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Abstract. In this paper, we establish a sufficient condition for the global attractivity
of solutions of the following higher order difference equation

Tny1 = (1= p)zn + pn—if(Tn-t), n=20,1,..., (0.1)

where k is a positive integer, u € (0, 1) is a real number, and f is a continuous function
defined on [0, B) such that af(z) : (0,B) — (0, B), where B < co. Applications to
some difference equation models derived from mathematical biology are also given.
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1. Introduction

The following difference equation

Tnr1 = (1 — )T + fn_s [1+q(1— (I’};’“))L (1.1)

where k is a positive integer, K,q,z € (0,00),u € (0,1) and [z]; = max{x,0}, has
been proposed by the International Whaling Commission as a model that describes
the dynamics of baleen whales, see [1], [2], [5] and the references cited therein. The
global stability of Eq.(1.1) has been studied in [1] and [2], and a sufficient condition
for the positive equilibrium K to be globally asymptotically stable relative to the
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q
a is a positive constant with ¢ < min{K,z* — K}. A question now is how to obtain

conditions for the global asymptotic stability of the equilibrium K of Eq.(1.1) relative
to the whole interval (0,2*). In fact, this problem has been posted in [5] as a research
project for a quite while. However, to the best of our knowledge, there is no known
results in the literature about the problem so far.

Motivated by the above observation, our aim in this paper is to study the global
attractivity of the following more general higher order difference equation

1/z
interval (K — a, K + a) C (0,z*) has been established, where z* = K (ﬂ) and

Tn+1 = (1 _N)xn‘kﬂxnfkf(xnfk); n=0,1,..., (12)

where k is a positive integer, p € (0, 1) is a real number, and f is a continuous function
defined on [0, B) such that zf(z) : (0, B) — (0, B), where B < co. Assume that Z is
the only point in (0, B) satisfying f(xz) = 1. Then Z is the unique positive equilibrium
of Eq.(1.2). With Eq.(1.2) we associate an initial condition of the form

T fy X—ftl, .-, 2o € [0, B) with 29 > 0. (1.3)

Then, by the method of steps, it follows that IVP (1.2) and (1.3) has a unique solution
{zn} and z, € (0,B),n=0,1,....

In the next section, we will establish a sufficient condition for  to be a global
attractor of all positive solutions of Eq.(1.2). Then, in Section 3, by applying the result
obtained in Section 2 and the linearized stability theory, we will obtain a criteria for
the globally asymptotic stability of the positive equilibrium K of Eq.(1.1) relative to
the whole interval (0, 2*); we will also use another example derived from mathematical
biology to illustrate the application of our main result.

2. Global Attractivity of Eq.(1.2)

In this section, we will establish a sufficient condition for the global attractivity
of solutions of Eq.(1.2). The following lemma is needed.

Lemma 2.1. Assume that
(x—Z)(f(x)—1) <0, T # T (2.1)
Then every positive solution {x,} of Eq.(1.2) satisfies

liminfx, =1>0 and limsupz, =L < B.

n—0oo n— oo

Proof. First we show that

limsupx, = L < B. (2.2)

n—oo

Suppose it is not true. Then there is a subsequence {z,,} of {z,} such that

ZTp, = max z, and lim z, =B. (2.3)
0<n<n, r—00
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From Eq.(1.2) we see that

(1= p)(@n, = Tn,—1) + pn, = fpn,—1-kf(Tn,—1-k)-

Then, by noting (2.3), it follows that

ZTn, < xnrflfkf(znrflfk) < xnrf(xnrflfk)a (2-4)

which implies that f(x,,.—1-x) > 1. Hence @, 1 < Z and so there is a subsequence
{xn”_l_k} of {&,,—1-x} such that lim; Ty, —1-k = b, where 0 < b < 7. From
(2.4) we see that

xnri S xnriflfkf(xnriflfk)v

which implies that
B <bf(b).

Clearly, this contradicts the hypothesis zf(z) < B, = € (0, B). Hence, (2.2) must
hold.
Next, we show that

liminfx, =1> 0. (2.5)

n—oo

Otherwise, there is a subsequence {x,,_} of {z,} such that

ZTp, = min z, and lim x, = 0. (2.6)
: 0<n<ng 5§—00 °

From Eq.(1.2) we see that
(1= p)(@n, —Tn,—1) + pn, = pn,—1-kf(Tn,—1-k).
Then, by noting (2.6), it follows that
Tny 2 Tn,1-kf (Tn,—1-k) 2 T, [ (Tn,-1-k), (2.7)

which implies that f(x,,_1-%) < 1. Hence z,_ _1_ > Z. Since (2.2) holds, {z,} is
bounded and then there is a subsequence {2, —1-k} of {#n,—1-} such that

lim z,, —1_% =c,
y J

j—oo
where T < ¢ < B. From (2.7) we see that
xnsj Z Insjflfkf(xnsjflfk)

which implies that
0>cf(c).
Clearly, this is a contradiction. Hence, (2.5) must hold. The proof is complete. 0

The following theorem is our main result in this section.
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Theorem 2.1. Assume that (2.1) holds and the function xf(x) is L-Lipschitz with
(1—-01—pwhhHL < 1. (2.8)
Then T is a global attractor of solutions of Eq.(1.2) ( Relative to the interval (0, B).)

Proof. First we show that every nonoscillatroy (about Z) solution {z,} tends to Z
as n — oo. Suppose that x, — T is eventually positive. The proof for the case that
Ty, — T is eventually negative is similar and will be omitted. Hence, by noting Lemma
1, there is a positive integer N and a positive constant P such that

<z, <P<B for n > N.
From Eq.(1.2), we see that
Tpt1+k — Tntk + 1(Tntk — Tn) = prn(f(2n) — 1).

By summing both sides of this equality from N to n, we have

k n
Tngirk — Nk 1Y (Tngi — npio1) = p Y () —1). (2.9)
=1 i=N

If z, /» T as n — oo, then there is a convergent subsequence {z,,, } of {z,} such that
limy,— 00 ®n,, > Z and so it follows that

Z zn(flan) —1) < Z Tn,, (f(@n,,) —1) = —oc.
n=N m=1

Hence, the right side of (2.9) is unbounded, while the left side of (2.9) is bounded since
{z,} is bounded by Lemma 1. This contradiction implies that x,, — T as n — oo.

Next, assume that {z,,} is a solution of Eq.(1.2) and oscillates about Z, that is,
Zn — T is not of eventually constant sign. Let y,, = x,, — . Then {y,} satisfies the
equation

Yni1 = (L= yn + t((Yn—k + ) f(Yn-k + T) — T) (2.10)

and {y,, } oscillates about zero. Let y; < y; be two consecutive members of the solution
{yn} such that

¥ <0, yj4+1 <0 and y, >0 for i+1<n <y (2.11)

Let
Yr = max{yir1, Yit2, .-, Yj }-

We claim that

r—(i+1)<k. (2.12)
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Suppose, for the sake of contradiction, that r — (i + 1) > k. Then y, > y,—1_x > 0.
By noting y,—1-r + & > T and (2.1), we see that f(y,—1—r + &) < 1 and so

Yr—1-k + ) fYr1-k+Z) —Yr =T < Yr—1-k + T —Yr — T = Yr—1-k — Yr < 0.(2.13)
However, (2.10) yields

1
(yrflfk + j)f(yrflfk + j) —Yr— T = ;(yr - yrfl) >0,

which contradicts (2.13). Hence (2.12) must hold.
Since {z,} is bounded by Lemma 1, there is a positive constant M such that

Yntk + D) fWYn-t +T) —T=zp_pf(@n_r) — T < M, n=0,1,....
Hence, by noting (2.11), it follows from (2.10) that
Yit1 < pM and ypi1 < (1= pyn +pM for i+1<n<j
Then by indiction, it is easy to show that
yr <0 =p)" g+ (1= (L= p) M
and so
yr < (L=p)" M4 (1= (1=p)" "M = (1= (1—p)" )M < (1-(1-p)**)M.

Hence,
yn <(1-(1-p*HM,  i<n<y

Since y; and y; are arbitrary, we see that there is an integer ng > 0 such that

yn < (1— (1 =) HM,  n>ny. (2.14)
Similarly, it can be shown that

yn > —(1— (1 =) HM,  n>n. (2.15)

Now, consider any two consecutive members x; and x; of the solution with ng +k <
i < j and with the property (2.11). By a similar argument, we can show that (2.12)
holds. Then, by noting (2.14), (2.15) and the Lipschitz property of the function = f (x),
we see that

|Yn+2)f (Y t+2) =] = [y +2) f (y+2)~2f ()| < Llyn+a—2 < LO-(1-p)" )M,
n > ng, and so it follows from (2.10) that
yit1 < pL(l— (1 — "M

and
Yni1 < (1= pwyn +pL(1— (1= )M,  i+1<n<j
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Then, by induction, we see that

yr < (11— M)T_i_lyi-H +L(1-(1- /j,)k"'l)(l —(1- N)T_i_l)M
< (1= )" L~ (1 @MY M 4+ L~ (1 - @) (1 = (1 - )M
= LO-01-m"*HA-0-p )M
< L—(1—p)*)2M

which implies that
Yo <L(1—(1—p)H2M,  i+1<n<j

Since y; and y; with j > ¢ > ng + k are arbitrary, we see that there is an integer
n1(> no + k) such that

Yo < L(1— (1 —p)*™2M,  n>ny.
Similarly, we may show that
yn > —L1 = Q="M n>n

Finally, by induction, we find that for any positive integer m, there is a positive
integer n,, such that

yul < LML= (L= @) "M, 0>

Clearly, by noting (2.8), it follows that y,, — 0 and so x,, — Z as n — 0o0. The proof
is complete. 0

Now, observe that the linearized equation of Eq.(1.2) about the equilibrium Z is
Znt1 — (1= w)zn + (1 +2f(Z))zn—r = 0, n=0,1,.... (2.16)

A sufficient condition (see [5]) for the zero solution of Eq.(2.16) to be asymptotically
stable is
L=l + /@) < 1,

that is,
N+zf(z) <1. (2.17)

Hence, the following result is a direct consequence of Theorem 1 and the linearized
theory.

Corollary 2.1. Assume that (2.1), (2.8) and (2.17) hold. Then the positive equilib-
rium T is globally asymptotically stable (relative to the interval (0, B)).
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3. Applications

In this section, we apply our main result obtained in Section 2 to some difference
equation models derived from mathematical biology. First, consider the following
model which has been mentioned in Section 1

Tp1 = (1 — @)y + p2n_k {1 +q (1 - (%};k)z” L (3.1)

where k is a positive integer, K, q,z € (0,00),u € (0,1) and [z]+ = max{z,0}, and
the solutions {z,} of Eq.(3.1) satisfy the initial conditions of the form

T ks Tkt 1, .-, &0 € [0,27) with x>0, (3.2)

q
be a global attractor of solutions of Eq.(3.1).

1/z
where z* = K (ﬂ) . The following result provides a sufficient condition for K to

Theorem 3.1. Assume that

1 1+1/z
¢ < % 1 (3.3)

and
1-—01-p*hHL <1, (3.4)

where L = max{1+q,z(1+q)}. Then the positive equilibrium K is a global attractor
of solutions of Eq.(3.1) relative to the interval (0, x*).

Proof. Let

g9(x) = x[1 +q(1 = (z/K)%)]4.
It has been shown (see [5]) that g : (0,2*) — (0,2*), and the solutions {z,} of
Eq.(3.1) with initial conditions of form (3.2) satisfy z,, € (0,2*), n =0,1,.... Hence,
with the initial conditions of form (3.2), Eq.(3.1) is equivalent to the equation

Tni1 = (1 — @)y + prn_g {1 +q (1 — (%};k)z)} ) (3.5)

Let
f@) =144 - (@/K)),  xe (0,2,

Clearly, K is the only point in (0,2*) satisfing f(z) =1 and
(z— K)(f(z)—1) <0 for = #K.
Observe that

(@f(2)) =1+q(1—(1+2)(x/K)*),  x€(0,27).
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Clearly
sup{(zf(2))'} =1+ ¢ and inf{(zf(2))'} = —2(1 +q).
Hence, the function xf(z) is L-Lipschitz with L = max{1 + ¢, 2(1 + ¢)}. By noting
all the conditions assumed in Theorem 1 are satisfied, we see that every solution of
Eq.(3.1) tends to K as n — oo. The proof is complete. 0
By Corollary 1 and Theorem 2, and by noting (2.17) with z = K is equivalent to
0<gz<2, (3.6)

we have the following globally asymptotical stability result for Eq.(3.1) immediately.

Corollary 3.1. Assume that (3.3), (3.4) and (8.6) hold. Then the positive equilib-
rium K of Fq.(58.1) is globally asymptotically stable relative to the interval (0, x*).

Remark 3.1. It has been shown (see [5]) that if

2a
. )2 K+a (14 2)t*1/=
< — -1 3.7
q—mln{z’(Kg—a)z_l}< p ) (3.7)

where a is a positive number satisfing ¢ < min{K,z* — K}, then the positive equi-
librium K of Eq.(3.1) is globally asymptotically stable relative to the interval (K —
a, K +a) C (0,z*).

By comparing this result with ours, we find that we not only obtain a sufficient
condition which is very easy to verify for the positive equilibrium K to be globally
asymptotically stable relative to the whole interval (0, z*), but also make the “delay”
k and the parameter p to play roles in the condition.

Next, consider the difference equation

BTn_k

bl =0,1,... 3.8
1+xﬁik7 n ) Y Y ( )

Tntl = Ay +

where @ € (0,1),p, 8 € (0,00) and k is a positive integer, and the initial conditions of
the form

T fy Xkt 1, -, Lo € [0,00) with 29 > 0. (3.9)

Clearly, every solution {z, } of Eq.(3.8) with (3.9) exists and is positive forever. When
k = 0, Eq.(3.8) was proposed by Milton and Belair [7] as a model for the bobwhite
quail population of northern Wisconsin, and its local and global stability has been
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studied in [7] and [3]. Eq.(3.8) is also a discrete analogue of a model that has been
used to study blood cell production ([6]). Observe that Eq.(3.8) can be written as

B
xn+1::U.—/an—%uxn_kii:ég——, n=0,1,..., (3.10)
n—k

where p = 1 — . Then by using Theorem 1, we have the following global attractivity
result for Eq.(3.8).
Theorem 3.2. Assume that

l-a
1—a<ﬁ<ml,

where I =1 if p < 1, and I = min{1, (pf—pl)Q} if p > 1. Then every solution {x,}of

Eq.(3.8) tends to its positive equilibrium T = (%)1/1’ as n — oo.
Proof. Let
_ B/
f(:v)—1+$p, x € (0,00).

Clearly, z = (% — 1)V/P = (Z2=1)1/p i5 the only positive point satisfying f(z) = 1,
and
(x—Z)(f(x)—1) <0 for z#z.
Observe that B+ (1— p)a?)
;. + (1 —p)z
(zf(x)) = (1 + 2p)2

and
"o ﬂpxpil((p - 1)561) - (p + 1))
sy = 2 D0 S0 1)

Clearly, when p <1, (zf(x))’ > 0 and (zf(z))” < 0, and so it follows that

sup{|(z f())'[} = =.

While for the case that p > 1, sup{(zf(z))'} = % and

inf{(2(@))'} = @ @) |ompetyin =~

and so it follows that

_ 2
sup{|(2f())']} = max {§ %} .

Hence, the function z f(x) is L-Lipschitz with L = % if p<1, and

L—max{é,iﬁ(p_ 1)2}
po App
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if p > 1. Then, it is easy to see that (3.11) implies that (2.8) is satisfied, and so
by Theorem 1, every positive solution of Eq.(3.10), that is, every positive solution of
Eq.(3.8), tends to its positive equilibrium as n — co. The proof is complete. O

Remark 3.2. The result for the case p < 1 in the above theorem has been established
in [4]; while for the case p > 1, it has been shown in [4] that if
p
l—a<f<(l—a)—,
a<f<-a-ts
then every positive solution of Eq.(3.8) converges to its positive equilibrium Z as
n — oo. Here, we obtain a different condition.
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