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CONTROLLABILITY OF NON-INSTANTANEOUS IMPULSIVE
EQUATIONS WITH NON-LOCAL CONDITIONS AND
UNBOUNDED DELAY

KATHERINE GARCIA AND HUGO LEIVA

ABSTRACT. For several years we have been proving the following conjecture:
For a control system, impulses, delays and non-local conditions are intrinsic
phenomena that under certain conditions do not change the controllability
of a control system. That is, if we consider these elements as disturbances
of the system, it turns out that the controllability is robust under these
influences not taken into account in many mathematical models that represent
extremely important problems in real life. Therefore, in this work we will
prove the exact controllability of a semilinear control system governed by
a delayed differential equation with infinite delay, non-local conditions and
non-instantaneous impulses. To achieve this goal, we must choose a natural
space that includes these new elements and satisfies the axiomatic theory
proposed by Hale and Kato to study the behavior of differential equations
with unbounded delay. Then, the controllability problem of the system is
transformed into a fixed point problem, for which we will apply Rothe’s Fixed
Point Theorem.

1. Introduction

For a control system we believe impulses, delays and non-local conditions are
intrinsic phenomena that, under certain conditions, do not destroy the controllabil-
ity of the system. In other word, if we consider the impulses, delays and non-local
conditions as perturbations of the system, it turns out that the controllability is
robust under these influences not taken into account in many mathematical mod-
els that represent important problems in real life. Therefore, in this work we will
prove the exact controllability of the following semilinear control system governed
by a delayed differential equation with infinite delay, non-local conditions and
non-instantaneous impulses

2'(t) = At)z(t) + B(t)u(t) + F(t, z¢, u(t)) tely, k=0,..,N
2(t) = Ti(t, 2(t;)) teJy, k=1,.,N
() = () — Homy 1 2,)(5) 5 € (—00,0].

(1.1)
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where Iy = (0,t1], Ix = (Sk,trs1], Jue = (g, 8k], 0= 5o < t1 < 81 < tg < 83 <
coe < sy < tyy1 = T, for a fixed 7. The control u € PW, and 0 < m < 7y <
s <y < 7. Also h: B =B, o : R — R", ¢ € ‘B, B is the phase space to
be specified later. F : Ry x B x R™ — R” is a smooth enough function and for
k=1,2,3,---, N we have that J : Jp Xx R™ — R are continuous and represents
the impulsive effect in the system (1.1), i.e., we are considering that the system can
have abrupt changes that stay there for an interval of time. These alterations in
state might be due to certain external factors, which cannot be well described by
pure ordinary differential equations, (see, for instance, [11] and reference therein).
A(t) € R ™. For this type of problems the phase space for initial functions plays
an important role in the study of both qualitative and quantitative theory, for
more details, in case without impulses and non local conditions, we refer to Hale
and Kato [7], Hino et al [8] and Shin [18, 19]. The function z,(6) = z(t + 0)
for § € (—o0,0] illustrate the history of the state up to the time ¢, and also
remembers much of the historical past of (, carrying part of the present to the
past. A similar study was carried out by Muslim Malik, et al in [17], but only
with non-instantaneous impulses; the delay and the nonlocal conditions were not
considered; of course, some ideas were taken from this paper. Here, we consider
the impulses, infinite delay, and non-local conditions simultaneously.

2. Preliminaries

First, and before we start to introduce necessary concepts, let’s start defining
the spaces where this problem will be set. We shall define the function space
PW,, = PW,(([0, 7]; R™) as follows:

PW,, = {u:[0,7] = R™ : u is bounded and u € C(I; R™)},
where I = Uﬁio(si, t;+1], endowed with the norm

[ullg = sup [[u(®)]gm -
te[0,T

And now, let’s define PW = PW((—o0,0];R") as the normalized piecewise con-

tinuous functions, which can be written as follows:

PW = {ap : (—00,0] — R™: | is a piecewise continuous function, Va < 0} .

[a,0

Using some ideas from [16], we consider a function g : R — R4 such that
9(0) =1, g(—o0) =400, ¢ is decreasing.

Remark 2.1. A particular function g is g(s) = exp (—as), with a > 0.

Now, we define the following functions space

Cy = {z € PW : sup (o)l < oo}.
s<0 9(s)

We can see that it is actually a Banach space (see [2]).

174
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Lemma 2.2. The space C, equipped with the norm

R— 1Ol
g g

s<0 9(s)
is a Banach space.
Our phase space will be
B = Cy,
equipped with the norm
l[2lls == []lg-

For more details about it, one can see [1, 7, 15, 16].
Thus, 9B will be a Banach space of functions mapping (—o0, 0] into R™ endowed
with a norm || - ||ss.

Now, we shall consider the following larger space PWy, := PWgy, ((—o0, 7]; R™)
defined by

PWyr = {z i (=00, 7] > R™ : 2 €% and z o1 is a continuous except at ty,
R_ 0,7
k=1,2,..., N where side limits 2(t]), z(¢; ) exist and z(¢;) = z(tx)}.
From Lemma 2.2, we have the following result,
Lemma 2.3. PW, is a Banach space endowed with the norm

21 = [|2lr_[lgs + 1211 lloc

where ||z[1]l = sup [lz(2)].
t 7]

)

Now, let us denote by
q
%q:%x%x...x%:n%.
i=1
ie.,
2= (21, 29) " € B9,

and the norm in the space 87 is given by

q
yll, = llyills -
=1

Also, we consider the following hypotheses for the development of the main proof:
a) The nonlinear function F : Ry x B x R™ — R" satisfies

IF(t v, w)lzn < aolIIIG + bo llulleh +co, ¢ € (0,7],v € B,ueR™

b) The non instantaneous impulses function, Ji € C ((t, sg] x R™;R™) for
all k=1,2,3,..., N and satisfies

1T (t, )l < ax 1zllgn + ck,

and
| Tk(s,2) = Tu(t,w)|| < di ([s —t|+ ||z —w]).
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¢) The function associated with the non local condition h : B9 :— B satis-
fies, for z,w € B9, the following estimate

[R() < ellzllga
and
[h(2) = h(w)|| < dg ||z — ]l g,

where 0, ax, 8o € [0,1), ax, bo, ¢k, dg, ¢, d, are positive constants for k =
0,1,---,N.
The main goal of this work is to prove the exact controllability of system (1.1);
that is to say, the ability to steer the system from an initial state to a final state
in finite time. In other words, the system (1.1) is said to be exactly controllable
on [0, 7] if for every p € B, and 2! € R", there exists a control u € PW,, such
that the corresponding solution z(-) satisfies:

2(0) = ¢(0) — h(2ny, ..., 22,)(0) and 2(7) = 2"

According to [1, 2], under the conditions assumed on the non linear terms involving
in the system (1.1), the solution of this problem is given by

U(t,0)[¢(0) = h(zry, .- 2x,)(0)] + /0 U(t, 8)F (s, zs,u(t))ds
/ U(t, $)B(s)u(s)ds te I,

2(t) = Ut sk) Tr(t, 2(;)) / UL, $)F (s, zs,u(t))ds

+/t U(t, s)B(s)u(s)ds, t € I,

tI:))a te Jg,

o(t) = h(zrys -y 2m,) (1), teR™.
(2.1)

In order to continuous with the preliminaries results, we consider now the linear
control system associated with (1.1)

2(t) = A(t)z(t) + B(t)u(t), (2.2)

which is assumed to be controllable in any interval [a, 8] C [0, 7].
Let’s also define the evolution operator or the transition matrix corresponding to
this finite dimensional linear system, which is given by U(t, s) = ®(t)®~*(s), where
® is the fundamental matrix of the linear system 2'(t) = A(¢)z(t), and consider
the following bound

M= sup [Ut3)].

s,t€[0,7]

Due to previous studies, it is already known that the controllability of the linear
system (2.2) is equivalent to the subjectivity of the controllability operator given
by:

G : L*([0,7;R™) = R",
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NON-INSTANTANEOUS IMPULSES, NON-LOCAL CONDITIONS AND INFINITE DELAY

Gu = / U(T, s)B(s)u(s)ds, (2.3)

0
whose corresponding adjoint operator G* : R — L2([0, 7]; R™) is easily calculated
(G*2)(s) = B*(s)U*(1,s)z, s€]0,7]. (2.4)

And a control u € L%([0, 7]; R™) steering the system (2.2) from initial state 2° to
a final state z! on [0, 7] is given by the following formula:

u(t) = B*(t)U* (r, t)(W[oyT])_l(zl —U(1,0)2%), telo,r], (2.5)
where Wig ;1 : R" — R" is the Controllability Gramian Operator, matrix in this
case, defined as

Wio,n1z2 = GG%2 = /OTU(T, $)B(s)B*(s)U* (T, $)z ds. (2.6)

In the same way, the linear system (2.2) is controllable on [a, 8] C [0, 7] if, and
only if, the controllability operator given by

B
Gosu = [ U 9B(s)uls)ds, (2.7)

is surjective. i.e., The Gramian Operator Wa/3 given by

B
Gos g = Wia )2 = / U(B, 5)B(s)B* (s)U" (8, 5)=ds, (2.8)

is invertible. For the aforementioned matrix, there exist d, > 0 such that
-1

‘W[a,m‘

[a, B] is given by

u(t) = B* (U (B,6) Wia,g1) (27 —U(B,)2%),  t € [a,f]. (2.9)

Remark 2.4. When we study the exact controllability of finite-dimensional linear
systems with controls in L2-spaces, we must bear in mind that the system is
controllable if, and only if, it is controllable with controls in any dense subspace
of L2. Therefore, the system (2.2) is controllable with controls on L? if, and only
if, it is controllable with controls on PW,(see [14]). Given our main problem, and
in order to study the exact controllability of it, we will use the following Lemma
and theorem that will be clue pieces in the development of the proof of it.

< i, and a control u steering the linear system (2.2) from z® to z” on

Lemma 2.5. For all function z € PWy, the following estimate holds for all
se[0,7]:

[zslls < lIzllpw,. -

Theorem 2.6. ( Rothe’s Fized Theorem, see [9]) Let E be a Banach space. Let
B C FE be a closed convex subset such that the zero of E is contained in the interior
of B. Let U : B — E be a continuous mapping with ¥(B) relatively compact in E
and U(0B) C B. Then there is a point ©* € B such that U (x*) = z*.
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3. Main Result

This section is devoted to the main result of this paper, i.e., the proof of the
exact controllability of system (1.1) with infinite delay, non instantaneous impulses
and nonlocal. In doing so, we define the following operators to transform our
problem into a fixed point problem:

Ri:PWyr x PWy, — PWy,
(z,u)(t) — y(t) = Ra(z,u)(t),
Ro: PWyr x PW, — PW,
(zy,u)(t) +— o(t) == Ra(z,u)(t),
which, for arbitrary states zt*+1, with k=0,1,2,...,N, are given by:
(z)(t)_h(zﬂu"'vzﬂ'q)(t)a teR™
t1
U(t,0)[¢(0) = h(zry, .- 2x,)(0)] + U(t, s)F(s, zs, u(t))ds
0
ty
+/ U(t,s)B(s)(ToLo(z,u))(s)ds, tel
yi)=q t
UL, sk)Ti(t, 2(t;)) —|—/ U(t, 8)F(s, zs, u(t))ds
t
+/ U(t, s)B(s)(TpLi(z,u))(s)ds, t el
jk(taz(t];))a tEJk
(3.1)
and
o(t) = Tili(z,u) == B*(t)U*(tk+17t)(W[Sk,tk+1])_1£k(Z7 u)(t), t € (sp,tuta],
B 0, t € (tg, k),
(3.2)
where,

tht1
Lr(z,u) = Pl — U(tkyr, sk) T (sk, (1)) —/ U(tks1, 8)F (s, zs,u(s))ds,
' (3.3)
and
tet1
Wisi tesr]? = / U(tkt1,8)B(s)B*(s)U* (tg+1, s)zds, (3.4)

Sk

with 65 > 0, such that for each k, we have HW[Sk,tkH] H < é.

Now, using the foregoing two operators, we define the operator R as follows:

R:PWyr X PW, — PW,y, x PW,
(z(t),u®) — R(z,u) = (Ri(z,u)(t), Ra(z,u)(t))-
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The following remark describes the properties of R and it can be trivially show
from the definition of it.

Remark 3.1. The semi-linear system with non-instantaneous impulses, infinite
delay, and nonlocal conditions (1.1) is controllable on [0, 7], if and only if, for all
initial state ¢ € PW and a final state z' the operator R has a fixed point. i.e.,
there exist (z,u) in the domain of R satisfying

R(z,u) = (z,u).

Theorem 3.2. Under the conditions a)-c), the system (1.1) is controllable. There-
fore, it is enough to prove that the operator R defined above has a fized point. More-
over, given o € B, z' € R™ and arbitrary points z'*+* € R", k=0,1,2,...,N
there exists a control w € PW,, such that the corresponding solution z(-) of (1.1)
satisfies:

Z(O)_h’(zﬂ'w"'az‘ﬂ'q)(o):90(0)7 Z(tk+1)zztk+17 k:07172a"'7N

where
1

2(tyg1) = 2N = 2L
In adittion, for allt € (sg,tr11] and k=0,1,2,..., N
u(t) = B (U (b1, ) Wisy )~ L1 (2, w),

with Lk (z,u) as in (3.3).

teyi]

The prove of this theorem will be given by steps.
Step 1 The operator R is continuous.
In fact, consider hypotheses b) and c), lemma 2.5 and the following cases:

1) t e (O,tl]
1R (2, 1)(8) = Ra(w,v) (D)) < Co ||z — wl|

+ Do sup [ F(s, ze u(s)) = F(s, we, v(s))|
s€(0,t1]

ii) t € (g, sk
[R1(z,u)(t) = Ri(w,v) ()| < do ||z — w]|
iii) ¢ € (sk,the1)
IR (2, u)(t) = Ra (w,v) (1) < Ci ||z — v
+ Dy sup  ||F(s, 2z, u(s)) — F(s,ws, v(s))||

SE(sk,trt1]
iv) t € (—00,0]
[R1(2, u)(t) — Ri(w,v)(#)|| < dggq|lw — ||
where,
(try1 — si) || B]|* M?
Ok
Co = Mdyq ,Cr = Mdy, Dy = M(tg+1 — sk)

ék:Ck[l—l—Kk], kaDk[l—i—.D}, Kkz
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Then, because of the continuity of F, J, h, we get that R is continuous.
Aditionally, R is continuous since B, U, £k, and W, 4, ,] are also continuous.
Using the foregoing estimates we obtain, as consequence, that the operator R is
continuous. Note that in the interval (—oo, 0] we get right bound of R4 from the
hypothesis (c), and the operator R is zero there.

Step 2 The operator R maps bounded sets into equicontinuous sets.
In fact, we notice that

IRz, u)(t2) = R(z,u) (b))l = [Ri(z,u)(t2) = Ralz, u)(t)]
+  [Ra(z,u)(t2) = Ra(z,u)(t1)]

Now, let D C PWy, be a bounded set, and recall that R(D) = R1(D) xRz(D).
Then, for Ry, we consider hypothesis b) and the following cases:

1) l1,l5 € (O,tl] such that 0 <l <ly <t

IR1(2,u)(l2) = Ra(z, u) (L)

IN

[¢4(12,0){(0) = A(2r,, ., 2x,)(0)}
+ /012 U(lz, 8)B(s)(TL(z,u))(s)ds
/Ol2 U(l2, 8)F (s, zs,u(s))ds

U, 0){p(0) = Az, -+, 2, )(0)}

1
+ / U(ly, $)B(s)(TL(z,u))(s)ds
0

_|_

I
+ /0 U(ly, 8)F (s, zs,u(s))ds

< ||u(l270) _u(llvo)” HSO(O) - h(zﬂ'17‘ e 7Z7Tq)(0)||
Iy

+ / U, 5) — Uy, )] 1B(s) (ToLo(zw))(s)]| ds
l2

+ / 6Tz, )] 1B(s)(Too (2 ) (s)]] ds
1l1

+ / Ul 8) — ULy, $)]| | F (s, 700 uls))]| ds
l2

+ /l Ul )| | F (5, 2 u(s))]] ds.

i) I1,la € (tk, sk] such that ty, <y <ly < s

[R1(z,u)(I2) — Ra(z,u) ()| = || Tull2, 2(t), ) — Ti(ly, 2(t;)||
< dolla — 1]

111) l1,l5 € (8k7tk+1] such that s, <l <y < Tht1-
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IR1(2,u)(l2) = Ra(z, u) (L)l

IN

ULz, 51) T (s, 2(25))
l2
+ U(l2, 8)B(s)(TrLr(z,u))(s)ds

i

+ /L{(lg,s)]:(s,z&u(s))ds—Z/l(ll,sk)jk(sk,z(t,;))
L

+ /Z/{(ll,S)B(s)(TkSk(z,u))(s)ds
l1

+ U(lh, s)F (s, zs,u(s))ds

IN

[24(12, s1) = U, i) || T (s, 2(8) |

Iy
+ / U, 5) — ULy, 9)]| [1B()(C1 (2, w)(5)]] ds

Sk

+

12
/l U1, $)]| [1B(s)(Tx Lz, w)(s)]| ds

l
b G s) Ut ) 17 (s, 2 (o)) s

k

_|_

l2
/l U, )| 1 F (5, 200 u(s))]| s,
and

[R2(z, u)(l2) = Ra(z,w)(l)|| < 1A (tr41,12)B(l2)
- u(tk-l-l?ll)B(ll)H ’|(W[Sk,tk+1])71’gk(zﬂu)” .

iv) Iy,ls € (—00,0] such that —oco < 1; <y <0, then we get

[R1 (2, u)(l2) = Ra(z,w) ()] = [[(l2) = Pzmys - s 2, ) (l2)
—(l1) + h(Zayy - -y qu)(h)H
< lle(l2) = oI Az, - - - 2m, ) (12)
—h(zgy,- .- ,zﬁq)(ll)H .

By the continuity of the evolution operator U and Wi, 4, ], the boundedness of h
on D, with I and {3 close enough, and i), ii), iii), iv), the equicontinuity of the sets
R1(D) and Ry (D) is obtained, which at the same time implies the equicontinuity
of R(D).

Step 3 For any bounded subset D C PW,, x PW,, R(D) is relatively
compact.
In fact, let D be a bounded subset of PW,, x PW,. By the continuity of F, £,
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and Jj, it follows that

IFCzu)llo < s%p]\\f(svzs,U(S))H, Wi Sl < T
se (0,7

||jk” STk—&-N—&-la k:]-aQa"'aNa V(Z,U)GD,

where || Jk[| = sup;c (o, {1 Tk (t, 2(t; )llrns T, - -+, Ton41 € R. Therefore, S(D) is
uniformly bounded.

Now, we consider a sequence {v; = (y;,v;) : i = 1,2,...,} in S(D). Since
{vi i =1,2,...} is contained in Sa(D) C PW, and S2(D) is an uniformly
bounded and equicontinuous family, by Arzela-Ascoli Theorem, we can assume,

without loss of generality, that {v; : 4 =1,2,...,} converges.

On the other hand, since {y; : i = 1,2,..., } is contained in

SI(D) c ,PW{]T((_OO7T];RR)7 then Yi (—o0,—74] = ¢ - h(¢H17¢H27~ . '7¢Hq)’ i =
1,2,..... T

Taking into account that {y; : ¢ = 1,2,...,} is bounded and equicontinuous in
[0,t1], we can apply Arzela-Ascoli Theorem to ensure the existence of a subse-
quence {y! :i=1,2,...,}of {y; : i =1,2,..., }, which is uniformly convergent on
[0,21]. Now, consider the sequence {¢} : i =1,2,...,} on the interval [t;,%2]. On
this interval the sequence {y,ﬁ :1=1,2,..., }is uniformly bounded and equicontin-
uous, and for the same reason, it has a subsequence {y? : i = 1,2, ..., } uniformly
convergent on [0, ¢s]. In this way, for the intervals [ta,t3], [t3,t4], ..., [tn, 7], We
see that the sequence {¢fv 1.4 =1,2,...,} converges uniformly on the interval
[0, 7].

Besides, in the interval [—II,,0] the function y; is piecewise continuous, then

repeating the foregoing process we can assume that the subsequence {dJlN =
(N N i =1,2

Y L, ..., } converges uniformly on (—oo,7]. This means that
S(D) is compact, i.e., S(D) is relatively compact.
Step 4.
The following limit holds
RG] _,
Izl [I(zu)] 7
where ||-|| is the norm in the space PW,, x PW,,. In fact, first we have to make

the following estimates:

a) For t € (0,t1], we have that
120(z, )l < ||| + M llgpll + Meq | 211" + Mt [aog |21 + bo [lull 22, + o,
which implies that Ro and R, are bounded by:

M ||B]| S 18| M*
do

[Ra(z,u)(®)]| < 5

I+ cq ||z

ol + 1B M
0

)
|B| M2t

4 BB s 4 g e, + e
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and

IR (2, u) (8)]| < M ||| + Meg |2]|" + Mtrfaog ||2]|* + bo [[ullgh + co] + M ||B]|

M ||B B M? B|| M
MUBL oy IBLME B
do do do

B|| M3t o
+ PO g e 4 ol + ol

From the above inequality, we get an estimate for R
IRz, u)ll = [[R1(z, w)l| + | R2(z, w)|
< Eollell + Ho ||2"* || + Do |21 + Folaoq 2™ + bo [[ull 2 + co]-

Hence

[RGw)O] _ Bolle] + Hollz"| - o

= Dolz]"" + F O

||(z,u)H —= ||Z||+||u|| + OHZH + I'o GOCI”ZH + OHUH]R
(3.5)

c
|
12[1 + [l

b) For ¢ € (sg, tkt1], we get the following bound
1€6 (2, w) | < (|20 || + Mlag [|2]* + e&] + M (try1 — si)laog [|2]*° + bo [[ullgen
+ Co].
Consequently, the operator Ro satisfies

M ||B B|| M? o
(I1R2(z,u)(t)]] < % ||zt’“+1|| + %[ak 127" + ck]

B|| M?(tyi1 —s
4 BB = 00 g o g o

o+ ¢l

and, for operator for the operator Ri, we obtain

IR (2, w) (@) < Mlay, |||

a; -+ Ci] + Mtk+1 ||B|| [%}f” ||Ztk+1 ||

+ %[ak l2)1** + ck] + W%ﬂ’“)[aoq l|2]|* + bo ||u||ﬂg?n
+col] + M (kg1 — si)lak [|2]|** + k).
Thus, dividing by the norm of the space, we can get the following estimate
IR G, )@ H |28+
1Gwl =l + Tl

_ _ Co
R [aoq 121+ o ot + ] .
B T Tl

_ C
gEk[ak||z|a“+ k %

BT (3.6)

¢) For t € (ty, sk], we have that

IR (2, w) O] < ak |21 + cx,
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consequently,
IRz, w)(®)] a1 ci
o S akllz ™+ e (3.7)
Iz, w)| [zl + flul
where,
B|? M3t B|| M
Dy — | a1cq + 1BIEM?tea 1B cq]
do do
2
B, = |ar g e —so) 1Bl M?|1B| M?
O Ok ’
ther — k) |BIP M2 ||B| M
[ = so B2 A2 8] ]
O 5
and
trpr — sp)? || BII° M3 trorr — si) ||B|| M2
o | (e s;})k IBI M2 |y gy (i s;:u [ ]

Hence, considering the hypotheses (a)-(c), Lemma 2.5 and 0 < o < 1,0 < Sy < 1,
k=0,1,...,N ,0 <n<1,it follows from (3.5), (3.6) and (3.7) that

Rz wll _

= 0.
I(zu)l=oo [|(2,u)]|

Now, we are ready to prove that operator R has fixed point. In fact, for a fixed
0 < p < 1, there exists » > 0 big enough, such that

IRz u)ll <pll(zwll, foral [[(zu)]=r
In particularly, if ||(z, u)|| = 7, then |R(z,u)| < pr < r. Consequently,
R(0B(0,7)) C B(0,r).

So, applying Rothe’s Fixed Point Theorem 2.6, we conclude that the operator R
has a fixed point (z,u) € PWy, x PW,,. ie., R(z,u) = (z,u), which prove the
controllability of system (1.1).

Moreover, from the definition of the operator R and the proof of the above
theorem, we have obtained that, for ¢ € B, 2! € R" and arbitrary points z*+! €
R™ k=0,1,2,...,N, there exists a control u € PW,, such that

u(t) = B (OU (trar, ) Wesi )™ Ll 1)

te+1

for t € (sg,tg+1], K =1,2,--- , N. Replacing u into the solution (2.1), and evalu-
ating it at ¢ = 0, ¢y, - - - tx+1, we obtain that:

2(0) + Az -+, 2, )(0) = 9(0),
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2(t1) = U(t1,0)[@(0) = h(zn,, ..., 2x,)(0)] + ; 1 U(t1, 5)F (s, 2zs,u(s))ds
[t 5) BB (U (11,5 W)™ e, = U1, 000
—h(zgy, .oy 22,)(0)] — ; 1 U(t1,v)F (v, 2y, u(v))dv] }ds

= U(t1,0)[(0) = h(zrys .-+, 22, )(0)] + /o 1 U(t1, 8)F(s,zs,u(s))ds
+W0.0) Wio,0) " Hze, = U1, 0)[9(0) = A2, 5 -5 2, )(0)]

_/O IZ/{(tlaU)]:(U,ZU,u(U))dU} — h

ter) = Ultess, si)Telsn 2(0)) + / Uiy, ) F (5, 70 u(s))ds

Sk

tre41
+ / u(tk-‘rla S)B(S)B* (S)Z’{* (tk-i-lv S)(W(Sk,tk+1])_l{ztk+1

Sk

Ut 50) (s 2(67)) — / Ut 0) F v, 20, ulv))dv}ds

Sk

= Ut s1)Telswn 2(t)) + / Ut ) F (5, 700 u(s))ds

Sk

+()/V(Sk,tjﬁq])(1/\)(“>‘)€,tk+1])71{2"tk+1 - Z/[(tk+1, Sk)jk (Slﬁ Z(t]:))

tht1
7/ U(tg1,0)F (0, 2p,u(v))do} o= 241
Sk

Observe that, if k = N, then z(ty;1) = 2/¥+1 = 21, and since ty1 = 7, we get
that z(7) = 2. This complete the proof.

4. Final Remark

In this work we have proved the exact controllability of a control system gov-
erned by a retarded differential equation with infinite delay, non-local conditions
and non-instantaneous impulses, which confirmers that impulses, delays and non-
local conditions are intrinsic phenomena that under certain conditions do not
destroy the controllability of a system if some conditions are assumed. That is,
if we consider these elements as disturbances of the system, it turns out that the
controllability is robust under these influences not taken into account in many
mathematical models that represent extremely important problems in real life. To
achieve this goal, we must choose a natural space that includes these new elements
and satisfies the axiomatic theory proposed by Hale and Kato to study the be-
havior of differential equations with unbounded delay. Then, the controllability
problem of the system is transformed into a fixed point problem, for which we
apply Rothe’s Fixed Point Theorem. Also, the ideas presented here, can be used
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to study the controllability of infinite dimensional systems in Hilbert spaces where
the dynamical is given by the infinitesimal generator A of a compact semigroup
{T'(t)}+>0, in this case we only get approximate controllability of the system.
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