2.15 2t =——(V
( ) 8t CO 2( (P) ,0nzg C
where w is the vertical velocity component inside thermocline [1, 7] and N?(z) = —%—‘sz’ is the square of the

Brunt-Vaisala frequency. Equation (2.12) is found if the Boussinesq approximation is used (Phillips [27], P-
211) and the internal wave is assumed to have a sufficiently small amplitude so that the nonlinear terms can be
neglected. As the thickness of the thermocline is considered as very small compared to the depth of the ocean
we have the limit € — 0, so that the equation (2.11) reduces to,

I B 8¢6)
(2.16) ( 9z >Z:_h B < 9z ) —i

Next integrating equation (2.12) with respect to z between the limits —/ — € to —h + € and then proceeding the
limit € — 0, we have

84¢0 84¢6 _ > (9%
(2.17) (9229’2)1}1 n (azzatz)Zh =-TVy (c?z)xhv

where I' = %p and 0p = p(—h—0) — p(—h+0) is the increment of density across the thermocline. As the
disturbance is considered to be a progressive wave, we take the solutions of the governing equations in the
following form,

(2.18)

¢ =¢o+ i(%ei’”” +ie ™), L =5+ i(Cnei""’ +&re™), ¢a= a0+ i(ﬁbanei”"’ + e ™),
i=1 i=1 i=1

where Y = kx — ot and @0, 90, Pns Puns Oyf» 9, are functions of z, & = §(x —cyt), 1 = 8y, T = 5%, furthermore
8o, &, CF are functions of &, 7, 7. Here, asterisk denotes the complex conjugate, & is a small ordering
parameter indicating the slowness of the space-time variation of the amplitude of different harmonics of the
wave and ¢, = (fT? is the group velocity. The linear dispersion relation is given by,

(2.19) (1+y)0* —2you+yu* —(1—y) =0

From this equation we have two values of @ given by

(2.20) o= MEVI-rome)

I+vy

1—2

For linear stability the wind velocity u must satisfy the condition |u| < 7

3. Derivation of evolution equation

Now, if we substitute the expansions (2.18) in equations (2.3) and (2.4) and equate the coefficients of env,
n=1,2 on both sides, we arrive at the following equations:

d*¢ d* ¢,

3.1) T2 =0, T3 = Ay, =0,
where A, is the operator given by,

d\? 92
3.2 A= (nk—id— | —8*—
G2 = (g ) o
The solutions of (3.1) satisfying (2.8) can be written in the form
(3.3) On = €Ay, Gun = e MA},

where A,,, A;, are functions of £, 1, 7. We now employ the Fourier transforms of equations (2.9), (2.10), (2.13)
and (2.4), (2.8) for n=0 with respect to &, 1 and obtain the following equations
d*9,

727
yEa 5%k 9y =0

(3.4)
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d*9'y 2 de’y
(3.5) e -6k ¢h=0, e —~0asz— —oo
(3.6) 2¢“° 8% Day d%o
’ dz? dz

In the above equations, ¢, WO, ¢, are Fourier transforms of @y, ¢, 9., respectively, defined by

apn

o 1 o0 B
G.7 (¢07¢/07¢a0) = 5/7 (0,0, 0oy )€ itkgo+knm) dédn
The solution of equations (3.4), (3.5), (3.6) are given by,
(3.8) 3o = Age™ 4+ Boe %, ¢y = Coe®™, 9, = Doe %,

where k- = ké + k% and A, By, Co, Dy are functions of kg, ky and 7.

If we now substitute the expansions (2.18) in the Taylor expanded forms of the equations given by (2.5), (2.6)
and (2.7) about z = 0 and then equate the coefficients of "V, for n = 1,2 on both sides, we get equations for A,
A, &1, Az, A, &, available in (A1) to (A6) in which we substitute the solutions given by (3.3) for ¢1, @2, @y, .
¢, Again substituting expansions (2.18) on right hand side of the equations (2.14), (2.15) and considering only
v free terms we obtain equations (A7), (A8). Now taking the Fourier transform of equations (2.16), (2.17) with
respect to £, 1) and then inserting the solutions for ¢, ¢’, given by (3.8) we obtain another two equations (A9),
(A10). Eliminating Cy from (A9), (A10) we obtain the new equation (A11). All these equations (A1)-(A11)
has been provided in Appendix A. Thus we obtain three sets of equations: (Al), (A2), (A3) comprising the
first set, the equations (A4), (AS), (A6) constituting the second set and finally the equations (A7), (A8), (A11)
to constitute the third set. To solve the aforesaid three sets of equations we employ the following perturbation
expansions for the quantities A, A}, Az, A%, §1, §, M, N, § as follows:

(39) An,A, ZE Al’l]7An] Cn*ZE ana nzl1 MN :ZSJ M Nj)a C():ZS/COja (n}l)
j=n =n

We now substitute the expansions given by (3.9) in those aforesald three sets of equations and equating the
coefficients of several powers of & on both sides, we obtain a sequence of equations. Now from the first(i.e.
lowest order) and second order equations of (Al) and (A2) we find the solutions for A;y, A’” and Ay, A’l2
respectively. After that, from the first order and second order equations of (A4), (AS), and (A6) we get the
solutions for Aj», A’22, &0 and A3, A’23, $o3 respectively. Again from first, second and third order equations of
(A8), we find solutions for {y;, oo and {y3. Finally from the first order and second order equations of (A7)
we find solutions for N; and N,. Equations (A3) and (A11), which have not been employed in getting the
above perturbation solutions can be expressed in the following two coupled fourth order nonlinear evolution
equations after eliminating A, A} by the use of the equations (A1) and (A2).

08 ldgo’t  (1-y) ¢ i{<1+7>0g—w}d6g<93€
ot 2dk dE2  4[(1+y)o—vyu]dn? 2| (1+y)0—yu| dk d&E3
i(1—7) (It 7)eg—p| ¢ |0 +r@—w? 4 re 2]
Gl i o—n [l <1+y>a§—w]aéan2‘ T+ 7)o~ u &e
NI SR ey (Xl W)
I T S ([ P S

G %‘Zl(;;*;@]”‘ s eage [ (60|

Here § = {11 + 6§12, M = M + 8 M, and the operator H is the two dimensional version of the Hilbert transform
defined as

(3.12) =5 // (i) ST y(&',n')dg dn’
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In the absence of the seasonal thermocline we have I" = 0 and hence the equation (3.11) reduces to

oM
(3.13) ag:“H[ag (99 )}
Inserting the value of & e: in (3.10) we obtain the single non-linear evolution equation as follows:
;98 1deg 20 (1—y)  9%C i [(1+y)cg—yu]deg 9°C
at ' 2dk dE2 T 41+ o—yuldn? 2| (1+Y)0—yu]| dk IE3
2 _ ol o—u)212
(3 14) + l(l_Y) 1 (1+’)/)Cg’}/u:| a3€ _ a)2+7/(a)—u) +{w yl(f)y = CZc*
' AA+no—yd [ (I+yo—yu]oion? (1+7)0—yu
0 208" deg{o? —y(@—u?} { }
+ +
mée 9 18 5 T T (1T po—y CH €(CC)

If we consider Y =0, u = 0, then equation (3.14) reduces to the equation equivalent to equation (2) of Janssen
[14] and equation (2.20) of Hogan [23] for k = 0. Now, we want to establish a nonlinear evolution equation
of fourth order from the aforesaid two coupled equations (3.10) and (3.11) in which we consider that the space
variation of amplitudes taking place along a direction, forming an angle 0 with the the direction of propagation
of the wave. By a linear orthogonal transformation of the horizontal coordinates &, 1 employing the relations
(3.15) the equations (3.10) and (3.11) are then reduce to the following two coupled equations on the assumption
that £, M depend only on &’ but not on 7',

(3.15) E'=EcosO+nsinO, n'=—&sinO+1n cos O
(3.16)
i%—f— |:COSZQ dcg+ (1—1) sin’6 } 2%¢ [i(l—}/) sin”@ cos 0 {l (1+7)c, H 3¢
0 2 dk 4[(1+7)0— yu a(g/z 4[(1+ 7)o — yu] (1+y)w Yu 5/3
. ; 0 () 4 1P A 2P
Jr{zcos 9{(1+Y) Vu}dcg] i 7= ro =y —t §*C 4+ m COSQCC*LC/
2 (1+y)0—1yu 2&'an’ (14+y)o—yu &
C* cg cos 0 {®* —y(w —u)?} oM
0¢? g a
B ([ TR 7) BT
oM 4T’ cos 6 . 4egeos’® 1= dE
G-17) JE 2 cos?0 —ic(: + Zcos?0 —Thm /700 (E—¢&n € (CC )

Ehmmatlng Frd M between the equations (3.16) and (3.17) and dropping the primes on &, we obtain a fourth order

nonlinear evolution equation for § in the presence of a thin thermocline and in the case of air water interface
given by:

2 3 *
619 SR SE R IE A T i cc*ag+ Agcﬁa"; a0},

where the Hilbert transform operator H is given by Hy = 1 =P Iz,

Az, A4 have been provided in Appendix B.

Since in the expressions for A; and A4 containing the factor cﬁ, cos20 —T'h in their denominators, the
nonlinear evolution equation of fourth order given by (3.18) remains invalid for c§ cos’® = T'h. This is the
second harmonic condition of resonance which is satisfied when the group velocity component of the surface
gravity wave along a line creating an angle 0 with the propagation direction of wave is equal to the phase

velocity of the internal wave of long wavelength.

and the coefficients B, B2, A1, Az,
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4. Stability of a finite amplitude wave train

The solution of the uniform wave train of equation given by (3.18) can be written as

4.1) = aoe(—i/\laozf) = C(O) ,
where oy is a real constant that indicates the wave steepness. We now consider the following perturbation,
4.2) {=CON+8(E )],

where C is a complex quantity given by = . + zZ_,’,, Z., & being real. Inserting (4.2) in the nonlinear evolution
equation (3.18), linearising with respect to C and C * and then separating into real and imaginary parts we obtain
two equations for C, and C, Next taking Fourier transforms with respect to £ we obtain the following equations,

a(¢&; =
- (g‘i) L [A2B— 2002A1 200 sl ] (8) = 0

(4.3) +i(BaA® + o? Mok — > AsA) (&)

4.4) Bia* (&) +

(i) i(BaA’ + Ay A+a02A3/1)(Cr)] =0,

where (&) and (£;) indicate Fourier transforms of E, and & respectively with respect to & and defined them as

4.5) (E.(8) = = / 2. Ele 6 ae

If we now suppose that the 7 dependence of (&) and (&) be of the form ¢~ then the nontrivial solution of

(4.3) and (4.4) gives the following nonlinear dispersion relation

4.6) Q= —BaA’ — Ao+ BIAZ(BIA% — 2002, + 2002 Aa[ ]
Instability occurs for
4.7) BiA2(BiA? — 200% A1 + 2007 A4|A]) <O
When condition (4.7) is satisfied the maximum instability growth rate takes the form
Ay
(4.8) Tn=A100” [ 1— ,
" VBiAL

which occurs at the wave-number of perturbation A, given by

A1 3/\4 2
4.9 .
( ) M 131 (04 4/31 (04

At marginal stability Q is real and from (4.6) the wave number A is given by

(4.10) PR EL PP
B B
0.08 : : 0.08 T T T T T T
------- h=10,T =10% sesenh =10, T = 10°
007 |7~ "h=251=10° 0.07 {{=="h=251=10°
—h=50,T=10° —h=50,T=10°
——-T=0 -=--T=0
0.06 e 0.06 3
h=10,T =10 h=10,T =10

003 0.03 .
pr2 (:./ N
iy \ o W AN

0 kX 0 i}
0 005 01 015 02 025 03 035 04 045 05 0 005 01 015 02 025 03 035 04 045 05

ag ag
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Third order Third order

FIGURE 2. Maximum instability growth rate 7y,

as a function of dimensionless wave
steepness . Here y= 0.00129 for all the graphs.

Graphs have been plotted indicating the variation of maximum instability growth rate ¥, from equation (4.8)
against non-dimensional wave steepness 0 for different values of non-dimensional thermocline depth & and
for two fixed values of perturbation angle 6 and uniform wind velocity u. In figures 2 and 4 we have considered
I = 1073 for seasonal thermocline. The maximum instability growth rates 7, which have been observed from
third order, are also displayed in each of the figures. Further in the absence of thermocline, that is, for I'=0, ¥,
have also been displayed. From figure 2 we have observed that a thin thermocline produces a stabilizing effect
on the instability of surface gravity wave trains and 7;, decreases with the increase of thermocline depth & for

fixed values of perturbation angle 6 and wind velocity u. But ¥, increases with the increase of perturbation
angle 6 and wind velocity u for fixed value of thermocline depth /.

! Fourth order
/

j

/

i

/

B H 7 Y
Third order 1 . Third order '—» i \
0.05 i PN 0.05 A \
h=5,u=5 I Y \ h=5u=10| // i
fi A

3 )
L L L L 0 L Y L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0 0.1 0.2 0.3 0.4 0.5 0.6
a a

i
Third order }—) i
i s
h=10,u=5 | // Z,
/

0 0.1 0.2

FIGURE 3. Maximum instability growth rate 7, as a function of dimensionless wave
steepness . Here y= 0.00129 and 6 = 10° for all the graphs.

Graphs have also been portrayed in figure 3 pointing out the variations of maximum instability growth rate
Y as a function of wave steepness o for various thermocline values I" and for some fixed values of & and u.
From the figures we have observed that 7, decreases with the increase of I'.
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6L |—h=20,T=10°
---r=0
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e [stae | 25 "2
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0 0

FIGURE 4. Perturbed wave number A at marginal stability as a function of dimension-
less wave steepness 0. Here 7= 0.00129 for all the graphs.

Finally at marginal instability the wave number of perturbation A from equation (4.10) have been displayed
in figure 4 as a function of ¢ indicating stable and unstable regions for several values of non-dimensional
thermocline depth £ and for two fixed values of 6 and u.

5. Discussion and conclusion

To explore the effect caused by a thin thermocline on the Benjamin-Feir instability for a surface gravity
wave incorporating the case of air-water interface, we have set up two coupled nonlinear evolution equations
which are appropriate up to fourth-order. Here we have pursued the simple three-layer model of the ocean,
including a shallow thermocline region of non-vanishing density gradient discriminating homogeneous regions
above and below. Thus the present model fulfills the criteria for seasonal thermocline. The significance of
beginning from the nonlinear evolution equation of the fourth order was first exhibited by Dysthe [12]. Two
coupled evolution equations are then concise to a single evolution equation by assuming the space variation of
the amplitude ensuing towards an arbitrary fixed direction. It is to be noted that the single evolution equation
ceases to be valid due to the occurrence of second harmonic resonance. The aspect of the maximum instability
growth rate together with the instability condition is then acquired from the evolution equation, as mentioned
earlier. It has been investigated that for fixed values of the wind velocity, the thin thermocline has a stabilizing
influence. Furthermore, for fixed values of perturbation angle 8 and uniform wind velocity u, the maximum
instability growth rate diminishes as the thermocline depth increases. Further, the maximum instability growth
rate enhances with the increment of perturbation angle 6 and wind velocity u for a fixed value of thermocline
depth 4. Moreover, it has been additionally inferred that the maximum instability growth rate diminishes
with the enhancement of thermocline value I" for fixed values of & and u. Graphs have also been portrayed,
demonstrating the variation of the perturbed wave number A at marginal stability versus wave steepness o for
different values of non dimensional thermocline depth / and for two fixed values of wind velocity « along with
perturbation angle 6.

Acknowledgement: The authors are grateful to the reviewers for their valuable suggestions which helped
them in revising the manuscript.
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Appendix A
MA +iw & =a;
A, iy & — iuki &y = by
—io A1 + (1= 7) 81 + i YA] —iyuk A} = ¢
AAr +imn G = ar
—MAS +in G — iuka & = by
—imyAs + (1= 7)o + ianyAb — iyukoAb = ¢
26

SkN — iSCgkg 50 - 52 ot

_ oM - -
18coke M + 82— =Dy,
icgkeM + 6% + So=bo
where M = Ay + By, N = Ag — By and dy and by denotes the Fourier transforms of ag and by.

Aoefsl}h _ Boeél}h _ C‘woefél}h
8 _ _ - _ . a - _ _ _ -
7pk36(140€75kh _Boeékh) _|_ 62]{%6;]{2(140676/(/1 +B()€5kh _ Coefakh)

. - aAO 75‘ 830 5‘ (9C_‘0 75'
=2zcgk5k253 <81’e kh—|—We kh—ﬂe kh

_ M N - o sT _ _ _ _ _
Qicgke k2 8° (%T + ?;Z) M 4 87K P (M — W) = ?k%(N cosh 8kh — M sinh 8kh)
Appendix B

. 20 dc (1—y) sin®6
hr=- [ 2ot 4[<1+7>T—w1]

_ [cos30 [ (14y)ce—yu | dc (1—7) sin6 cos O (1+7y)cg—yu
B> = [ ) {(1+y)ag>—yu}715+ i+ o7 {1+ (1+y>£2—yu }j 2

. 1 {02 —y(0—u)?}? | 4cl cos?0{w?—y(w—u)?}
A= (I+y)0—yu {w2+y(w7u)2+ 8 ylioi’ +— ¢ cos?0 —Th }
Ay =—pycos 6= C%e [53 — &g+ 74(1%3%&}

_ _ cos @ 2(147)cgd
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