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Abstract. For a monotone reaction-diffusion system, the existence of a monotone
mono-stable traveling wave, a traveling wave connecting an unstable equilibrium and a
stable equilibrium, has been well understood. However, the uniqueness of a monotone
traveling wave systems is in general unclear except for some scalar equations. In this
note we prove that, for a class of a monotone reaction-diffusion system, the monotone
mono-stable traveling wave solution is indeed unique whenever it exists. Our approach
is based on a rigorous analysis of the asymptotical behavior of a monotone traveling
wave. It turns out that the information on asymptotical behavior plays essential role
in determining the uniqueness of a monotone traveling wave.
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1. Introduction

Consider the following reaction-diffusion system

0
8—1‘ = dAu + f(u), (1.1)
where u = u(x,t) € R", d = diag(dy, - - ,dy) is an n X n nonnegative diagonal matrix
m 82
with at least one d; > 0, x € R™ is the spatial variable, ¢t > 0 is the time, A = E 922
4
j=1 "7
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is the Laplace operator, f € C*(R™,R"™). We suppose that the following hold.
[A1 | System (1.1) is a monotone system. That is,

Ou) 50, g
6’11,]‘
[A2 | System (1.1) has two constant equilibrium steady states E; € R™, such that
FE1 < Es, Ey is unstable, and F is stable.

[A3 ]| Both the matrices A; = Df(FE;), ¢ = 1,2, are irreducible.

By the assumptions [Al]- [A3] we know that there is a ¢* > 0, the minimum
wave speed, such that for each ¢ > ¢*, there is a monotone traveling wave (called a
mono-stable traveling wave) connecting E; and Es. In this paper we are interested
in the uniqueness of monotone traveling waves. This is important in applications
to practical problems. For instance, when using (1.1) to model many biological or
physics problems, it is often the case where the lower equilibrium F; = 0. If only
the nonnegative solutions (the biologically or physically meaningful solutions) are
considered, then it can be shown that, for a monotone system, the uniqueness of a
monotone traveling wave actually implies the uniqueness of a nonnegative traveling
wave (with respect a fixed wave speed). For the simplest equation, i.e, the scalar
Fisher equation, the uniqueness of the monotone traveling wave can be proved by
analyzing a planar system. Recently, the uniqueness of monotone traveling waves
also has been proved for some classes of scalar nonlocal types of reaction-diffusion
equations [2, 4] using sophisticated analysis. However, the uniqueness of monotone
traveling waves for higher dimensional systems is in general unclear. The purpose
of this note is to prove that, for a class of reaction-diffusion systems, the monotone
traveling wave solution is indeed unique whenever it exists. That is, we shall prove
the following

Theorem 1.1. Under Assumptions [A1] - [A3], for each ¢ > 0, if (1.1) has a mono-
tone traveling wave solution u(z,t) = U(v - x + ct) connecting E1 and Ea, then the
function U(s), s = v - x + ct, is unique up to a time translation, where v € R™ is a
unit vector.

The extension of Theorem 1.1 to more general systems, such as the system with
time delay or nonlocal response, will be addressed in our future research.

A complete proof of Theorem 1.1 will be given in Section 3. We first establish
several lemmas in Section 2 that will be used in the proof of Theorem 1.1.

2. Preliminaries

In this paper, a nonnegative vector h € R" is denoted by h > 0. We use h > 0 to
indicate that h is nonnegative and nonzero. We say that h is strictly positive, denoted
by h > 0, if all components of h are positive. A real matrix is called positive if all
its entries are nonnegative and at least one of its entries is positive. The following
lemma is well known for a positive matrix [1].
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Lemma 2.1. Let B = [b;;] € R™™" be a positive and irreducible matriz with b; > 0
fori=1,--- n. If0 < h€R" and h has k(k < n) positive components, then Bh
has at least k + 1 positive components.

Definition 2.1. For a second order system of linear differential equations

cv = dv + Av, (2.1)
we say that A € C is an eigenvalue and 0 # n € C™ is the associated eigenvector
corresponding to (2.1) if A and n satisfy the equation

[A+ \2d]n = cA\p.

It is clear that (2.1) has an exponential solution e*n if and only if A is an eigen-
value and 7 is the associated eigenvector of (2.1).

Lemma 2.2. Let A € R™ ™ be irreducible with the off diagonal entries of A being
nonnegative. Then

(1) If A € R is an eigenvalue and the associated eigenvector n (with respect to (2.1)
is nonnegative, then (al) n>> 0 and n is the only associated eigenvector (up to
a scalar multiplication); (a2) for 0 £ 8 € R, A+ i is not an eigenvalue.

(ii) If in addition A is a stable matriz (all eigenvalues of A have negative real part),
then there is a unique A\ < 0 such that the associated eigenvector n with respect
to (2.1) is strictly positive (up to a scalar multiplication). Moreover, . must
be negative and is simple.

Proof. Pick a sufficiently large number « such that a+a;; > 0for¢=1,--- ,n. Then
the matrix A + ol + A\2d is a positive irreducible matrix. Since [A + A\2d]n = cAn is
equivalent to

[A+ ol + X2d]n = (e + a)n, (2.2)

the theory for positive matrices implies that 1 > 0 and the eigenvector is unique. this
proves (al). For (a2), suppose the opposite, i.e. there is a § # 0 and § € C such that

[A+ (A +iB)%d]¢ = c(\ +iB)E.
Then

[A+al + (A +iB)2d]¢ = [c(\ +iB) + alé.
A straightforward computation yields that

[A+ ol +X2d)€ = [(eA + )T + B2d + i(cBI — 223d)]¢.
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Let 7(B) denote the spectral radius of the matrix B. Then (2.2) yields that cA+«a =
r(A + ol + A2d) > 0. Since d is a nonnegative diagonal matrix, we immediately
deduce that

[A+al +X2d]¢* > (a+ cA)Er,

where &* = (|&1],---,|€n]) is a positive vector. The irreducibility therefore implies
that
r(A+al +2%d) > e +q,

contradicting (2.2).
To prove Part (ii), for real A, we define the matrix

M) = A+ Nd+al.
Then M(A) is a positive and irreducible matrix. Consider the equation
M(Mh = (a+ cA\)h. (2.3)

By the theory of positive matrices we know that this equation has a solution h > 0 if
and only if
r(M(N) = a+cA.

It is apparent that (M ())) is continuous with respect to A. Let us consider A < 0 such
that the above equality holds. First we note that if g < A <0, then M (u) > M(\),
which implies

r(M(p)) = r(M(XN)).

That is, r(M (X)) is increasing as A < 0 decreases. It is obvious that
pla) = a+cA

is decreasing as A decreases. Since A is stable, the dominant eigenvalue Ag of A is
negative and the corresponding eigenvector ( is positive. Thus we have

MO0) =[A+ al]¢ = (a+ Ao)C.

It follows that
r(M(0)) = a+ X < a = p(a).

On the other hand, we have r(M (X)) > 0 for all A and p(a) < 0 for A < —a/c.
Therefore, there is a unique A\, < 0 such that

Consequently, there is a unique strictly positive vector n € R™ such that
MA)n = (a+ ch)n.

Or equivalently,
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[A 4+ M\d]n = chn.
Finally let us to show that A, is simple. If this is not the case, then equation (2.1)
must have a solution of the form
v(t) = (thy + ho)e™t, tER,
where h; € R" for i = 1,2, with h; # 0. Upon a substitution of

0(t) = (Aethy + hy 4+ Ah2)e™t 6(t) = (\2thy + 20k 4+ A2hg)e!
into (2.1) we obtain the system for hy and hs as
[A+M2d]hy = cAhy

The first equation of (2.4) implies that hy is a multiple of 5. It follows that h; > 0.
Moreover, it is known that there is a strictly positive vector ¢ € R™ such that

CTIA + N3] = e (T

(2.4)

where “T” denotes the transpose. Multiplying the second equation of (2.4) from the
left by ¢ we obtain
0= ¢T (el —2)\.d)hy.

Since Ax < 0, ¢l — 2)\.d is a strictly positive diagonal matrix. The above equality
cannot hold. This leads to a contradiction. 0

Throughout the paper, an n x n matrix function A(t) = [a;;(t)], t € R, is called
an ENN-matrix function (essentially nonnegative matrix function) if A(t) is bounded,
continuous, and for all 7 # j,

Qij (t) > 0, t e R.

Lemma 2.3. Let A(t) be an ENN-matriz function and w(t) be a nonzero, nonnega-
tive, and bounded solution of the equation

cw(t) = dw(t) + A)w(t), teR.
Then the following hold.
(1) There is a real number b > 0 such that if d; > 0, then
—bw,;(t) < w;(t) < bw;(t), teR,
where w; is the jth component of w. Consequently, we have

wi(s) > [w(t)e e’ s <t, (2.5)
wi(t) > [w(s)e®le™™, t>s. (2.6)

In particular, w;(to) > 0 for some to implies that w;(t) > 0 for all t € R.
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(2) There is a real number § > 0 such that if d; = 0, then
w;(t) > [wi(s)e®*]e % for all t>s.
In particular, w;(to) > 0 implies that w;(t) > 0 for all t > to.
(3) Ifw# 0 and A(c0) = Aa, then there exists a t* such that w(t) > 0 for all t > t*.

(4) If A(—o0) = Ay and there exists a t* such that w(t) > 0 for all t > t*, then
w(t) >0 for all t € R.

(5) If A(—o00) = A1 and A(oo) = As, then w # 0 implies w(t) > 0.
Proof. Let « be a sufficiently large number such that for i =1,--- ,n,
a+ai(t) > 1, t e R.

Then ol + A(t) is a positive matrix for all ¢t € R. For d; > 0, we rewrite the equation
for w; as

djw;(t) — cw;(t) — aw;(t) = —[aw;(t) + Zaﬂ w;(t (2.7)
Let
_ - Ve +4dja -
hiT 2d;
= c+/c? + 4d;a 50
j 24,

Then w;(t) can be expressed by

1 t
w;(t) = 77/ eV (= awj —i—Zaﬂ w; (s

dj(ﬁ)/;L_FYj) —o0

(2.8)

1 /OO +
+— e 0 aw;(s) + > aji(t)wi(s
di(v; —;) )i i Z ’
Thus we have
Vi ¢ (t—
w; (t) =+/ Vi aw )+ aj; (t)w; (s
I di(v =) J oo i Z ! 29)

v o
++/ e (= aw] —i—Zaﬂ Jw; (s
t

dj(”Yj - )

Let
b= nnau)({hﬂ,vj7L 2 d;j >0},
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Note that aw;(s) + Y r; a;i(t)wi(s) > 0. By (2.8) and (2.9) one easily sees

—bw;(t) <w;(t) <bw;(t), teR, j=1,---,n. (2.10)
From the last inequalities, we deduce that for any s < ¢,

wi(s) 2 [wy ()6, wi(t) > [wy(s)e]e .

This completes the proof of Part (1).
If d; = 0, then w;(t) satisfies the inequality

e (t) + ow;(t) = ow; (t) + Y _ awx(t)wi(t) > 0.
k=1

Part (2) of the lemma follows immediately from the above inequality with § = a/c.

Now we prove Part (3). By (1) and (2), for any i, either w; = 0 or there is a
t; such that w;(t) > 0 for all ¢ > ¢;. Since w # 0, there is at least one i such that
w;(t) > 0 for all t > ¢;. Suppose the statement of Part (3) is false. Then, without
loss of generality (otherwise by re-ordering the components of w if necessary), we can
suppose that there are t* > 0 and a positive integer & < n such that

wi(t) >0, t>t*, i=1,2--k (2.11)
wi(t) =0, teR, j=k+1,--,n. (2.12)

It is clear that the matrix al + A(co) = al + Aj is positive and irreducible with
diagonal entries strictly positive. So is ol + A(t) for all sufficiently large ¢ by the
continuity. It therefore follows from (2.11) and Lemma 2.1 that there is a sufficiently
large to > t* such that [ + A(to)]w(to) has at least k+ 1 positive components. That
is, there is j with £+ 1 < j < n such that

Qwj (to) + Z aji(t)wi(to) > 0.

Ji

If d; > 0, then (2.8) implies that

If d; = 0, then
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for all t > to. In either case we have a contradiction to (2.12).

For the proof of Part (4), recall that there is at least one d; # 0. Hence, by the
assumption, we have w;(t) > 0 for all t € R. Arguing in the same way as for the
proof of Part (3), one is able to see that w(t) > 0 for all ¢t € R.

Finally, it is obvious that Part (5) is a direct consequence of (3) and (4). U

Lemma 2.4. Let A(t) be an ENN-matriz function and w(t) be a strictly positive and
bounded function satisfying

cib(t) = di(t) + A()w(t), teR.

(a) Suppose that A(t) — Az and w(t) — 0 as t — co. Then there is an v > 0 such
that
w(t) = yne™t 4 o(eM?) as t— oo.

where A, < 0 and n is a strictly positive vector satisfying
[A + M\2d]n = chin.

[By Assumptions [A1], [A2], and Lemma 2.2, A« < 0 and the strictly positive
vector n (up to a scalar multiplication) are uniquely determined by the matriz

AQ.]

(b) Suppose that A(t) — A1 and w(t) — 0 as t — —oco. Then there are a pu > 0, a
strictly positive vector & € R™, and an integer k > 0 such that

w(t) = (=1)*t*ee 4+ o(the!) as t— —oc.

Proof. First consider the case (a). By Part (1) of Lemma 2.3 we have w;(t) >
w;(0)e~? for ¢ > 0 for at least a j. Hence

S« = inf{s: tlim lw(t)]e” " =0} > —b > —oo.

Moreover, w(t) — 0 as ¢ — oo implies that s, < 0. We write w(t) as a solution of the

equation
! c(t) = dw(t) + Asw(t) + [A(t) — Az]w(t), teR. (2.13)

Now for T' > 0 and s > s, the Laplace transform of w(T + -),
w(T,s) = / w(T + t)e dt,
0

is well defined. Applying the Laplace transform to (2.13) with s > s, yields
—cw(T) + c(T, s) = —dw(T) — sdw(T) + [s*°d + Az)(T, s) + K(T,s), (2.14)

where

K(T,s) = /O TLA(T + 1) — AgJw(T + t)e=*dt.
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By the same argument used in [3, Lemma 4.2] we can show that there are sequences
{T,} and {s,} such that
T, — 00, Sp >S4, Sp— 8¢ as n — oo

and

w(T,)
—— — 0 as n— oo, (2.15)
[ @(T, s0) |
where ||z|| = >7_, |ax| for © = (21, ,2z,) € R™. Moreover, from (2.15) and Part

(1) of Lemma 2.3 it follows that for d; # 0,

wj (Tn)

——— —0 as n— oo (2.16)
[ @(T, s0) |

The assumption
|A(t) — A2l = 0 as t— o0

yields that

M, = sup{||A(T, +t) — As]|: ¢t >0} —-0 as n — oco.
By the definition of || - || and the positivity of w(t) we obtain that

1K (T, s)| = Il Jo TA(Tn +t) — AoJw (T, + t)e™ = dt]|

< My [ (T, + )|t

(2.17)
= M| fooo w(Tn +t)e™"dt||
= M, [|[&(T, s)|-
It follows that (T
Y T AU S, (2.18)
[(T5, 5n) |

It is obvious that {W (T}, sn)/||W(Ty, sn)||} has a convergent subsequence. Without

loss of generality suppose

lim —
n—oo [|[W(Tn, sn)

Then it is clear that 7 > 0. Now dividing (2.14) by ||@(Ty, $»n)|| and letting n — oo,
with the use of (2.15), (2.16), (2.18) and (2.19), we immediately obtain

cs. 0 = [s2d + Az)i.
It therefore follows from Part (ii) of Lemma 2.2 that we must have

S« =X <0 and 7 =77
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for some v > 0. The conclusion of Part (a) follows. The proof of Part (b) is essentially
the same as above. Let

= sup{r: . lim lw(t)|e”"" = 0}.
Then 0 < p < co. For for T < 0 and 7 < p, let

0
w(T, ) = / w(T +t)e "'dt.

Then there are sequences {T),} and {7} such that

T, — —00, Tp<p, Tp—f as N — 00

and T
o) s e oo
|@(To, )
(2.20)
711)(71"77%) —¢&>0 as n— oo
Hm(Tann)” .

From (2.20) we deduce that
cué = [pPd + AyJE.

Thus € must be strictly positive. Moreover, it is obvious that p > 0 because A; is
unstable. For this case, since p may not be a simple eigenvalue, we can express w(t)
in the form given in Part (b). U

3. Proof of Theorem 1.1

Proof. For a fixed ¢ > 0, suppose u(z,t) = Uy (v -z + ct) and v(z,t) = U2(v - x + ct)
are two monotone traveling wave solutions connecting the equilibria £; and F5. Then

cUi(t) = dU(t) + f(Ui(t), teR, i=1,2.

To show the uniqueness it suffices to show that Uy is a translation of Us. That is,
there is a constant a* such that

Ul(t):Ug(t—l—a*), teR.
For this purpose let us first establish the

Claim There are positive numbers ~;, pu; and strictly positive vectors &; € R™, and
integers k; > 0, such that fori = 1,2,

Ui(t) = Ey—vyeMn+ole™), as t— oo, (3.1)

&
—~
~
~—
|

Ey + (—1)kitkierite; 4 o(thietit), as t — —oo, (3.2)
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where A, < 0 and the vector i are defined in Lemma 2.4 (a).

Proof of Claim For i = 1,2, let V;(t) = Ey — U;(t) for t € R. Then V;(t) — 0 as
t — oco0. A straightforward computation shows that V;(t) satisfies the equation

co(t) = di(t) + A (t)v(t),
where )
0 = [ (e~ (- o)),

Thus, by Assumption [A1], A%(t) is an ENN-matrix that converges to Df(E;) = A
as t — oo. Noting that Vj(—oo) = Es — Ey > 0, Lemma 2.3 (1) implies that V;(t) is
strictly positive. It follows from Lemma 2.4 that

By —Ui(t) = Vi(t) = yieM'n +o(eM?), as t— oo

for some v; > 0. This proves (3.1).
To prove (3.2), let W;(t) = U;(¢t) — E1, i = 1,2. Then

cWi(t) = dW;(t) + B ()Wi(t)
with .
B'(t) :/O Df(Ey + 0W;(t))db.
It is clear that W;(t) is nonnegative. Moreover
Wi(oo) =Ui(c0) — E1 = Ey — E1 >0

implies that there is a t* € R such that W;(¢) > 0 for all ¢ > t*. Consequently we
have W;(t) > 0 for all t € R by Lemma 2.3 (4). It is obvious that B(—occ) = A;.
(3.2) therefore follows from Lemma 2.4 (b) .

Now we consider two cases.
Case 1 g # pa, or up = ug and ki # ko.
Without loss of generality, we suppose o < 1, or kg > ky if 3 = po. We define
a* =inf{a € R: Uz(t +a) > Uy(t), t € R}.
Let us show that a* is a real number. First we have
Us(—00) = Ey < Uy(0).

Hence, by continuity, there is an ag such that Us(ag) < U(0). This implies that the
set
Q={aeR: Us(t+a)>Ui(t), teR}

is bounded below. Next, by the assumption and (3.2), we see that there is a 77 < 0
such that
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Us(t) > Uy(t) for all ¢ <Ty. (3.3)

Noticing that A\, < 0, we can pick a number a; > 0 such that e+ < ;. Then by
(3.1) we have

Us(t + ay) — U(t) = [y1 — yee™Y]eMin + o(e™?) as t — oo.
It follows that there is a T5 > 0 such that

Ug(t + (11) > Ul(t), t>1T;. (34)

Let ag = T — 11 4+ a1. Then, the above inequality and the monotonicity of U; and
Us yield that for all ¢t € [T, T3], we have

Ug(t =+ ag) > UQ(Tl + ag) = U2(T2 + al) > Ul(Tg) > Ul(t). (35)
Since ag > aq, from (3.3) and (3.4), it follows that

Uz(t + CLQ) > Ul(t), te (—OO,Tl] U [TQ, OO) (36)

Thus as € 2 by (3.5) and (3.6). Hence © is nonempty and bounded below. This
implies a* is a real number. By the definition of a* and the continuity of U;(t) for
i = 1,2, we conclude that

Us(t +a*) > Uy(t), teR.

We claim that Us(t 4+ a*) = Uy (t). If this is not the case, let w(t) = Us(t+a*) — U1 (t).
Then w(t) > 0 and w # 0. In addition, we have

cw(t) = w(t) + A(t)w(t),
where )
At) = /O DF(ULt) + 0[Us(t + a*) — U (1)) do
is an ENN-matrix function and
Alt) - A1 as t— —oo, and A(t) — Ay as t— oo.
By Lemma 2.3 (5) and Lemma 2.4 we have w(t) > 0 and
w(t) = yzeMin +o(eM?) as t— oo.

That is,
Us(t+a*) >Ui(t), teR,

Us(t +a*) = Ey —ype’® eMn+o(eMt) as t— oo
with
N =™ =13 >0.
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Thus, by using (3.7) and the same discussion as above, we easily see that there is a
sufficiently small € > 0 such that

Ug(t+a*—€)ZU1(t), teR.

This contradicts the definition of a*, and hence we must have Us(t + a*) = Uy(t).
That is, Uy is a translation of Us.

Case 2 1 = s = p and ky = ko.
In this case we must have & = 0&; for some constant § > 0. Without loss of
generality, we can suppose 6 = 1, for otherwise we can consider the translation

Us(t) = Ua(t + a) = (—=1)FtFert[eragy] + o(tFelt) as t — —oo,

and choose a such that e#*§ = 1. Tt is obvious that Us(t) is a monotone traveling wave
connecting E; and E5. Now suppose Us # Up. Then, there is a tg and an integer j
such that Uy ;(to) # Ua,j(to), where U; ;(¢) is the jth component of U;(t). For clarity
let

Uy, (to) > Uz,j(to). (3.8)

Let a* be defined as above. Then, in this case, we must have a* > 0 by (3.8). Also
we have
Us(t+a™) > Us(t), teR.

Note that a* > 0 implies that
Us(t+a*) > Ui (t)
for all sufficiently negative ¢. It therefore follows that
Us(t+a*) > Us(t), teR.

By using the same argument as above, we deduce that for some sufficiently small
€ > 0, we have
Ug(t+a*—6)>>U1(t), teR.

This again leads to a contradiction. U
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