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Abstract. For several years we have been proving the following conjecture:

For a control system, impulses, delays and non-local conditions are intrinsic
phenomena that under certain conditions do not change the controllability

of a control system. That is, if we consider these elements as disturbances

of the system, it turns out that the controllability is robust under these
influences not taken into account in many mathematical models that represent

extremely important problems in real life. Therefore, in this work we will

prove the exact controllability of a semilinear control system governed by
a delayed differential equation with infinite delay, non-local conditions and

non-instantaneous impulses. To achieve this goal, we must choose a natural
space that includes these new elements and satisfies the axiomatic theory

proposed by Hale and Kato to study the behavior of differential equations

with unbounded delay. Then, the controllability problem of the system is
transformed into a fixed point problem, for which we will apply Rothe’s Fixed

Point Theorem.

1. Introduction

For a control system we believe impulses, delays and non-local conditions are
intrinsic phenomena that, under certain conditions, do not destroy the controllabil-
ity of the system. In other word, if we consider the impulses, delays and non-local
conditions as perturbations of the system, it turns out that the controllability is
robust under these influences not taken into account in many mathematical mod-
els that represent important problems in real life. Therefore, in this work we will
prove the exact controllability of the following semilinear control system governed
by a delayed differential equation with infinite delay, non-local conditions and
non-instantaneous impulses

z′(t) = A(t)z(t) + B(t)u(t) + F(t, zt, u(t)) t ∈ Ik, k = 0, ..., N
z(t) = Jk(t, z(t−k )) t ∈ Jk, k = 1, ..., N
z(s) = ϕ(s)− h(zπ1

, . . . , zπq )(s) s ∈ (−∞, 0].
(1.1)
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2 KATHERINE GARCIA AND HUGO LEIVA

where I0 = (0, t1], Ik = (sk, tk+1], Jk = (tk, sk], 0 = s0 < t1 < s1 < t2 < s2 <
· · · < sN < tN+1 = τ , for a fixed τ . The control u ∈ PWu and 0 ≤ π1 < π2 <
· · · < πq < τ . Also h : Bq → B, ϕ : R− −→ Rn, ϕ ∈ B, B is the phase space to
be specified later. F : R+ ×B× Rm −→ Rn is a smooth enough function and for
k = 1, 2, 3, · · · , N we have that Jk : Jk×Rn −→ Rn are continuous and represents
the impulsive effect in the system (1.1), i.e., we are considering that the system can
have abrupt changes that stay there for an interval of time. These alterations in
state might be due to certain external factors, which cannot be well described by
pure ordinary differential equations, (see, for instance, [11] and reference therein).
A(t) ∈ Rn×n. For this type of problems the phase space for initial functions plays
an important role in the study of both qualitative and quantitative theory, for
more details, in case without impulses and non local conditions, we refer to Hale
and Kato [7], Hino et al [8] and Shin [18, 19]. The function zt(θ) = z(t + θ)
for θ ∈ (−∞, 0] illustrate the history of the state up to the time t, and also
remembers much of the historical past of ϕ, carrying part of the present to the
past. A similar study was carried out by Muslim Malik, et al in [17], but only
with non-instantaneous impulses; the delay and the nonlocal conditions were not
considered; of course, some ideas were taken from this paper. Here, we consider
the impulses, infinite delay, and non-local conditions simultaneously.

2. Preliminaries

First, and before we start to introduce necessary concepts, let’s start defining
the spaces where this problem will be set. We shall define the function space
PWu = PWu(([0, τ ];Rm) as follows:

PWu = {u : [0, τ ]→ Rm : u is bounded and u ∈ C(I;Rm)} ,

where I =
⋃N
i=0(si, ti+1], endowed with the norm

‖u‖0 = sup
t∈[0,τ ]

‖u(t)‖Rm .

And now, let’s define PW = PW((−∞, 0];Rn) as the normalized piecewise con-
tinuous functions, which can be written as follows:

PW =

{
ϕ : (−∞, 0] −→ Rn : ϕ

∣∣∣
[a,0]

is a piecewise continuous function, ∀a < 0

}
.

Using some ideas from [16], we consider a function g : R→ R+ such that

g(0) = 1, g(−∞) = +∞, g is decreasing.

Remark 2.1. A particular function g is g(s) = exp (−as), with a > 0.

Now, we define the following functions space

Cg =

{
z ∈ PW : sup

s≤0

‖z(s)‖
g(s)

<∞
}
.

We can see that it is actually a Banach space (see [2]).
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NON-INSTANTANEOUS IMPULSES, NON-LOCAL CONDITIONS AND INFINITE DELAY 3

Lemma 2.2. The space Cg equipped with the norm

‖z‖g = sup
s≤0

‖z(s)‖
g(s)

, z ∈ Cg,

is a Banach space.

Our phase space will be
B := Cg,

equipped with the norm
‖z‖B := ‖z‖g.

For more details about it, one can see [1, 7, 15, 16].
Thus, B will be a Banach space of functions mapping (−∞, 0] into Rn endowed
with a norm ‖ · ‖B.

Now, we shall consider the following larger space PWgτ := PWgτ ((−∞, τ ];Rn)
defined by

PWgτ =

{
z : (−∞, τ ]→ Rn : z

∣∣∣
R−
∈ B and z

∣∣∣
(0,τ ]

is a continuous except at tk,

k = 1, 2, ..., N where side limits z(t+k ), z(t−k ) exist and z(t+k ) = z(tk)}.
From Lemma 2.2, we have the following result,

Lemma 2.3. PWgτ is a Banach space endowed with the norm

‖z‖ =
∥∥z|R−

∥∥
B

+ ‖z|I‖∞ ,

where ‖z|I‖∞ = sup
t∈I=(0,τ ]

‖z(t)‖.

Now, let us denote by

Bq = B×B× ...×B =

q∏
i=1

B.

i.e.,
z = (z1, ..., zq)

T ∈ Bq,

and the norm in the space Bq is given by

‖y‖q =

q∑
i=1

‖yi‖B .

Also, we consider the following hypotheses for the development of the main proof:

a) The nonlinear function F : R+ ×B× Rm −→ Rn satisfies

‖F(t, ν, u)‖Rn ≤ a0 ‖ν‖α0

B + b0 ‖u‖β0

Rm + c0, t ∈ (0, τ ], ν ∈ B, u ∈ Rm.
b) The non instantaneous impulses function, Jk ∈ C ((tk, sk]× Rn;Rn) for

all k = 1, 2, 3, . . . , N and satisfies

‖Jk(t, z)‖Rn ≤ ak ‖z‖
αk
Rn + ck,

and
‖ Jk(s, z)− Jk(t, w)‖ ≤ dk (|s− t|+ ‖z − w‖) .
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4 KATHERINE GARCIA AND HUGO LEIVA

c) The function associated with the non local condition h : Bq :−→ B satis-
fies, for z, w ∈ Bq, the following estimate

‖h(z)‖ ≤ c ‖z‖ηBq ,

and

‖h(z)− h(w)‖ ≤ dq ‖z − w‖Bq ,

where η, αk, β0 ∈ [0, 1), ak, b0, ck, dk, c, dq are positive constants for k =
0, 1, · · · , N .

The main goal of this work is to prove the exact controllability of system (1.1);
that is to say, the ability to steer the system from an initial state to a final state
in finite time. In other words, the system (1.1) is said to be exactly controllable
on [0, τ ] if for every ϕ ∈ B, and z1 ∈ Rn, there exists a control u ∈ PWu such
that the corresponding solution z(·) satisfies:

z(0) = ϕ(0)− h(zπ1
, . . . , zπq )(0) and z(τ) = z1.

According to [1, 2], under the conditions assumed on the non linear terms involving
in the system (1.1), the solution of this problem is given by

z(t) =



U(t, 0)[φ(0)− h(zπ1 , . . . , zπq )(0)] +

∫ t

0

U(t, s)F(s, zs, u(t))ds

+

∫ t

0

U(t, s)B(s)u(s)ds, t ∈ I0,

U(t, sk)Jk(t, z(t−k )) +

∫ t

sk

U(t, s)F(s, zs, u(t))ds

+

∫ t

sk

U(t, s)B(s)u(s)ds, t ∈ Ik,

Jk(t, z(t−k )), t ∈ Jk,
φ(t)− h(zπ1 , . . . , zπq )(t), t ∈ R−.

(2.1)
In order to continuous with the preliminaries results, we consider now the linear
control system associated with (1.1)

z′(t) = A(t)z(t) + B(t)u(t), (2.2)

which is assumed to be controllable in any interval [α, β] ⊆ [0, τ ].
Let’s also define the evolution operator or the transition matrix corresponding to
this finite dimensional linear system, which is given by U(t, s) = Φ(t)Φ−1(s), where
Φ is the fundamental matrix of the linear system z′(t) = A(t)z(t), and consider
the following bound

M = sup
s,t∈[0,τ ]

‖U(t, s)‖ .

Due to previous studies, it is already known that the controllability of the linear
system (2.2) is equivalent to the subjectivity of the controllability operator given
by:

G : L2([0, τ ];Rm)→ Rn,
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NON-INSTANTANEOUS IMPULSES, NON-LOCAL CONDITIONS AND INFINITE DELAY 5

Gu =

∫ τ

0

U(τ, s)B(s)u(s)ds, (2.3)

whose corresponding adjoint operator G∗ : Rn → L2([0, τ ];Rm) is easily calculated

(G∗z)(s) = B∗(s)U∗(τ, s)z, s ∈ [0, τ ]. (2.4)

And a control u ∈ L2([0, τ ];Rm) steering the system (2.2) from initial state z0 to
a final state z1 on [0, τ ] is given by the following formula:

u(t) = B∗(t)U∗(τ, t)(W[0,τ ])
−1(z1 − U(τ, 0)z0), t ∈ [0, τ ], (2.5)

where W[0,τ ] : Rn → Rn is the Controllability Gramian Operator, matrix in this
case, defined as

W[0,τ ]z = GG∗z =

∫ τ

0

U(τ, s)B(s)B∗(s)U∗(τ, s)z ds. (2.6)

In the same way, the linear system (2.2) is controllable on [α, β] ⊆ [0, τ ] if, and
only if, the controllability operator given by

Gαβu =

∫ β

α

U(β, s)B(s)u(s)ds, (2.7)

is surjective. i.e., The Gramian Operator Wαβ given by

GαβG∗αβz =W[α,β]z =

∫ β

α

U(β, s)B(s)B∗(s)U∗(β, s)zds, (2.8)

is invertible. For the aforementioned matrix, there exist δα > 0 such that∥∥∥W−1
[α,β]

∥∥∥ < 1
δα
, and a control u steering the linear system (2.2) from zα to zβ on

[α, β] is given by

u(t) = B∗(t)U∗(β, t)(W[α,β])
−1(zβ − U(β, α)zα), t ∈ [α, β]. (2.9)

Remark 2.4. When we study the exact controllability of finite-dimensional linear
systems with controls in L2-spaces, we must bear in mind that the system is
controllable if, and only if, it is controllable with controls in any dense subspace
of L2. Therefore, the system (2.2) is controllable with controls on L2 if, and only
if, it is controllable with controls on PWu(see [14]). Given our main problem, and
in order to study the exact controllability of it, we will use the following Lemma
and theorem that will be clue pieces in the development of the proof of it.

Lemma 2.5. For all function z ∈ PWgτ the following estimate holds for all
s ∈ [0, τ ]:

‖zs‖B ≤ ‖z‖PWgτ .

Theorem 2.6. ( Rothe’s Fixed Theorem, see [9]) Let E be a Banach space. Let
B ⊂ E be a closed convex subset such that the zero of E is contained in the interior
of B. Let Ψ : B → E be a continuous mapping with Ψ(B) relatively compact in E
and Ψ(∂B) ⊂ B. Then there is a point x∗ ∈ B such that Ψ(x∗) = x∗.
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6 KATHERINE GARCIA AND HUGO LEIVA

3. Main Result

This section is devoted to the main result of this paper, i.e., the proof of the
exact controllability of system (1.1) with infinite delay, non instantaneous impulses
and nonlocal. In doing so, we define the following operators to transform our
problem into a fixed point problem:

R1 : PWgτ × PWu −→ PWgτ

(z, u)(t) 7−→ y(t) = R1(z, u)(t),

R2 : PWgτ × PWu −→ PWu

(z, u)(t) 7−→ v(t) := R2(z, u)(t),

which, for arbitrary states ztk+1 , with k = 0, 1, 2, . . . , N , are given by:

y(t) =



φ(t)− h(zπ1 , . . . , zπq )(t), t ∈ R−

U(t, 0)[φ(0)− h(zπ1
, . . . , zπq )(0)] +

∫ t1

0

U(t, s)F(s, zs, u(t))ds

+

∫ t1

0

U(t, s)B(s)(Υ0L0(z, u))(s)ds, t ∈ I0

U(t, sk)Jk(t, z(t−k )) +

∫ t

sk

U(t, s)F(s, zs, u(t))ds

+

∫ t

sk

U(t, s)B(s)(ΥkLk(z, u))(s)ds, t ∈ Ik

Jk(t, z(t−k )), t ∈ Jk
(3.1)

and

v(t) =

{
ΥkLk(z, u) := B∗(t)U∗(tk+1, t)(W[sk,tk+1])

−1Lk(z, u)(t), t ∈ (sk, tk+1],

0, t ∈ (tk, sk),

(3.2)
where,

Lk(z, u) = ztk+1 − U(tk+1, sk)Jk(sk, z(t
−
k ))−

∫ tk+1

sk

U(tk+1, s)F(s, zs, u(s))ds,

(3.3)
and

W[sk,tk+1]z =

∫ tk+1

sk

U(tk+1, s)B(s)B∗(s)U∗(tk+1, s)zds, (3.4)

with δk > 0, such that for each k, we have
∥∥W[sk,tk+1]

∥∥ < 1
δk

.

Now, using the foregoing two operators, we define the operator R as follows:

R : PWgτ × PWu −→ PWgτ × PWu

(z(t), u(t)) 7−→ R(z, u) = (R1(z, u)(t),R2(z, u)(t)).
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NON-INSTANTANEOUS IMPULSES, NON-LOCAL CONDITIONS AND INFINITE DELAY 7

The following remark describes the properties of R and it can be trivially show
from the definition of it.

Remark 3.1. The semi-linear system with non-instantaneous impulses, infinite
delay, and nonlocal conditions (1.1) is controllable on [0, τ ], if and only if, for all
initial state ϕ ∈ PW and a final state z1 the operator R has a fixed point. i.e.,
there exist (z, u) in the domain of R satisfying

R(z, u) = (z, u).

Theorem 3.2. Under the conditions a)-c), the system (1.1) is controllable. There-
fore, it is enough to prove that the operator R defined above has a fixed point. More-
over, given ϕ ∈ B, z1 ∈ Rn and arbitrary points ztk+1 ∈ Rn, k = 0, 1, 2, . . . , N
there exists a control u ∈ PWu such that the corresponding solution z(·) of (1.1)
satisfies:

z(0)− h(zπ1
, . . . , zπq )(0) = ϕ(0), z(tk+1) = ztk+1 , k = 0, 1, 2, . . . , N

where

z(tN+1) = ztN+1 = z1.

In adittion, for all t ∈ (sk, tk+1] and k = 0, 1, 2, . . . , N

u(t) = B∗(t)U∗(tk+1, t)(W(sk,tk+1])
−1Lk(z, u),

with Lk(z, u) as in (3.3).

The prove of this theorem will be given by steps.
Step 1 The operator R is continuous.

In fact, consider hypotheses b) and c), lemma 2.5 and the following cases:

i) t ∈ (0, t1]

‖R1(z, u)(t)−R1(w, v)(t)‖ ≤ Ĉ0 ‖z − w‖

+ D̂0 sup
s∈(0,t1]

‖F(s, zs, u(s))−F(s, ws, v(s))‖

ii) t ∈ (tk, sk]

‖R1(z, u)(t)−R1(w, v)(t)‖ ≤ d0 ‖z − w‖

iii) t ∈ (sk, tk+1]

‖R1(z, u)(t)−R1(w, v)(t)‖ ≤ Ĉk ‖z − w‖

+ D̂k sup
s∈(sk,tk+1]

‖F(s, zs, u(s))−F(s, ws, v(s))‖

iv) t ∈ (−∞, 0]

‖R1(z, u)(t)−R1(w, v)(t)‖ ≤ dqq ‖w − z‖

where,

Ĉk = Ck[1 + K̂k], D̂k = Dk[1 + D̂], K̂k =
(tk+1 − sk) ‖B‖2M2

δk

C0 = Mdqq , Ck = Mdk, Dk = M(tk+1 − sk)
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8 KATHERINE GARCIA AND HUGO LEIVA

Then, because of the continuity of F , Jk, h, we get that R1 is continuous.
Aditionally, R2 is continuous since B, U , Lk, and W[sk,tk+1] are also continuous.
Using the foregoing estimates we obtain, as consequence, that the operator R is
continuous. Note that in the interval (−∞, 0] we get right bound of R1 from the
hypothesis (c), and the operator R2 is zero there.

Step 2 The operator R maps bounded sets into equicontinuous sets.
In fact, we notice that

‖R(z, u)(t2)−R(z, u)(t1)‖ = ‖R1(z, u)(t2)−R1(z, u)(t1)‖
+ ‖R2(z, u)(t2)−R2(z, u)(t1)‖

Now, let D ⊂ PWgτ be a bounded set, and recall that R(D) = R1(D)×R2(D).
Then, for R1, we consider hypothesis b) and the following cases:

i) l1, l2 ∈ (0, t1] such that 0 < l1 < l2 ≤ t1

‖R1(z, u)(l2)−R1(z, u)(l1)‖ ≤
∥∥U(l2, 0){ϕ(0)− h(zπ1

, . . . , zπq )(0)}

+

∫ l2

0

U(l2, s)B(s)(ΥL(z, u))(s)ds

+

∫ l2

0

U(l2, s)F(s, zs, u(s))ds

− U(l1, 0){ϕ(0)− h(zπ1
, . . . , zπq )(0)}

+

∫ l1

0

U(l1, s)B(s)(ΥL(z, u))(s)ds

+

∫ l1

0

U(l1, s)F(s, zs, u(s))ds

∥∥∥∥∥
≤ ‖U(l2, 0)− U(l1, 0)‖

∥∥ϕ(0)− h(zπ1 , . . . , zπq )(0)
∥∥

+

∫ l1

0

‖U(l2, s)− U(l1, s)‖ ‖B(s)(Υ0L0(z, u))(s)‖ ds

+

∫ l2

l1

‖U(l2, s)‖ ‖B(s)(Υ0L0(z, u))(s)‖ ds

+

∫ l1

0

‖U(l2, s)− U(l1, s)‖ ‖F(s, zs, u(s))‖ ds

+

∫ l2

l1

‖U(l2, s)‖ ‖F(s, zs, u(s))‖ ds.

ii) l1, l2 ∈ (tk, sk] such that tk < l1 < l2 ≤ sk

‖R1(z, u)(l2)−R1(z, u)(l1)‖ =
∥∥Jk(l2, z(t

−
k ))− Jk(l1, z(t

−
k )
∥∥

≤ d0|l2 − l1|.

iii) l1, l2 ∈ (sk, tk+1] such that sk < l1 < l2 ≤ tk+1.
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NON-INSTANTANEOUS IMPULSES, NON-LOCAL CONDITIONS AND INFINITE DELAY 9

‖R1(z, u)(l2)−R1(z, u)(l1)‖ ≤
∥∥U(l2, sk)Jk(sk, z(t

−
k ))

+

∫ l2

sk

U(l2, s)B(s)(ΥkLk(z, u))(s)ds

+

∫ l2

sk

U(l2, s)F(s, zs, u(s))ds− U(l1, sk)Jk(sk, z(t
−
k ))

+

∫ l1

sk

U(l1, s)B(s)(ΥkLk(z, u))(s)ds

+

∫ l1

sk

U(l1, s)F(s, zs, u(s))ds

∥∥∥∥∥
≤ ‖U(l2, sk)− U(l1, sk)‖

∥∥Jk(sk, z(t
−
k ))
∥∥

+

∫ l1

sk

‖U(l2, s)− U(l1, s)‖ ‖B(s)(ΥkLk(z, u))(s)‖ ds

+

∫ l2

l1

‖U(l2, s)‖ ‖B(s)(ΥkLk(z, u))(s)‖ ds

+

∫ l1

sk

‖U(l2, s)− U(l1, s)‖ ‖F(s, zs, u(s))‖ ds

+

∫ l2

l1

‖U(l2, s)‖ ‖F(s, zs, u(s))‖ ds,

and

‖R2(z, u)(l2)−R2(z, u)(l1)‖ ≤ ‖U(tk+1, l2)B(l2)

− U(tk+1, l1)B(l1)‖
∥∥(W[sk,tk+1])

−1Lk(z, u)
∥∥ .

iv) l1, l2 ∈ (−∞, 0] such that −∞ ≤ l1 ≤ l2 ≤ 0, then we get

‖R1(z, u)(l2)−R1(z, u)(l1)‖ =
∥∥ϕ(l2)− h(zπ1

, . . . , zπq )(l2)

−ϕ(l1) + h(zπ1
, . . . , zπq )(l1)

∥∥
≤ ‖ϕ(l2)− ϕ(l1)‖

∥∥h(zπ1
, . . . , zπq )(l2)

−h(zπ1
, . . . , zπq )(l1)

∥∥ .
By the continuity of the evolution operator U andW[sk,tk+1], the boundedness of h
on D, with l2 and l1 close enough, and i), ii), iii), iv), the equicontinuity of the sets
R1(D) and R2(D) is obtained, which at the same time implies the equicontinuity
of R(D).

Step 3 For any bounded subset D ⊂ PWgτ × PWu, R(D) is relatively
compact.
In fact, let D be a bounded subset of PWgτ × PWu. By the continuity of F , L,
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10 KATHERINE GARCIA AND HUGO LEIVA

and Jk, it follows that

‖F(·, z, u)‖0 ≤ sup
s∈(0,τ ]

‖F(s, zs, u(s))‖ , ‖W−1
[sk,tk+1]Lk‖ ≤ Tk,

‖Jk‖ ≤ Tk+N+1, k = 1, 2, . . . , N, ∀(z, u) ∈ D,

where ‖Jk‖ = supt∈(0,τ ]{‖Jk(t, z(t−k ))‖Rn , T1, · · · , T2N+1 ∈ R. Therefore, S(D) is
uniformly bounded.
Now, we consider a sequence {ψi = (yi, vi) : i = 1, 2, . . . , } in S(D). Since
{vi : i = 1, 2, . . . } is contained in S2(D) ⊂ PWu and S2(D) is an uniformly
bounded and equicontinuous family, by Arzelà-Ascoli Theorem, we can assume,
without loss of generality, that {vi : i = 1, 2, . . . , } converges.
On the other hand, since {yi : i = 1, 2, . . . , } is contained in

S1(D) ⊂ PWgτ ((−∞, τ ];Rn), then yi

∣∣∣
(−∞,−τq ]

= φ − h(φΠ1
, φΠ2

, . . . , φΠq ), i =

1, 2, . . . ,.
Taking into account that {yi : i = 1, 2, . . . , } is bounded and equicontinuous in
[0, t1], we can apply Arzelà-Ascoli Theorem to ensure the existence of a subse-
quence {y1

i : i = 1, 2, . . . , } of {yi : i = 1, 2, . . . , }, which is uniformly convergent on
[0, t1]. Now, consider the sequence {φ1

i : i = 1, 2, . . . , } on the interval [t1, t2]. On
this interval the sequence {y1

k : i = 1, 2, . . . , } is uniformly bounded and equicontin-
uous, and for the same reason, it has a subsequence {y2

i : i = 1, 2, . . . , } uniformly
convergent on [0, t2]. In this way, for the intervals [t2, t3], [t3, t4], . . . , [tN , τ ], we

see that the sequence {φN+1
i : i = 1, 2, . . . , } converges uniformly on the interval

[0, τ ].
Besides, in the interval [−Πq, 0] the function yi is piecewise continuous, then

repeating the foregoing process we can assume that the subsequence {ψN+1
i =

(yN+1
i , vN+1

i ) : i = 1, 2, . . . , } converges uniformly on (−∞, τ ]. This means that

S(D) is compact, i.e., S(D) is relatively compact.
Step 4.

The following limit holds

lim
‖(z,u)‖→∞

‖R(z, u)‖
‖(z, u)‖

= 0,

where ‖·‖ is the norm in the space PWgτ × PWu. In fact, first we have to make
the following estimates:

a) For t ∈ (0, t1], we have that

‖L0(z, u)‖ ≤
∥∥zt1∥∥+M ‖ϕ‖+Mcq ‖z‖η +Mt1[a0q ‖z‖α0 + b0 ‖u‖β0

Rm + c0],

which implies that R2 and R1 are bounded by:

‖R2(z, u)(t)‖ ≤ M ‖B‖
δ0

∥∥zt1∥∥+
‖B‖M2

δ0
‖ϕ‖+

‖B‖M
δ0

cq ‖z‖η

+
‖B‖M2t1

δ0
[a0q ‖z‖α0 + b0 ‖u‖β0

Rm + c0]
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and

‖R1(z, u)(t)‖ ≤M ‖ϕ‖+Mcq ‖z‖η +Mt1[a0q ‖z‖α0 + b0 ‖u‖β0

Rm + c0] +M ‖B‖ t1

×
{
M ‖B‖
δ0

∥∥zt1∥∥+
‖B‖M2

δ0
‖ϕ‖+

‖B‖M
δ0

cq ‖z‖η

+
‖B‖M2t1

δ0
[a0q ‖z‖α0 + b0 ‖u‖β0

Rm + c0]

}
From the above inequality, we get an estimate for R

‖R(z, u)‖ = ‖R1(z, u)‖+ ‖R2(z, u)‖

≤ E0 ‖ϕ‖+H0

∥∥zt1∥∥+D0 ‖z‖η + F0[a0q ‖z‖α0 + b0 ‖u‖β0

Rm + c0].

Hence

‖R(z, u)(t)‖
‖(z, u)‖

≤ E0 ‖ϕ‖+H0 ‖zt1‖
‖z‖+ ‖u‖

+D0 ‖z‖η−1
+ F0

[
a0q ‖z‖α0−1

+ b0 ‖u‖β0−1
Rm

(3.5)

+
c0

‖z‖+ ‖u‖

]
.

b) For t ∈ (sk, tk+1], we get the following bound

‖Lk(z, u)‖ ≤
∥∥ztk+1

∥∥+M [ak ‖z‖αk + ck] +M(tk+1 − sk)[a0q ‖z‖α0 + b0 ‖u‖β0

Rm

+ c0].

Consequently, the operator R2 satisfies

‖R2(z, u)(t)‖ ≤ M ‖B‖
δk

∥∥ztk+1
∥∥+
‖B‖M2

δk
[ak ‖z‖αk + ck]

+
‖B‖M2(tk+1 − sk)

δk
[a0q ‖z‖α0 + b0 ‖u‖β0

Rm + c0]

and, for operator for the operator R1, we obtain

‖R1(z, u)(t)‖ ≤M [ak ‖z‖αi + ci] +Mtk+1 ‖B‖
[
M‖B‖
δk
‖ztk+1‖

+ ‖B‖M2

δk
[ak ‖z‖αk + ck] + ‖B‖M2(tk+1−sk)

δk
[a0q ‖z‖α0 + b0 ‖u‖β0

Rm

+c0]] +M(tk+1 − sk)[ak ‖z‖αk + ck].

Thus, dividing by the norm of the space, we can get the following estimate

‖R(z, u)(t)‖
‖(z, u)‖

≤ Ek
[
ak ‖z‖αk−1

+
ck

‖z‖+ ‖u‖

]
+
Hk ‖ztk+1‖
‖z‖+ ‖u‖

(3.6)

+ Fk

[
a0q ‖z‖α0−1

+ b0 ‖u‖β0−1
Rm +

c0
‖z‖+ ‖u‖

]
.

c) For t ∈ (tk, sk], we have that

‖R1(z, u)(t)‖ ≤ ak ‖z‖αk + ck,
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consequently,

‖R(z, u)(t)‖
‖(z, u)‖

≤ ak ‖z‖αk−1
+

ci
‖z‖+ ‖u‖

, (3.7)

where,

D0 =

[
Mcq +

‖B‖2M2t1cq

δ0
+
‖B‖Mcq

δ0

]
,

Ek =

[
M +

(tk+1 − sk) ‖B‖2M3

δk
+
‖B‖M2

δk

]
,

Hk =

[
(tk+1 − sk) ‖B‖2M2

δk
+
‖B‖M
δk

]
,

and

Fk =

[
(tk+1 − sk)2 ‖B‖2M3

δk
+M(tk+1 − sk) +

(tk+1 − sk) ‖B‖M2

δk

]
.

Hence, considering the hypotheses (a)-(c), Lemma 2.5 and 0 < αk < 1, 0 < β0 < 1,
k = 0, 1, . . . , N , 0 < η < 1, it follows from (3.5), (3.6) and (3.7) that

lim
‖(z,u)‖→∞

‖R(z, u)‖
‖(z, u)‖

= 0.

Now, we are ready to prove that operator R has fixed point. In fact, for a fixed
0 < ρ < 1, there exists r > 0 big enough, such that

‖R(z, u)‖ ≤ ρ ‖(z, u)‖ , for all ‖(z, u)‖ ≥ r.

In particularly, if ‖(z, u)‖ = r, then ‖R(z, u)‖ ≤ ρr < r. Consequently,

R(∂B(0, r)) ⊂ B(0, r).

So, applying Rothe’s Fixed Point Theorem 2.6, we conclude that the operator R
has a fixed point (z, u) ∈ PWgτ × PWu. i.e., R(z, u) = (z, u), which prove the
controllability of system (1.1).

Moreover, from the definition of the operator R and the proof of the above
theorem, we have obtained that, for ϕ ∈ B, z1 ∈ Rn and arbitrary points ztk+1 ∈
Rn, k = 0, 1, 2, . . . , N , there exists a control u ∈ PWu such that

u(t) = B∗(t)U∗(tk+1, t)(W(sk,tk+1])
−1Lk(z, u)

for t ∈ (sk, tk+1] , k = 1, 2, · · · , N . Replacing u into the solution (2.1), and evalu-
ating it at t = 0, t1, · · · tk+1, we obtain that:

z(0) + h(zπ1
, . . . , zπq )(0) = ϕ(0),
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z(t1) = U(t1, 0)[ϕ(0)− h(zπ1
, . . . , zπq )(0)] +

∫ t1

0

U(t1, s)F(s, zs, u(s))ds

+

∫ t1

0

U(t1, s)B(s)B∗(s)U∗(t1, s)(W(0,t1])
−1{zt1 − U(t1, 0)[ϕ(0)

−h(zπ1
, . . . , zπq )(0)]−

∫ t1

0

U(t1, v)F(v, zv, u(v))dv]}ds

= U(t1, 0)[ϕ(0)− h(zπ1
, . . . , zπq )(0)] +

∫ t1

0

U(t1, s)F(s, zs, u(s))ds

+(W(0,t1])(W(0,t1])
−1{zt1 − U(t1, 0)[ϕ(0)− h(zπ1

, . . . , zπq )(0)]

−
∫ t1

0

U(t1, v)F(v, zv, u(v))dv} := zt1

z(tk+1) = U(tk+1, sk)Jk(sk, z(t
−
k )) +

∫ tk+1

sk

U(tk+1, s)F(s, zs, u(s))ds

+

∫ tk+1

sk

U(tk+1, s)B(s)B∗(s)U∗(tk+1, s)(W(sk,tk+1])
−1{ztk+1

−U(tk+1, si)Jk(sk, z(t
−
k ))−

∫ tk+1

sk

U(t1, v)F(v, zv, u(v))dv}ds

= U(tk+1, sk)Jk(sk, z(t
−
k )) +

∫ tk+1

sk

U(tk+1, s)F(s, zs, u(s))ds

+(W(sk,tk+1])(W(sk,tk+1])
−1{ztk+1 − U(tk+1, sk)Jk(sk, z(t

−
k ))

−
∫ tk+1

sk

U(tk+1, v)F(v, zv, u(v))dv} := ztk+1 .

Observe that, if k = N , then z(tN+1) = ztN+1 = z1, and since tN+1 = τ , we get
that z(τ) = z1. This complete the proof.

4. Final Remark

In this work we have proved the exact controllability of a control system gov-
erned by a retarded differential equation with infinite delay, non-local conditions
and non-instantaneous impulses, which confirmers that impulses, delays and non-
local conditions are intrinsic phenomena that under certain conditions do not
destroy the controllability of a system if some conditions are assumed. That is,
if we consider these elements as disturbances of the system, it turns out that the
controllability is robust under these influences not taken into account in many
mathematical models that represent extremely important problems in real life. To
achieve this goal, we must choose a natural space that includes these new elements
and satisfies the axiomatic theory proposed by Hale and Kato to study the be-
havior of differential equations with unbounded delay. Then, the controllability
problem of the system is transformed into a fixed point problem, for which we
apply Rothe’s Fixed Point Theorem. Also, the ideas presented here, can be used
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to study the controllability of infinite dimensional systems in Hilbert spaces where
the dynamical is given by the infinitesimal generator A of a compact semigroup
{T (t)}t≥0, in this case we only get approximate controllability of the system.
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