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Abstract. In this paper, we obtain some oscillation criteria for the odd-order
difference equation with several delays

N
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which include some existing criteria for m = 1 as special cases.

AMS Subject Classifications: 39A10

Keywords: Oscillation; Nonoscillation; Odd-order; Delay difference equation

1. Introduction

In recent years, oscillation of solutions of difference equations has attracted many
researchers, see, for example, [1-14] and the references cited therein. Now, numerous
results exist for first order delay difference equations. However, results dealing with
oscillation of the higher odd-order delay difference equations such as the form

N
A7nxr7,‘i‘zpz(n)xnfkI =0, n=0,1,2,..., (11)
i=1
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are relatively scarce [2-4, 6, 12, 14], where p;(n) > 0, m > 1 is an odd integer, k;
are positive integers, i = 1,2,..., N, A denotes the forward difference operator, i.e.
Ay = Ty — Tp, Alxy, = AAT 2,),i=1,2,...,m and A%, = z,,. Furthermore,
even in the mentioned literature, only the oscillation of unbounded solutions was
involved. Few oscillation criteria for the higher odd-order delay difference equations
are founded in the literature. When m = 1, Eq.(1.1) reduces to the first-order delay
difference equation

N
Az + > pi(n)zn ik, =0, n=0,1,2,.... (1.2)
i=1

To the best of our knowledge, the best two oscillation criteria are

N g1\ kitl ndh
1;%2( ; ) S pils) > 1 (1.3)
i=1 s=n+1
and
limsup » Y~ pi(s) > 1 (1.4)
N0 i1 s=n

obtained by Tang and Yu [7] and Tang and Zhang [11], respectively. In this paper,
we are concerned with oscillation of Eq.(1.1) and aim to establish some oscillation
criteria. In particular, as corollaries of our results in present paper, two explicit
oscillation criteria for Eq.(1.1)

N ki +1 ki+1 n+k;
hnrriloréfz ( Zk- ) Z (s —=n) ™ Ypi(s) > (m —1)! (1.5)
1=1 o s=n+1
and
N n+k;
limsupz Z (s —=n+1) ™ Vpi(s) > (m —1)! (1.6)
N0 =1 s=n

are obtained. Obviously, wehn m = 1 conditions (1.5) and (1.6) reduce to (1.3) and
(1.4), respectively.

For t € (—00, 00) and positive integer n, we define t(") = H::Ol (t41) with t(© = 1;
As usual, when n; > ng, we define Z?inl x; =0 and H;an z; = 1.

2. Main Results

In this section, we first state a lemma taken from [7] and [11], which is useful in the
proofs of our main results.

Lemma 2.1.1"" Assume that (1.3) or (1.4) holds. Then the following delay differ-
ence inequality corresponding to Eq.(1.2)

N
Ay + > pi(n)zn g, <0, n=0,1,2,... (2.1)
i=1
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has no eventually positive solutions.

Remark 2.1. In the above condition (1.4), even if k; =0 for some i € {1,2,... N},
the conclusion of Lemma 2.1 still holds.

Theorem 2.1. Every solution of Eq.(1.1) oscillates if the inequality

7’L+1 m—2)
S —p(s)ys_ki <0, n=012.. (22

i=1 s=n

has no eventually positive solutions.

Proof. For the sake of contradiction, assume that Eq.(1.1) has an eventually positive
solution {x,}. Then A™z, < 0 eventually. By Discrete Kneser’s Theorem [1], there

exist an even integer [ € {0,2,...,m — 1} and integer ny > 0 such that
Az, >0, i=0,...,1, n>no, (2.3)
and
(-1)*iA%, >0, i=1+1,....m—1, n>ne. (2.4)
Summing (1.1) m — [ — 1 times from n to co and using (2.4), we have
—Alg, > Z Z —nt 1)(m - 2)p-(s)xs_ki, n > ng. (2.5)

)1

i=1 s=n

If I = 0, then it follows from (2.5) that

_ 2)
A, > Z Z %pi(S)Alxsfk“ n > no. (2.6)

1=1 s=n

If 2 <1 <m—1, then, in view of the discrete Taylor’s Formula [1], we can obtain

-1 N n—I
(n+1-mny—5H0 1
Ty = E 7 ijnl—i—( I E n—l—l—r—l)l DAL, n>n.
=0 r=ny

=1 Cm— -1
Ls—k; = (S o n’l . 1) AJ'ITLJrQ*?TL*ki
=0 I
1 S*kifl
+ Z (s4+1—ki —r—D)EDAL,

(-1

r=n+2—m-—=k;

Al k. S—k}i—l

T X etk
( o ) r=n+4+2—m-—=k;

Y

N
1
- ll(s+m—n—l—1)(l)Axs_ki, sZnZno—l—m—i—Zki,
=1
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Substituting this into (2.5) and using the fact that I!(m — 1 — 2)! < (m — 2)!, we can

also conclude (2.6). Set y, = Alz,,. Then y,, > 0 for n > ngy and

_ +1 (m—2)
Ay’”ZZL i(8)ys—k, <0, 0 >mno,

1=1s=n

which shows that inequality (2.2) has an eventually positive solution {yy}.

contradiction completes the proof.

From Theorem 2.1, it is easy to conclude the following corollary.

Corollary 2.1. Every solution of Eq.(1.1) oscillates if the inequality

k+1— )(m=2)
AyﬁZZ ‘7 pin ki — gy <0, n=0,1,2,...
=1 j=0

has no eventually positive solutions.

By employing Lemma 2.1 to inequality (2.7) directly, we have

Theorem 2.2. Assume that

GV
hmlnfzz (ki +1-— m_2) (—) Z pi(s +ki —j) > (m—2)!,
n—o00 J

=1 j=1 s=n+1
or
n+j
lnnsupZZk—l-l—] me QZpls—l—k—j (m—2)L.
n—oo T 1j=0

Then every solution of Eq.(1.1) oscillates.
Note that

N k; . i+1 n+j
ki +1—5)0m=2) 754+ 1\7 .
Sy B IE (PE)Y ne k)

i=1 j=1 (m —2)! J s=n+1
N ki+1 ki A (m— n+j
ki+1 ’ (kl'—Fl—j)(m 2) .

2 Y (M) LU S onerkd

i=1 j=1 s=n+1
= pils

=1 kl s=n+1 7j=1 (m o 2)'

N kl + 1 k;+1 n+k; (S _ n)(m—l)
N Z ki Z (m — 1)' pi(s),

This

(2.7)

(2.8)

(2.9)
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and

NSk + 1 — ) mD H )
> CED) pi(s + ki — j)
i=1 j=0 ’ s=n
n—+k; s—n—+1 (m—2)

- sz(s) Z (m —2)!
s=n Jj=1

R e O S

= Z (m — 1)' pl(s)

i=1 s=n
Hence, from Theorem 2.2, we have
Corollary 2.2. Assume that (1.5) or (1.6) holds. Then every solution of Eq.(1.1)
oscillates.

To further improve condition (1.6), we need the following lemma.
Lemma 2.2. Assume that

liminf p;(n) =p;, i=1,2,...,N, (2.10)

n—oo

and
N n+k; S . TL (m 1)

1ﬂgfz > ————pi(s) =d. (2.11)

1=1 s=n+1

Let {yn} be an eventually positive solution of (2.7). Then

N (m—1)
n 1 pik;

lim inf Ynt1 > —

ooy, 2 Z

N pk(mfl) 2
<1+d—;7(m1_ 1)!> —4d

Proof. Let 6 € (0,1). Choose a positive integer ng such that

N n+k; S—?’L(m 1)

Yn—t > 0, Z Z ————pi(s) >0d, n>ng

i=1 s=n+1

and
pl(n)zeplu i:1727"'7N7 nZnOa

here and in the sequel, k = max{kq, ko, ..., kny}. Summing (2.7) from n+ 1 to oo, we
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have
N k; . fe%e]
i (kz +1-— j)(m—2) )
n > i ki —J)ys—;
Ynt1 = ;:1 2 2 S}n“p (s +ki=J)ys—;

Y

$
] =
Ex
|+
S|~

©

i=1 j=1 s=n-+1
n+k _
B C (s —n)(mD
= ynZ > (m—1)! pi(s)
=1 s=n+1
Z edyna n Z no + k

It follows that
Y4l > 94 =dy, n>no+k.

Again from (2.7) and using the above, we have

N k; 9]
S (ki +1—5)m=2
Yntl 2 Z (m — 2)! Z pi(s + ki — )ys—;
=1 j=1 s=n+1
N k,;
_ ~ (ki +1—J)(m 2 .
- S Sk
i=1 j=1 s=n-+1
+ Z pis + ki — j)ys—;
s=n+j+1
N k; n+j
(ks +1—y)<m 2) .
> ZZ Z pi(s+ ki —j)
=1 j=1 s=n+1
k +1—] m=2) = -\ 3S—n—j—
+yn+1zz > pils+ki—g)dy !
=1 j=1 s=n+j+1
N n+k;

s—n(m 1

= ynz Z ——————i(s)

1=1 s=n+1
k—l—l—j(m 2) <
+yn+1zz Zpanrs—i—k + 1)d]
=1 j=1
N ki —2)

Op; Z k+1—j

v

dlyn + Yn+1 Z 1
i=1 g 1

k(mfl)

Y 2. Op;
- d " n+1 (s
1y +1_511; (m—1)

n > ng + 2k,
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which implies

il 1 N ep_kgm—l) 1
L [1—1_d1; (mil)!] i=dy, n>ng+2k

Following this iterative procedure, we have

m—1)
Yn+1 9 k )
y: > dy l 1—d E ] =djt1, n>no+(G+1)k.

It is easy to see that 0 < d; < dy < --- < 1. Therefore, the limit lim; .o d; = ds =

d.(0) exists and
N ) (mfl)
d, <1 1 Opik; ) = 0d. (2.13)

1—d, = (m—1)!

Furthermore,

lim inf Ynt1 > d.(6).

n—oo yn

It is easy to see that

2

N plk(mfl)
1+d—;m —4d

1 pz ml)
po =5 |1+d - Z

is the smaller of two roots of the equation

N (m—1)
1 pik;
1- L =d. 2.14
“( 1—u§<m—1>!> o
Then from (2.13) and (2.14), it is easy to show that liminfy ;- d.(0) > p.. Hence,
liminf n — 0o(Ynt1/yn) > i« and so (2.12) holds and the proof is complete. [

Theorem 2.3. Assume that (2.10) and (2.11) hold, and that

1imsupz Z (s —n+1)" Vpi(s) > (m — 1)l — sz(kz +1)0my
N0 =1 s=n i=1
l+d—yN pk™ doyN kN
Td=3 0 e A\ \ 1 e =2 T | —
X . (2.15)

2
BT k(D
1+Z£V1p(m il —d—\/<1+d—2fv—1p<n£T>;) —4d

Then every solution of Eq.(1.1) oscillates.
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Proof. By Corollary 2.1, we only need to prove that inequality (2.7) has no eventually
positive solutions. For the sake of contradiction, assume that (2.7) has an eventually
positive solution {y,}. Then there exists a positive integer ng such that

Yn—k >0 and ypt1—yn <0, n>mng.

Summing (2.7) from n to oo, we have

N k;
~ (k; —|— 1 —j )(m=2) _
ZZZ Z i(5 + ki = 5)Ys—j
1=1 j=0 s=n
—I—Zpi(n—l—s—l—ki)ymrs] ,  m>ng. (2.16)
s=1

Let

N (m-1) N m-1)\ 2
1 pik; pik;
e 1 a =S (1pa=S 2 )y
He=3 + Z(m—l)! ( + Z(m—l)!)

Then from (2.16) and using Lemma 2.2, we have

N ki m—2) [P+
k +1_j ( ) Yn+ts
1 >hmsUpZZ szs—i-k—] +Zpln+5+k)y
e L= s=1 n
N ks o i
k 1— (m—2)
> sy " Y L 32) pis + ki — )
n—oo ‘= = (m —2)! et
N ks
l k Lo e n+s
+;j_o( +(m —jfz)). leniﬁﬂfpz(“sw)l;n;gf yy:
N ki )t
ki +1-— (m
> limsupy o 32) sz s+ki—j)
N0 i=1 j=0 ( - )
N ks -
(ki1 —5)m2) .
+Z, (m—2)| pZZN*
i=17=0 s=1
N n+k; N
:( hmsupzz (s —n+1)m=Yp ()+1 ; Zpi(kz+1)(m 1)
: N0 =1 s=n — [y P
That is
N n+k; N
1' — 1 (mfl) R < _1 | ,LL* ) k (mfl)
1msupz Z(S n+1) pi(s) < (m —1)! = sz( 1) ,
n—o0 i1 s=n L2

which contradicts (2.15), and so the proof is complete. 0
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