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EXISTENCE OF INVARIANT CURVES FOR THE EQUATION
OF THE MICROTRON

OSWALDO J. LARREAL B.

ABSTRACT. Initially, an analysis of the phase change and energy equations
of the “microtron” is carried out, determining its fixed points and their clas-
sification, from which the existence of an elliptical fixed point is determined.
Using the theorems KAM, Moser’s Twist and normal forms, the existence of
invariant curves around the point is determined fixed elliptical.

Keywords: Microtron, invariant curves, theorem KAM, Moser’s Twist theo-
rem, theorem of normal forms.

1. Introduction

Race-track microtron (RTM), is a cyclic particle accelerator for low to inter-
mediate energies, combining properties of linear accelerator (LINAC) and circular
machine, the microtron is sometimes called “electron cyclotron” [SM78, R.E84a,
Lid94]. For applications in which a modest beam power at a relatively high beam
energy is required, this type of particle accelerators allows to get pulsed in such
way that, higher energy continuous beams can be emitted, optimizing cost in a
very effective way, within machine optimal dimensions. Main features of the longi-
tudinal beam dynamics in RTMs, in particular small width of the region of stable
phase oscillations and nonlinear resonances, are essentially the same as in case of
the classical microtron [A.A56, R.E84b, VMVVS(].

The phase change and energy equations of the “microtron” can be modeled by
the equations:

5¢n+1 - 6¢)n + 27;/‘1; 6Wn;
(1.1)
Wosr = AWycos(bs + 86ni1) + 6W, — AW,

where AW = 2 and v = 1 are physical constants and AW, = %.

The recurrence relations (1.1) suggest to model the dynamics as iterations of a
map which can be written as follows:

F(‘Tay) = F¢S($,y) = (f1($7y),f2(5177y)),

where
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Linear Accelerator (linac) with energy W
FIGURE 1. Microtron scheme.
filzy) = x+my,
(1.2)
f2(x7y) = AWOCOS(¢S+f1($7y))+y_27

with which (6¢,41,0Wit1) = Fy, (¢, IW,,).

The stability region associated with the map (1.2) (called acceptance) is the
set of initial conditions at which the particles in the microtron obtain a maximum
energy gain, without escaping to infinity.

2. Normal form

Some properties of Fiy_
(1) Fo4, (205 +z,y) = Fy,(2,y) + (265, 0).
(2> F¢S(CI}, y) = F¢s+27r<$7 y)
(3> F¢S($ + 2, y) - F¢s(x’y) + (27[',0).
(4) There exists R : R?> — R?, R(z,y) = (v + my,—y), such that F(;S1 =
RoFy oRand RoR = Id.
(5) Fix{Fys.} = {(0+ 2n7,0); (—2¢s + 2nm,0)}, with n € Z.
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Property 3 shows that it is sufficient to know the phase portrait at [0, 27] x R.
In the property 4, R is not the unique such that RoF(;S1 =Fy oRand RoR = Id,
since Ry = Fy, o R also verifies it.

It can be seen that, when ¢s € (—arctan(2/7),0), the origin is a hyperbolic
fixed point of the map F' and, in addition, (—2¢s, 0) is an elliptical fixed point.

For some parameters, the intersection between the stable and unstable manifold
of the origin is transversal. Moreover, by Fontich-Sim6 results [FS90] if ¢s is
sufficiently small then the angle at its first intersection is exponentially small.

We will apply the Kolmogorov-Arnold-Moser (KAM) theory to garantee the
existence of invariant curves enclosing the stability region of the elliptic point. For
this the map F must fulfill some technical conditions. One first step is to choose
new variables to transform F into Id 4+ Gy, that is a perturbation of the identity.
With this aim in mind we use the following coordinate change.

T(z,y) = (% %) : (2.1)

In the new variables our map can be written as

F=ToFoT !
So we obtain:

r1 = x4 27mhy,
2
y o= y+ (cos(h%‘l) + = sinh?(h/2) sin(h%z;) — 1) /h3, (2.2)
s
where z; and y; denote the new variables and tan(¢g) = —% sinh2(%).

The interesting thing about this variable change is that the new F map is close
to the identity. Although the fixed points of F' depend on the h parameter, they
remain almost immobile when the h varies, while the two fixed point of the original
map F, which depends on the parameter ¢, tends to collapse into a single fixed
point when h tends to 0.

Note that DT (x,y), is a constant diagonal matrix so that |det(DF(z,y))| = 1,
that is, the property that the application is conservative is preserved by the variable
change.

Remark 2.1. If p a fixed point of F, then p* = T(p) is a fixed point of F =
ToFoT™ 1

Thus F has the following properties:

(1) We know that the fixed points of F' are (0,0) and (—2¢s,0). Then, by
remark 2.1, the fixed points of F' are:

Py = (0,0) and P, = (—2¢5/h?,0),
where 5 b
tan(¢s) = - sinh2(§). (2.3)
and tan(gs) € (—2,0).

T
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The maximum value h* for h > 0, attained by
sinh(h*/2) =1,
where
h* = log(3 4+ V/3).
(2) The eigenvalues of

M, = DF(P,) = { L 2mh ] .

2-sinh®(%4) 4sinh*(%) +1
are et" therefore P is a hyperbolic fixed point of F, for all h # 0.
Although when we put P, into the differential we have:
M, = DF(Py) = { , ! 2mh } .

— 2 sinh*(4) —4sinh?(2) +1

Since sinh?(z) is an increasing function for all # > 0 we have:
h h*
sinh? (2> < sinh? (2> =1 for h € (0,h*),

thus (4 sinhz(%) —2)2 — 4 < 0 and therefore M matrix has eigenvalues
et% . We conclude that, in this range of parameters, P is an elliptical

fixed point of F. Moreover, My is linearly equivalent to a rotation:

| cos(0) —sin(0) |
2T [ sin(f)  cos(h) = Rot(6).

We can establish a functional relation between h and 6 as follows:

cos(f) =1—-2 sinhQ(g), (2.4)
which is obtained from the characteristic polynomial of Ms:
A% —2(1 — 2sinh®(h/2))\ + 1.
The equation (2.4) is equivalent to:

sinh?(h/2) = sin®(0/2) or cosh(h) + cos(h) = 2, (2.5)
Also note: o _1
tan(es) = %'
s
(3) As we had seen F is conservative. Now using the properties 1 and 2 we
have that:
- ; cos(f) —sin(0) x
(P~ o Fyo P)(z,y) = ] + Os (z,y), (2.6)
sin(6) cos(6) y
where ¢ means transposed, and
= = _2¢s/h2
FQ(CL’,Z/) :F(m_2¢s/h27y)t - [ 0 ‘| ) (27)
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translate the fixed point (—2¢s/h?,0) of F to the origin, so that F5(0,0) = (0,0).
Calling F(z,7)* to the left member of (2.6) we have:

_ cos(f) —sin(6) [ x }
F(z,y)t = + Oy (2,y). 2.8
(@) l sin(0) cos(0) Y 2(@,) (2:8)
Explicitly ﬁ’(x, y) = (x1,y1) can be written as:
11 = sin(@)z + cos(f)y (2.9)
h3 cos(gs) [(cos(0) — 2) y1 + y] + cos(¢ps + 2mh3y1)
b o= — : (2.10)
h3 sin () cos(¢s)
1
—_. 2.11
+ h3 sin(6) (2.11)
Moreover, 21 have a Taylor series expansion:
x1 ~ cos(f)z — sin(Q)y + Z(—l)k(")ak(n)(27r)”h3”_3y?. (2.12)

n=2

Note that the application (2.7) can also be written as follows:

F = (&1,7), (2.13)
with:
5:1 _ (1 _ e@z)iﬁ + %(6—91 _ 1)2?] _ ﬁ + COS_NEW(J?,:[]) Z.’ (214)
sin(0)
gl _ _%(691' _ 1)257 _ (1 _ 67975')@ -+ # — COS_NEW(i‘,g)Z (215)
sin(0)
where: ( ; N N )
cos (¢s + 2h3w(ze?” 4+ ye ")
NFE = .
COS _NEW (z,y) 21 cos(0)
With a variable change defined by:
—27h  —2mh T
PN(z7y)|:1_692 1_6—9i:||:y:|'
Thus we have that:
F(z,y) = (PN~ o Fyo PN)(z,y)
Remark 2.2. Note that
u
MR
implies that v = u.
Remark 2.3. If fl(i,ﬂ) = 77 then:
(1)
o = f1(y, 7). (2.16)

(2) Since § = & we have §; = 7;.
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(3) , ,
g1+ a1 = "3 + ey (2.17)
(4) §1 + 71 = 2R(3,) € R.

Expanding (2.14) and (2.15) into Taylor series and using (2.16) we have:

~ 3\n—1,.n
z _ 6 ? 1\k(n) () (2h7)" 7" g, —0i, \n
filwy) = ot o S ey,
‘%1 = fl(jag)v (218)
where:
_ B 1, ifn=2k(n)
Wk(n) = 71_Cfrs(9), if n=2k(n)+1
That is:
g i him? 0i 0i, \2
(1 — cos(0))(2n3m)2 _0i \3:
T arem(e) @ e )
- ~ 3\n—1,n
v _1\k(n) Ok (n) (2h ) 4 01 —0i, \n
Jrsin(@) 7;( D) n! (" +e )",
o= fi(@ ),
ho o= T

3. Existence of invariant curves
In this section we will find the invariant curves of the F map, around the origin.

Definition 3.1 (Twist map). An area-preserving twist map, F : 2 — 2, then
takes the form

F:0,7)— (04 a(r),7)
where da/dT = o/(7) # 0 for 7 € [a,b] and the set A = {(6,7) | a < 7 < b,0 <
0 < 27}, is called an annulus.

Theorem 3.2 (KAM). Let F : A — 2A be, a twist map and a small perturbation
eG(0,r) of class C*, with k > 3, in the annulus A. Then there are simple closed
imwvariant curves close to the circles of constant radius and the measure of the
complementary of their union is small when the perturbation is small. The orbit
of any point on one of these invariant curves is dense under the iterations of the
G. (see [AKNS8S8, Chapter 5: Perturbation Theory for Integrable Systems, Section
3: The KAM Theory, Theorem 19|, [AP90]).

Remark 3.3. The map F defined in (2.13), is not a perturbation of a map Twist,
for this reason we cannot directly use the KAM theorem 3.2.
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Theorem 3.4 (Birkhoff’s Normal Forms). Let G : R? — R?,

. ( ; > _ [ cos(@) —sin(a) ] H} £ Oau), 51)

sin(a) cos(a)
area-preserving.
For everyn € N, p € Z and Vk € {1,...,2(n + 1)} where a # 27% and p and
k are coprimes there exists a variable change

2n-+1 2n+1
To(z,y) = |z + Z ai;z'y’ Yy + Z bija'y’ |,
i+j=2 i+j=2

which transforms the G into a map in:

() - men(})
C9s<6n) —sin(f,) ] {x
sin(By) cos(fBy) Y

|+ Omat@n. G2
with
Bn = Bulw,y) = a+ Y ai(@® +y?), (3.3)
i=1
Remark 3.5. If we omit the terms Oap 49 (2,y), in (3.2) then we have

a(3) = [ ] [5]

Gl is a Twist map as long as any of the ay, coefficients are non-zero, since ddir” #0,
where 12 = 22 4+ 32, now applying the KAM theorem to G,,, we can guarantee the
existence of invariant curves close to circles in a neighborhood of the origin.

Theorem 3.6 (Moser). Let
G( x ) _ l cos(a)  —sin(a) ] [ © ] + Oaem).

Y sin(a) cos(a) Y

area-preserving, if for somen € N, andVp € Z and k € {1,...,2(n+1)}, coprime
such that: o # 278, and ay = -+ = a1 = 0, a, # 0, in the normal form
(3.2), (3.3). Then there are invariant curves close to circles in a sufficiently small
neighborhood of the origin. Furthermore, the orbit of a point is dense on the
corresponding invariant curve.

The following lemma will be used to construct an algorithm which provides a
suitable coordinate change of variable to find the Birkhoff normal form of our map,
in order to apply twist theorem.

Lemma 3.7. Let F : R — R" be a diffeomorphism such that F(0) = 0, with
Taylor expansion F(X) = F1(X)+ Fo(X)+- -+ Fi(X)+ Op41(X), up to orderr,
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where F,. € H,. the set of homogeneous polynomials of order r, and Fy(X) = AX.
Suppose F(X) = AX + F.(X) + Or11(X), and let

X=Y+4+K.(Y)=K(Y),

be the variable change defined by K,.. Then we define
L(K,.(z)) =K. (AX) - AK,(X), K,€H, (3.4)
The map L, is a linear operator that act on the linear space of homogeneous poly-
nomials of order r. If K.(X) is a solution for the equation L(K,.(z)) = F.(X),

then the corresponding variable change, X = K(Y'), annihilate the terms of order
r.

Proof. Let F(X) = AX + F.(X) + O,41(X), with r > 2, consider the following
coordinate change
KY)=X=Y+ K,.(Y) with K, € H,. (3.5)

K, (y) indicates that we have a homogeneous polynomial of order r, as in F).
From now on, as long as we have a subscript r, this will indicate that we have a
homogeneous polynomial of order r.

Since K transforms F' into

F(Y)= (K toFoK)(Y)
and
K HNX) =X - K.(X) 4+ 0,11(X), (3.6)
then we get
F(Y) = K Y(F(Y +K.(Y))
= K1'AY+K.(Y)+F(Y +K.(Y)) +0,41(X)
= K '(AY + AK,(Y) 4+ F.(Y)) + Or11(X)
= AY + AK.(Y) + F.(Y) = K. (AY + AK,(Y) 4+ F.(Y)) + Op11(X)
= AY 4+ AK,.(Y)+ F.(Y) — K.(AY) + O,41(X).
It is wanted to annihilate the lower order terms in the new variable,
F(Y) =AY + F1(Y) + Oppa(Y).
For this you should have to:
AK,Y)+ F.(Y)-K,.(AY)=0= F.(Y) = K. (AY) — AK,.(Y). (3.7)
The equation (3.7) is known as the homological equation. ([
It is of interest to know under what conditions equation (3.7) can be solved.
For this, remember that £ is a linear operator that acts on the linear space of

homogeneous polynomials of order r, H,. If the linear part of F' is assumed to be
diagonalizable and

A0 0
A 0 X O ’
0 0 A
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then, =™e; are the eigenvectors of £ with the respective eigenvalues A™ — A;,
7=1,...,n.
Therefore the coefficients of K, (x) are given by:

(3.8)

with j=1,...,n.

The notation used here means the following;:
A=A ).

. n

m = (m,...,my), with >3, m; = r where, m; € NU {0}.
AT = ANAG? A, with 307 my = r where, m; € NU {0}.
™ = x{"ay? . apte, with 307 m; = r where, m; € NU {0}.
Fm,; is the coefficient of ™ in F,. for the coordinate j -th.
Km,; is the coefficient of ™ in K, for the coordinate j -th.

Remark 3.8. Whenever A™ — \; = 0 it is said that the eigenvalues Ay,..., A, have
a resonance. The existence of resonances is also called the "small denominator
problem" because of the equation (3.8). Most of KAM theory is based on the
idea that a certain Newton’s algorithm can be used to solve small denominator
problems. This is what will be done next for the microton model.

Remark 3.9. If r = 2 on the equation (3.5), then we get

KY)=X=Y+Ky(Y), (3.9
and if we assume the equation (3.6) then:
K YX) =X+ ha(X) + h3(X) + 04(X). (3.10)
The composition between K and K1 is
Y = (KoK YY)
= K +ho(Y)+hs(Y)+ 04(Y))
= Y+ hao(Y)+hs(Y) + Kao(Y + ho(Y) + hs(Y)) + Ou(Y),
therefore
0="ho(Y)+ hs(y) + Ko(Y + ho(Y) + hs(Y)) + Ou(Y). (3.11)
Now applying the Taylor expansion to K2(Y + hao(Y) + h3(Y')) we have:
Ko(Y +hao(Y)+ h3(Y)) = Ko(Y)+DEy(Y) (hao(Y) 4+ h3(Y)) + O4(Y)

= Ka(Y)+ DEa(Y)ha(Y) 4 Ou(Y).
Thus we have the equation (3.11)
ha(Y) = —K(Y) (3.12)
hs(Y) = —DEx(Y)ho(Y) = DEK>(Y)K>(Y) (3.13)

_ Now that we have all the tools, let’s begin by applying the lema 3.7 to our map
F (see (2.20)) in which we have r = 2 and n = 2. For this, define:

f(xay):_

7 . .
h3 2/ 01 —0i, \2
sy @ e
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therefore

FQ(x7y) = (f(a:,y),f(x,y)),

and according to the notation, we get that

” I 7T2h3 201
—F2,0,1 = Fr0.2= sm(&)e 7,
- - m2h3
—F(1,1),1 = F(1,1),2 = 2s1n(9)l’
% L m2h? 207 ;
*F(O,Q),l = F(0,2),2 = sin(@)e 2

By other hand, we have A™ = A" A\J'? = A"™~™2 but m; + me = 2 then
A" = \2"=2 where A = \; = A\; " = e?. Thus we have the following tables:

Lma [ mg [ AT [ A™ =\ | resonance |
2 0 22 )\()\71):6201‘7692' 0—x
1|1 1 1-A=1—¢" 0 — o
0 2 )\—2 )\—2(1 _ )\3) — 6—201‘, _ 691‘ = 27T/3
Lmy [ mg [ ATTAT [ A™ — Xy | resonance |
2 0 22 )\71()\3 _ 1) — 200 _ =00 09 = 27T/3
T T e N N LT
0 |2 A2 A2(1 =N =e 200 00| g =21/3
Therefore
201 9 9 e—20i
2R3 T 20 i Y1 T 1ot Y1Y2 T oo Y2
K = ' 3.14
2(y1,92) sin(0) i " B , (3.14)

201 _o—01 y% + 1,37% Y1y2 + %yg
and using (3.6) we have:
K_l(xl, x9) = (z1,x2) — Ka(x1, 22) + O3(x1, 22). (3.15)

However, we want to determine the inverse K ~!(z1,22), up to order 3, to see
the resonant terms in equation (2.13), for this reason equation (3.13) will be used.
For this, DK5 must first be found.

[DKs]1,1) [DKal1,2)

DKy = 7 (3.16)
[DKs]1,2) [DKa]1)
where -
2meh T Y —_—
DK = — . - | = |DK.
[DK>],1) sin(&)Z <1 ey + 1= 691) [DK2]2,2),
and -
2mh Y T —_—
DK = — ; - - | = [ DK .
[PR2la2) = = 5oy (1 e T 1o eez) (DK@,
Thus

hg(l',y) = DKQ(mvy)KQ(‘ray)

40



EXISTENCE OF INVARIANT CURVES FOR THE EQUATION OF THE MICROTRON

Therefore the development of order 3 for equation (2.13), together with the
composition of K71 X) ~ X + ho(X) + h3(X) and K(Y) = X =Y + K»(Y) we
obtain that:

Frew(@,y) = (K™ 0 F o K)(2,y) = [ Z‘g_fy } + [ Zégzg } +O4(z,y).

1
We denote the homogeneous polynomials, [ Z% Ei’ z; } by Hs(x,y).
3 9

Now we are going to repeat the procedure to leave only the resonant terms of
order 3. Therefore we have A™ = \["'A\J*2 = \™17m2 = \2"1-3 'where A = A\ =

Ay ' = e?. Thus we have the following tables:

[y [ mg [ ATEAT2 [ A™ — )\ | resonance
3 |0 A3 AAZ —1) =307 — 7 0=m
2 1 A 0 )
1 |2 AL A1 =N =e % % |g=n1
0 |3 A3 AT = M) =30 P | g =7/2
[ma [ mg [ ATIAT [ A™ — Xy | resonance |
3 0 23 )\—1()\4 _ 1) — 301 _ 01 0 — 77/2
2 |1 A AN D) =e —e % | o=7
1 |2 D Vo
0 3 23 )\—3(1 _ )\2) —e 30 _ o0 | g — 1

From this tables we get that

1 S 2 1 vy 1 3
h3, 3,0y i —gm T Cra™y + b (1 5y c=riemr + 1 (0,3 ==
Ky=| ) 2 ) o ‘ (3.17)
C xT
h3, 3,0y smme=m + D3 0,1y ar—emar + Comy” + h3 (o ) 7=mri—o=r

where C; y Cy can take arbitrary real values.
Now making

K = I+Ks,
K™t = I-K3+ 0y,

we have

FTLQW2(‘T7y) = (K71 anew OK)(Ivy) - |:

A r(\)a?
* :| + |: (T())\)xyyz :| +O4($,y),

)‘_1y T2
where
A)
r) = —ansea Y
*) qa(A)
p(A) = A0 —3X + (3+87H)A + (4r? —2)\° +
(3+87%)A2 =3\ +1,
ad) = =1\ -1+ 1),
A= e
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Remark 3.10.
(1) The functions p(A\) and ¢(A), do not depend on the values C; and Cs.
(2) A=A"1L
(3) 7 = -~
(4) TW) i=-"cR

X
Now if we make

s

N

r(\)

Moreover, using using (2.5), we can see () explicitly:
2cos(#)? — 3cos(6)? + 4n? cos(f) + 1 + 7
A(0)) = 2mh° 3.19
a(M(0)) =2 (2cos(0) + 1)(cos(0) — 1)sin(0) (3.19)
and
h = arccosh(2 — cos(f)).
Using (3.18), we have that:
) O +aNz)iy
Frewa(w,y) = e(—G—a(/\)acy)z'y +Ou(,y). (3.20)

where z,y € C. Now, note that if we apply the following change of variable
1) —i 1 u
=3[ ][]
Fnew?)(uy U) = P_l o Fner o P(’LL, U)

cos(B) —sin(B) | [ u
sin(B) cos(f3) ] { v } + O4(u,v), (3.21)

we obtain that

where
B =04 a(\)(u? +v?).
and u,v € R.

The above result is clearly indicated in Birkhoff’s theorem.

Now let’s see under what conditions the area-preserving map (2.8) fulfills the
hypotheses of Moser’s theorem 3.6, in order to determine the existence of invariant
curves.

For n = 1, we have the equivalent to a; # 0 and 0 ¢ {2nZ, £ 7Z, 287, 27 7} =
{3r7,37}, since 6 € (0,m) we have 6 # 27, 1, note that the condition oy # 0
indicate that p(A(f)) # 0 in the equation (3.18), for this reason we have to find
when p(A()) is zero. According to this, we can first use a graphical method in
which we see when f(0) = 2cos(0)3 — 3 cos(6)? + 472 cos(0) + 1 + 72, intersects the
axis X and then we get the intersection using Newton, see Figure 2.

Note that there are two intersections, one of them is 0y ~ 1.8429983434, which
is in (0,7), we can also verify that i—o ¢ Q, using continued fractions. So for
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6 = 0y, we can do more steps in a normal way until ap # 0, and thus we have
the conditions of Moser’s theorem 3.6 which guarantee the existence of invariant
curves around the elliptical fixed point.

- j j j 2005(0)°-3c08(8)2+4n%c08(O)H+1° ——=
w0l / |
30 \ / 4
20| B

/

T A
QJ\ /]

] / ]

. N/ |

L L
5 6

FIGURE 2. Corresponding graphics f(6).

4. Conclusions

The KAM theorem guarantees the existence of invariant curves. This theorem
cannot be applied directly, which is why the theorem must be used in normal form
with which we can make some changes to transform our equation, under certain
conditions in the necessary hypotheses to be able to apply Moser’s Twist theorem.
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