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Abstract. In this paper, we consider the semilinear Duffing equation
i +n*z + g(z) = p(t),

where p(t) is a 2m-periodic function and lim|,_ x7tg(z) = 0. We give some sharp
sufficient conditions for the existence and multiplicity of periodic solutions in terms
of the time map. Unlike many existing results in the literature, our main results here
allow g(z) be unbounded or oscillatory without asymptotic limits.

AMS Subject Classifications: 34C11, 34C28, 58F35

Keywords: Semilinear Duffing equation; Periodic solution; Existence; Multiplicity

1. Introduction and Main Results

As one of the simplest but nontrivial conservative system, the Duffing equation

i+g(x)=pt), p(t+2m)=p(t) (1.0)

has been widely investigated by many authors and many results have been obtained
for the existence and multiplicity of periodic solutions by various methods, such as
critical point theory, phase plane technique and continuation methods based on degree
theory. We refer to [2, 3, 5, 7, 6, 11] and the references therein.

In the present paper, we consider the Duffing equation of the form

i+ nz + g(x) = p(t), (1.1)
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where n € N,p(t + 27) = p(t) and lim; ooz~ 'g(z) = 0.
Set

D= /0 p(t)e """ dt. (1.2)

In a classical paper [7], Lazer and Leach proved that if p(t) € C(R/27Z), g(x) € C(R)
is bounded and if

Ip| <2 max{limJirnfg(:v) —limsup g(z), liminf g(z) — limsup g(x)},

T——00 T =00 T— 00

then the equation (1.1) has at least one 2m-periodic solution. Moreover, if g(x) is not
constant and if

|p| > 2 <Sl}12pg(x) - i%@(il?)) :

then the equation (1.1) has no 2m-periodic solution.
In particular, if the limits

g(+):= lim g(z), g(-):= lim g(x)

r——+00 TrT——00

are finite, and
g(—) <gx) <g(+), or g(+)<g(z)<g(-), forall x€R.

Then the condition
Ip| <2[g(+) —g(=)I- (1.3)

is a necessary and sufficient condition for the existence of 27-periodic solutions of

(1.1).

Set )
D(p) :/ g(pcosB) cosbdf (1.4)
0
and
¢" =limsup ®(p), ¢4 = liminf ®(p). (1.5)
p——+o00 p—+o0

In a recent paper [6], Krasnosel’skii and Mawhin gave a new formulation of the Lazer-
Leach conditions for the existence of 27-periodic solutions. A slight modification of
Krasnosel’skii and Mawhin’s result is given as follows

Theorem A. Assume that p(t) € C(R/27Z) and g(z) € C(R) is bounded. Then the
following statements hold true:
(i) If one of the following four relations is valid:

¢t > |p| > dpy >0, —¢y > |p| > =9 >0,

ot >p|>0>9¢s,  —¢y>|p>0>—09",

then the equation (1.1) has an unbounded sequence of 2m-periodic solutions.
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(i) If one of the following two conditions
¢+ > B, =0 >1pl,

holds, then the equation (1.1) has at least one 2m-periodic solution, and the set of
such solutions is bounded.

Consider the auxiliary equation
i+ n*z+g(x) =0, (1.6)
which is equivalent to the following autonomous Hamiltonian system
i=-ny, y=nz+n g, (1.7)

with the Hamiltonian function
1 xT
Ho(e,y) = gn(a*+ ) + 07 [ glo)ds
0

For h > 0, we denote by 7(h) the least positive period of the orbit I', : Ho(z,y) = h
of the system (1.7). For h > 0, set

T(h) = VA (T(h) - 2—7T> . (1.8)

n

There have been several authors [2, 5, 11] investigating the existence and multi-
plicity of periodic solutions of (1.1) in terms of the asymptotic behavior of the time
map 7(h). In particular, the following theorem has been proved.

Theorem B. Assume that p(t) € C(R/2rZ) and limj,_ 4oz~ g(x) = 0, then the
following statements hold true:
(i) If g(x) is continuous and

limsup'(h) = 400, liminfT'(h) = —o0,
h— 400 h—+o0

then (1.1) has infinitely many 2m-periodic solutions.
(i) If g(x) is Lipschitz continuous and

limsup [T'(h)| = +o0,
h—+o00

then (1.1) has at least one 2m-periodic solution.

A natural question is whether or not (1.1) admits a 27w-periodic solution if

limsup |T'(h)| < 4o00.
h

— 400

In the present paper, we study this problem for (1.1) and obtain the following theorem.
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Theorem 1. Suppose that p(t) € C*(R/27Z), g(x) € C*(R) and
lim 2" 1g®(z)=0, k=0,1.

|z|—+o00

Then the following statements hold true:
(i) (1.1) has at least one 2m-periodic solution if

15| < v2n°/2limsup [T'(h)|;
h—+o00

(i) (1.1) has an unbounded sequence of 2m-periodic solutions if

5| < v2n®/? min{lim sup I'(h), — lhim infT'(h)},
h

where p and T'(h) are given by (1.2) and (1.8), respectively.
As a corollary of Theorem 1, we have the following

Theorem 2. Suppose that p(t) € C*(R/27Z), g(z) € C*(R) and

lim |z|"Y2g(z) =0, limsup |z|'/2|¢'(z)| < +o0.

|| =00 |z|—+o0

Then the following statements hold true:
(i) (1.1) has at least one 2m-periodic solution if

|p| < limsup |®(p)];
p——+o00

(i) (1.1) has an unbounded sequence of 2m-periodic solutions if

|p| < min {hm sup @(p), — lim inf @(p)} ,

p——+oco p——+o0
where p and ®(p) are given by (1.2) and (1.4), respectively.
Remark 1. In our main results, the quantities

limsup [C(R),  limsup [B(p)],
p—+o0

— 400

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

may be infinity. In [6], the authors proposed the following question: It would be
interesting to prove some analogs of Theorem A for unbounded functions g(x), either
for finite or infinite values ¢+ and ¢, . Our results can be seen as an answer to this

question.

Remark 2. If the asymptotic limits g(4+) and g(—) are finite, then by the domi-
nated convergence theorem, (1.13), and hence (1.10), reduce to (1.3), therefore, the

inequalities (1.10) and (1.13) are sharp.

The rest of this paper is organized as follows. In Section 2, some technical lemmas
will be established and those lemmas will be employed in the proof of our main
theorems. The proofs of theorem 1 and theorem 2 will be given in Section 3 and

Section 4, respectively.
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2. Preliminaries

By introducing a new variable y as y = —n =1, (1.1) is changed into the following
planar Hamiltonian system

1 1

L | — Z — Zp(t 2.1

#=-ny, §=nr+—g(x)=—p(t) (2.1)
with the Hamiltonian function

Hw,9,0) = gn(a? +17) + - Gla) — —op(t)

x = -n(x ~G(z) — =z

'Y, 2 Y n n P
and (1.6) is changed into the Hamiltonian system (1.7) with the Hamiltonian function

1 9 9 1

where G(z) = [ g(s)ds.

Under the standard symplectic transformation (r,0) — (z,y) with » > 0 and
6 (mod 27), given by

r=+V2rcosf, y=+2rsin, (2.2)
the systems (2.1) and (1.7) are transformed into the following two Hamiltonian sys-
tems

= —ﬁh(r 0,t), 6= gh(r 0,t) (2.3)
r= 80 ) ) Y - 8’[" ) ) N
and 9 9
Tﬁ_%hO(TaG)a 0= EhO(Tvo)v (2 4)
respectively, where
1 1
h(r,0,t) = H(z,y,t) = nr + —G(v/2r cos§) — —v/2rp(t) cos b, (2.5)
n n
and 1
ho(r,0) = Ho(z,y) = nr + —G(v/2r cos ). (2.6)
n
From (1.9) and (2.6), we see that
myyoo 22 = limy—yoo [0+ 2G(v2rcosb)]

= lim, 400 [n + n\}gg(\/ﬂ cos ) cos 9}

= n

and
Ohg 1

——— =n+4+
or n 2Tg

(V/2r cos ) cos 6 > 0,
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for » > 1. By the implicit function theorem, we know that there exists a function
Ry = Ry(h,0) of class C? with |Ry(h,0)| < e(h)h such that

ro(h,0) = n"'h 4+ Ry(h,0)

solve the equation
1
h = h(ro,0) = nro + —G(v/2r cos b).
n

In a similar way, we may show that there is a function Ry = Ra(h,t,0) of class
C? with |Ra(h,t,0)| < e(h)h such that

r(h,t,0) = n"'h 4+ Ry(h,t,0)

satisfies 1 1
h = h(r,t,0) = nr + —G(V2r cos8) — =v/2rp(t) cos .
n n

Notice that
rdf — hdt = —(hdt — rdf), rdf — hodt = —(hodt — rdb),

we know that

dh 0 dt 0
E - _&T(h’atvo)? @ - %T(hvtae) (27)
and a9 it 9
E = —aro(hﬁ) = O, @ = %To(h,e) (28)

are two Hamiltonian systems with Hamiltonian functions r = r(h,t¢,0) and ro =
ro(h, 8), respectively. Now the action, angle and time variables are h, t and 6 respec-
tively. This trick has been used by several authors (see [8, 9, 10]).
It follows from (2.6) and (2.8) that
27

T(h) = [y Zro(h,0)do

27 do
fo 2 ho(ro,0) (2.9)

- f27f do
0  n+n—1(2rg)~1/2g(y/2rg cos ) cos 0’

where rg = ro(h, 0).

Lemma 2.1. If (1.9) holds, then

r(h,t,0) = ro(h,0) + V2020 2p(t) cos O + R(h,t,0), (2.10)
with
akiR(h t,0)| < e(h) - h=k+1/2 (2.11)
ankarm b =€ ’ '
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for k+m <1, where e(h) — 0 as h — +oo.
Proof. The proof is similar to that of Lemma 2.2 in [10] and is omitted. [

Lemma 2.2. If (1.9) holds, there is a canonical transformation
U:h=p, t=7+T(p,0)

with T'(p,0 + 2w) = T'(p,0) such that the transformed system of (2.7) is of the form

dp 0 dr 0
@ - _ET(paTa 9)3 @ - 6_pr(pa7—a 9)5 (212)

where -
(p,7,0) = J(p) + V2052 p'?p(r) cos § + R(p, 7, 0),

27
J(p) 1A ro(p,0)do.

T o

For the new perturbation R, we have

O )| <) ot (2.13)
apk 67_m Y 3 f—

for k4+m <1, where e(p) — 0 as p — +00.

Proof. The proof is similar to that of Lemma 2.3 in [10] and is omitted. U

Let 8 = ndd, then the system (2.12) is transformed into the form
dp 0

Ia __H(paTa’ﬂ)a

dr 0 -
d/{g - aT _H(p7 T, 7‘9)7 (2]‘4)

dy ap
where
H(p,7,9) = ni(p, 7,n9) = nJ(p) + V232 p2p(1) cos nt) + nR(p, T,n0).
As n is a positive integer, the function H(p,7,9) is 27w-periodic in o).
Lemma 2.3. Assume that (1.9) holds, then
lim A*Y200) () =0, k=0,1.

h—+oco

Proof. By (2.9), it is easy to check that

h=V20(h) = _l/% (2r9)~/2g(/2rg cos B) cos 0
- o n24 (2rg)"2g(v/2rgcosf) cosf

n

and

hY2T(h) = %h‘l/QF(h)

1 /27r h(2r0) 1 [(2r0) "' /2g(\/270 cos §) cos @ — g’ (/27 cos §) cos? 6] a0
0 [n+n=1(2ry)=1/2g(y/2rq cos 0) cos )3 ’

n
where rg = ro(h,0). Now the conclusion follows from (1.9) and the dominated con-
vergence theorem and the proof is complete. 0
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3. Proof of Theorem 1

At first, we give an expression for the Poincaré map of the system (2.14).
In order to calculate the Poincaré map, we introduce a new variable v and a small
positive parameter ¢ by the formula

p=02v, wv€la,b], (3.1)

where b > a > 0 are independent of .
In the new action and angle variables (v, 7), the system (2.14) can be written in

the form p 5 J 5
v - T -
% = —EH(’U,T,'l?,(s), % = %H(U,T,ﬁ,&, (32)
where
H(v,7,9,0) = 6&*H(6 2v,7,9)
= 62nJ (67 20) + V2007320 2 p(7) cos nd + 6*nR(6 v, T, nd).
Let

R(v,7,9,68) = *>nR(6"%v, 7, n?).
By virtue of Lemma 2.2, it is easy to show that

ak—i—m

| ovkarm

-1 R(v,7,9,0)| <ne(d20)o "2 50 as §—07F (3.3)

for k+m <1.
Since

(07 %v) = 2% + 6vV20(6 %),

we may rewrite the system (3.2) explicitly

& = —\2en¥20 "2/ (1) cosnd) — 98, . (3.4)
g—s = 1+ %5nv’1/2F(572v) + @57173/2”71/2?(7) cosnd + %_]j'

Denote by (v(9, vg, 70), 7(¥, vo, T9)) the solution of (3.4) with the initial condition
(v(0,v9,70), 7(0,v0,70)) = (vo, T0)-

From (3.3), we know that for § < 1, the solution (v(¥,vo, 7o), 7(¥, v, 70)) exists in
[0,47] for any (vo,70) € [a,b] x [0,27]. Moreover,

1
0< gagv(ﬁ,vo,m) <2b, V9Ie€lo,4n].

Assume that the solution (v(4J, vo, 70), 7(9, vo, 70)) has the following expression

’U(l?,’UQ,To):U0+5F2(19,U0,T0), T(19,U0,T0)=T0+19+6F1(19,’U0,T0). (35)
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Then the Poincaré map of (3.4), denoted by P, has the form
P(’UQ, To) = (’UO + 6F2(27T, V0, To), T0 + 27+ 0F} (27‘1’, V0, TQ)).
From the above discussions, we know that if § < 1, this map is well defined in the

region [a, b] x [0, 27].
Since (v(¥¢, vo, 70), T(¥, v0, T0)) is the solution of (3.4), we have

% = [%nl"(é”(vo +0F)) + gnfg/zp(ﬂ cosnd| (vg + 5F2)*1/2 + 571%,

% = V20732 (vg + 6 F)Y/?p! (1) cos i — 5*1‘?9—5.
(3.6)
As in the proof in [1], we can show from (3.6) and (3.3) that
|Fl(07U07T0)| 3 |F2(19,U0,T0)| S Cu (37)

uniformly in 4.
By virtue of Lemma 2.3, it follows from (3.3),(3.6) and (3.7) that

F _ ! -2 V2 —3/2
1(2m,v0,70) = %nF(d (vo + 0F»)) + 5" p(7(9)) cos nd
0
X (v 4 0F2)~Y2d9 + o(1)

_ 2 _ 27
= nog PTG 0g) + gnfs/zvo 1/2/ p(7(9)) cos nddd) + o(1),
0
2w
Fy(2m,v0,70) = —V2n73/? / (vo + 6F5)Y2p! (7(19)) cos nddd) + o(1)
0
2m
— _\/in*/%g/?/ P (7(9)) cos nddd + o(1).
0

In the following, we compute the integrals in the above formulas. Let

2 27
Pl = / p(¥) cosniddd, p; = / (V) sin nddd.
0 0

Then, from (3.5) and (3.7), we see that

2w

o p(r(9))cosniddd = fo% p(10 + ) cosnddd + o(1)

= f027r p(¥) cosn(¥ — 19)d¥ + o(1)

= p§ cosnty + p;, sinntg + o(1),
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027T P (7(9)) cosnddy = fo /(10 + ¥) cosnddv + o(1)
= [27p(9) cosn(v — 1)dd + o(1)
= n fo )sinn(d¥ — 79)dd + o(1)

= n(ps cosnty — pS sinnTy) + o(1).

Now we get an expression of the Poincaré map P as

T = 7o+ 27+ 641 (vo, o) + 0(d),
P (3.8)
v = g —6f2(’l)0,7'0)+0(6),
where
ly(vg,10) = nv0_1/21"(6’21)0) + ‘gn’g/%o_lm(pz cosnTy + pi, sinnty),
(3.9)
la(vo,70) = \/_n_1/2 (pn COSN'TY —pnsmnm)
Since

|p¢ cosnty + pi sinntp| <

2m
/ p(t)e_i"tdt‘ ,
0

now the statements of Theorem 1 are easy consequence of (3.8), (3.9) and the following
two fixed point theorems and the details will be omitted.

Fixep PoIiNT THEOREM. (T. R. Ding [3]) Let B C R? be a compact domain with
star-shaped boundary about the origin O, and T : B — R? be a continuous mapping.
If for any p € OB and X > 1, OT(p) # \Op, then there exists at least one fized point
po € B forT.

TwisT THEOREM. (W. Y. Ding [4]) Let T : R*> — R? be a area-preserving
homeomorphism and D1, Dy be two open domains bounded by I'y and 'y star-shaped
curves about the origin O, respectively, such that O € D1 C Dy C Do. If the polar
coordinate expression of T,

f:f(ne)a §:9+g(r79)a
satisfies the twist condition g(r,0) > 0 on 't and g(r,0) < 0 on 'y, then T' has at
least two fized points in B = Do \ Dy .

4. Proof of Theorem 2
In this section, we denote by e(h) an universal function satisfying limy,_, 1o e(h) =0
not concerning it’s quantity.

Firstly, we notice that Ry (h,0) = ro(h,0) — n~1h satisfies

Ri(h,0) = —n"2G(y/2(n"'h + Ry)cos®), |Ri(h,0)| < e(h)h,
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it follows that
A-Ry(h,0) = —n"2G(V2n—1hcosf), (4.1)

A=1+n"22(n" h+ pRy)]| %g(\/2(n"'h + pRy) cosfcosh, e [0,1].
Since |Ry(h, )| < e(h)h, we have

A =1+e¢(h). (4.2)
From (4.1), (4.2) and the rule of L’Hospital, it follows that
e B0~ iy AT
= —n2limy,, o G2 _hcosh) %fcose)

4n"tg(v/2n=1h cos 0) cos 0
3v2n—1h.-h—1/4

= —n2limp oo

= - %n%ﬂ limy, oo b~ Y4g(vV2n—Th cos 6) cos 6

= 0.

Hence, we have
|Ry(h,0)] < e(h)h*/*. (4.3)

It follows from (1.12), (2.9) and (4.3) that

—1/2 _ 1 (27 (2r0) /2 g(+/2r cos 0) cos
h /F(h) - T n3Jo 1+n*20(2r0)*1/2g(\0/27"0cosH)cosG o

= -5 fo%(2r0)’1/2g(\/%cos€) cos 0dO + e(h)h=1/?

= —-b O%(Qn_lh)_lmg(\/mcos@c059d9
— L 7120 h+ pRy))2g(\/2(n"Th + pRy) cos 0) cos
+2(n" h 4+ pRy)| g’ (v/2(n"h + pRy) cos ) cos? 0} - Rydf
+e(h)h=1/?

= —-% f02ﬁ(2n*1h)’1/2g(\/mcos9)cos9d9
— 5 {200 b+ pR1)) Y g (/200 Th + i) cos ) cos
20 h 4 pR)M g (/20 Th o pRa) cos6) cos? 6}

x[2(n " h + pRy)]7%* - Rydf + e(h)h~1/?

= —w fo%(2”_1h)_1/29(\/mcos 0) cos 0df + (h)h=1/2,

n3



Shiwang Ma

where p € [0, 1], and hence,

27
I'(h) = gnWQ/ g(V2n—thcos ) cos0df + e(h),
0

Therefore, the conclusions of Theorem 2 follow from Theorem 1 and the proof is
complete.
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