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Abstract. The continuous parameter- and initial value- dependence of the multival-
ued resolvent function of retarded functional differential equations with unbounded
state-dependent delay are investigated, without assuming uniqueness. In the finite
dimensional case some results are obtained under weaker conditions than the classical
ones, even in the special case of ordinary differential equations.
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1. Introduction and preliminaries

Let M and Ω be metric spaces, Y be Banach-space, let σ, r be real numbers, σ <
b ≤ ∞, 0 ≤ r < ∞, let W ⊂ R×C ([−r, 0] , Y ) × M and U ⊂ R×Y × Y × Ω be
nonempty open sets and let τ : W → R+

0 and f : U → Y be continuous func-
tions, φ ∈ C ([−r, 0] , Y ), (σ, φ, µ) ∈ W and (σ, φ, φ (σ − τ (σ, φ, µ)) , ω) ∈ U . If
x ∈ C ([σ − r, b[ , Y ) and t ∈ [σ, b[ then denote

xt : [−r, 0] → Y, s 7−→ x (t+ s)

the so called segment function.
State-dependent functional differential equations with initial condition

x′ (t) = f (t, x (t) , x (t− τ (t, xt, µ)) , ω) , t ∈ [σ, b[ , xσ = ϕ, (1.1)
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had been investigated for instance in [8], [9], [11], [12], [1], [13], [14], [18], where Y =
Rn, ϕ ∈ C ([−r, 0] ,Rn) is Lipschitzian, τ and f are continuous, Lipschitzian in their
second and third variables in some sense, or they are continuously differentiable in
their second and third variable, under the following further boundedness supposition:

τ (t, ψ, µ) ≤ r, if (t, ψ, µ) ∈ Dom (τ) . (1.2)

This condition will be written usually in the shorter form τ ≤ r.
Under these conditions existence and uniqueness of the solutions, moreover Lip-

schitz-continuous and smooth parameter-dependence of the solutions was proved, re-
spectively. If ϕ ∈ C ([−r, 0] ,Rn) is not Lipschitzian, or τ (or f) is not Lipschitzian in
its second variable then the uniqueness cannot be proved (see [8]).

It is known that if supposition (1.2) holds then (1.1) is equivalent to a classical
equation of the type

x′ (t) = f̃ (t, xt, p) , xσ = ϕ, (1.3)

where the parameter p ∈ M× Ω (see for instance in [9] or Lemma 2.1 in Section
2). However, (1.1) is not a generalization of equation (1.3): it is easily seen that if
n ≥ 2 then there does not exist an equation of the type (1.1), equivalent to (1.3).
In this paper we consider more general parametric functional differential equations
with state-dependent unbounded delay and with initial condition, formulated below,
which is a generalization also of (1.3):

Let Dom (f) = U ⊂ R×C ([−r, 0] , Y ) × Y × Ω be an open set. The following
initial value problem will be considered:

x′ (t) = f (t, xt, x (t− τ (t, xt, µ)) , ω) , t ∈ [σ, b[ , (1.4)

x (t) = φ (t− σ) if t ∈ [σ − r, σ] ,

where x′ (σ) denotes the right-hand derivative of x at σ. Sometimes the solutions will
be considered on a compact interval [σ − r, b]; in this case x′ (b) denotes the left-hand
derivative of x at b. In the special case when τ is the constant zero function we get the
classical functional differential equations, if furthermore r = 0 then we get ordinary
differential equations.

The boundedness condition (1.2) is a standard assumption in state-dependent
delay equations (in [9] it is not mentioned explicitly, but it is used all over the paper).
However, it has a technical character: it makes possible to use the equivalence between
(1.4) and (1.3). But in lot of problems (1.2) is not valid. For instance several paper
investigate equations of the type

x′ (t) = a (t)x (t− |x (t)|) , (1.5)

where this supposition is too strong. Similarly, assumption (1.2) does not hold in the
case of the pantograph equation

x′ (t) = f (t, x (t) , x (αt)) , σ ≤ t,

x (t) = φ (t− σ) , ασ ≤ t < σ



90 B. Slezák

where 0 < α < 1, σ ≥ 0 and φ ∈ C ([(α− 1)σ, 0] , Y ) are fixed. In this paper property
(1.2) is sometimes omitted, sometimes it is replaced by property

σ − r ≤ t− τ (t, ψ, µ) ≤ t, whenever (t, ψ, µ) ∈ Dom (τ) ,

where σ is fixed.
The following notations will be used: Φ (σ, φ, µ, ω) denotes the set of the noncon-

tinuable solutions of the initial value problem (1.4) and Φ[a,b] denotes the multivalued
function, having (σ, φ, µ, ω) in its domain if and only if each element x of Φ (σ, φ, µ, ω)
is defined on the interval [a, b], and Φ[a,b] (σ, φ, µ, ω) denotes the set of the restrictions
of these solutions to the interval [a, b]. The function Φ will be named the resolvent

function of the corresponding equation.
In Section 2 we investigate the relation between the classical functional differential

equations of type (1.3) and equations of type (1.4). By the results of Section 2 the
initial value problem (1.4) is locally equivalent to the parametric version of the initial
value problem (1.3) under some not too strong assumptions, and using these facts we
can generalize the basic theorems. However, the proofs are not simple adaptations:
the statements usually give stronger results than the classical ones even in the case
of ordinary differential equations.

The weaker suppositions involve some difference between problems (1.1) and (1.4).
For instance, in the case of the classical functional differential equations, and also if
condition (1.2) holds, under our suppositions (and assuming that Y is finite dimen-
sional) every initial value problem has a solution ([7],Theorem 2.3). In our more
general problem (1.4) this statement is not valid (Lemma 2.1). So it is not evident
that the noncontinuable solutions reach to the boundary on the right or not. By
definition the solution x of the equation

x′ (t) = f (t, xt) (1.6)

reaches to the boundary of Dom (f) on the right if for each compact subset C ⊂
Dom (f) there exists an element tC ∈ Dom (x) such that (t, xt) ∈ Dom (f) �C for
all t ∈ I, t ≥ tC . In Section 3 we investigate the question that in what sense and
under which assumptions the noncontinuable solutions of (1.4) reach to the boundary
on the right. It is known that every noncontinuable solution of equation (1.6) reaches
to the boundary of Dom (f) on the right, if f is continuous and its domain is open
([17], Theorem 10.). F. Hartung et. al. has given an example ([10] Example 3.4)
for neutral equation with state-dependent delay, having noncontinuable solution with
compact trajectory. Example 3.2 below shows that in our simpler case this situation
can also occur. In Proposition 3.2 and Theorem 3.4 sufficient conditions are given
under which a noncontinuable solution either reaches to the boundary on the right or
its trajectory is compact.

The functions f and τ are supposed only to be continuous. Obviously, noncon-
tinuable solutions are not necessary unique. In Section 4 it is proved that Φ[a,b] (C) =
∪(σ,φ,µ,ω)∈CΦ[a,b] (σ, φ, µ, ω) is compact, whenever C is compact.

The continuous dependence on the parameters can be only upper semicontinuous
dependence, because the noncontinuable solutions usually are not unique.
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The following classical theorem is valid for ordinary differential equations:

Theorem (Theorem 2.10.3 [5]) Let Y be finite dimensional, let Λ be a metric
space, let J be a compact interval in R, and let S = J × Y × Λ. Let also f : S → Y
be bounded and continuous, and for each point γ = (t0, y0, λ) ∈ S let

∑

(γ) be the
subset of C (J, Y ) consisting of all solutions of the equation y′ (t) = f (t, y (t) , λ) on
J taking the value y0 at t0. Then for each point γ̄ =

(

t̄0, ȳ0, λ̄
)

∈ S and each open
subset G of C (J, Y ) containing

∑

(γ̄), there exist a neighborhood V of γ̄ in S such
that

∑

(γ) ⊂ G whenever γ ∈ V .

Similar result is Theorem 2.10.4 of [5], where the domain of f is an arbitrary
open set, but the uniqueness of the solutions of the ordinary differential equation
is supposed. Theorem 2.2 in Chapter 2 of [7] gives a generalization of this second
theorem for functional differential equations under weaker conditions, because the
uniqueness of the noncontinuable solutions is supposed only for the fixed initial con-
dition (σ0, ϕ0). In Section 5 the common generalizations of these theorems are given
(Theorems 5.1, 5.2 and 5.3). One of the main results of this paper is that we prove the
upper-semicontinuous dependence of the solutions of (1.4) on the initial conditions
and on the parameters. In the special case of ordinary differential equations and also
in the case of the classical functional differential equation (1.3) stronger results are
obtained than the original ones in some further senses, for instance the domain of f
can be different from S = J × Y and f can be unbounded on its domain.

The questions like this belong to the basic theory, and quite few articles are
devoted to this topic. Analogous problems were investigated in the paper [6] for
semilinear functional differential inclusions with infinite delay and in [15] with respect
to attractors for parametric delay differential equations without uniqueness.

2. Equivalences of initial value problems.

In this section we use the following notations:
Let Y be Banach space, let M and Ω be metric spaces, let σ ∈ R and let r ≥ 0 be

fixed, let f : U ⊂ R×C ([−r, 0] , Y )×Y ×M → Y and τ : W ⊂ R×C ([−r, 0] , Y )×Ω →
R+

0 be continuous functions, defined on the open sets U and W , respectively.

Lemma 2.1 (I) Suppose that the initial value problem (1.4) has a solution, whenever
(σ, φ, µ) ∈ Dom (τ) and (σ, φ, φ (−τ (σ, φ, µ)) , ω) ∈ Dom (f). Then the following
statements hold:
(i) τ ≤ r.
(ii) Let Λ stand for the function defined by the following formula:

Λ : Dom (τ) → Y, (t, ψ, µ) 7−→ ψ (−τ (t, ψ, µ)) , (2.1)

and let f̃ defined on the following way:

f̃ (t, ψ, µ, ω) : = f (t, ψ,Λ (t, ψ, µ) , ω) ,

(t, ψ, µ) ∈ Dom (τ) , ( t, ψ,Λ (t, ψ, µ)) ∈ Dom (f) .
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The domain of f̃ is open and f̃ is continuous. The function x is a solution of (1.4)
if and only if it is a solution of the initial value problem

x′ (t) = f̃ (t, xt, µ, ω) , if t ∈ [σ, b[ , x (t) = φ (t− σ) , if t ∈ [σ − r, σ] . (2.2)

(iii) If x is a noncontinuable solution of (1.4) then x reaches to the boundary of

Dom
(

f̃ (·, ·, µ, ω)
)

on the right.

(iv) Let G ⊂ R× C([−r, 0] , Y )×M×Ω be a compact set such that if (σ, φ, µ, ω) ∈ G
then (σ, φ, µ) ∈ Dom(τ) and (σ, φ, φ(−τ(t, φ, µ)), ω) ∈ Dom(f). Denote Φ(σ, φ, µ, ω)
the set of the noncontinuable solutions x of (1.4), satisfying the initial condition
xσ = φ.
For every neighborhood V ⊂ R × C ([−r, 0] , Y ) of the compact set prR×C([−r,0],Y ) (G)
there exist a neighborhood E of G, and positive numbers α and K such that

((σ, φ, µ, ω) ∈ E, x ∈ Φ (σ, φ, µ, ω))

=⇒

{

[σ − r, σ + α] ⊂ Dom (x) , {(t, xt) | t ∈ [σ, σ + α]} ⊂ V,
and x is Lipschitzian on the interval [σ, σ + α] with the constant K.

(II) Suppose furthermore that Y = Rn. The initial value problem (1.4) has a solution,
whenever (σ, φ, µ) ∈ Dom (τ) and (σ, φ, φ (−τ (σ, φ, µ)) , ω) ∈ Dom (f), if and only if
τ ≤ r.

Proof. I. (i) If x is a solution of (1.4) then x′ (σ) = f (σ, φ, φ (−τ (σ, φ, µ)) , ω), that
is φ (−τ (σ, φ, µ)) is defined, consequently τ (σ, φ, µ) ≤ r.

(ii) The function

H : Dom (τ) × Ω → R × C ([−r, 0] , Y ) ×M× Ω,

(t, ψ, µ, ω) 7−→ (t, ψ, ψ (−τ (σ, ψ, µ)) , ω)

is continuous, moreover Dom
(

f̃
)

= H−1 (Dom (f)), therefore Dom
(

f̃
)

is open.

The statement follows immediately from the fact that by (i) the function Λ is well
defined, and it is continuous, as it is easily seen.

(iii) This statement follows immediately from (ii) and Theorem 10 (ii) of [17].
(iv) By (ii) if x ∈ Φ (σ, φ, µ, ω) then x ∈ η (σ, φ, µ, ω), where η (σ, φ, µ, ω) denotes

the set of the solutions of the initial value problem (2.2). Moreover, f̃ is continuous.
By Theorem 12 [17] our statement holds.

II. By (I) (i) we have to prove only that if τ ≤ r then the initial value problem
(1.4) has a solution, whenever (σ, φ, µ) ∈ Dom (τ) and (σ, φ, φ (−τ (σ, φ, µ)) , ω) ∈
Dom (f). By (I) (ii) it is equivalent to the statement that the initial value problem

(2.2) has a solution, whenever (σ, φ, µ, ω) ∈ Dom
(

f̃
)

. By a classical theorem (see for

instance [7] Chapter 2.2) the statement holds. �

Considering equations of the type (1.4), the standard trick is to use the equivalence
of the initial value problems (1.4) and (2.2) (see for instant in [9], [11] and [12]). The
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difficulties follow from the fact that it is possible that f and τ have some ”good”
property but f̃ has not. For instance it may happen that f and τ are Lipschitzian or
continuously differentiable but f̃ is not. However, if f and τ are continuous then f̃
is also continuous, so every statement, following from the continuity of the function
f on the right of (1.3), can be generalized for the problem (1.4). However, if the
assumption τ ≤ r does not hold then this trick cannot be used directly. In Lemma 2.2,
and in Corollary 2.1 below we give further relations between the classical functional
differential equation of the type (1.3) and the state-dependent problem (1.4), not
using the supposition τ ≤ r.

As the parameters µ and ω do not play any role in the further part of this section,
we omit them.

Lemma 2.2 Let r ≤ r̃ and let τ̃ stand for the function, defined by the following
formula:

τ̃ :
{(

t, ψ̃
)

| ψ̃ ∈ C ([−r̃, 0] , Y ) ,
(

t, ψ̃|[−r,0]

)

∈ Dom (τ)
}

→ R,
(

t, ψ̃
)

7−→ τ
(

t, ψ̃|[−r,0]

)

,

and let f̃ stand for the function, defined on the following way:

f̃ :
{(

t, ψ̃, y
)

| ψ̃ ∈ C ([−r̃, 0] , Y ) ,
(

t, ψ̃|[−r,0], y
)

∈ Dom (f)
}

→ Y,
(

t, ψ̃, y
)

7−→ f
(

t, ψ̃|[−r,0], y
)

.

(i) τ̃ and f̃ are continuous or Lipschitzian or (n times, continuously) differentiable
functions in some of their variables if τ and f have these properties, respectively.
Dom(τ̃ ) and Dom(f̃) are open.
(ii) Let the function x be a solution of the initial value problem

x′ (t) = f (t, xt, x (t− τ (t, xt))) , xσ = φ. (2.3)

If φ̃ ∈ C ([−r̃, 0] , Y ) and φ̃|[−r,0] = φ then the function

x̃ (t) =

{

φ̃ (t− σ) , if t ∈ [σ − r̃, σ − r]
x (t) , if t ≥ σ − r and t ∈ Dom (x)

is a solution of the initial value problem

x̃′ (t) = f̃ (t, x̃t, x̃ (t− τ̃ (t, x̃t))) , x̃σ = φ̃, (2.4)

where x̃t : [−r̃, 0] → Y, s 7−→ x̃ (t+ s).
(iii) If the function x̃ is a solution of the initial value problem (2.4), then x =
x̃|Dom(x̃)∩[σ−r,∞[ is a solution of the initial value problem (2.3), where φ := φ̃|[−r,0],
if and only if for each point t ≥ σ, t ∈ Dom (x) the inequality τ (t, xt) ≤ t − σ + r
holds.
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Proof. (i) These statements follow immediately from the fact that the function

Ψ : C ([−r̃, 0] , Y ) → C ([−r, 0] , Y ) , ψ̃ 7−→ ψ̃|[−r,0]

is linear and continuous, and because τ̃ = τ ◦ (idR,Ψ) and f̃ = f ◦ (idR,Ψ, idY ).
(ii) By definition x̃σ = φ̃. If the function x is a solution of the initial value problem

(2.3) then for every point t ∈ Dom (x) , t ≥ σ, the equation t− τ̃ (t, x̃t) = t− τ (t, xt)
holds, which implies immediately that

x̃′ (t) = x′ (t) = f (t, xt, x (t− τ (t, xt))) = f̃ (t, x̃t, x̃ (t− τ̃ (t, x̃t))) ,

whenever t ≥ σ and t ∈ Dom (x).
(iii) Suppose that x̃ is a solution of the initial value problem (2.4).

If t − τ (t, xt) < σ − r then x is not defined at the point t − τ (t, xt). Hence our
supposition is necessary.

If t ≥ σ and t ∈ Dom (x̃), moreover, if σ− r ≤ t− τ (t, xt), then x̃ (t− τ̃ (t, x̃t)) =
x (t− τ (t, xt)), by the definition of x. The equalities

x′ (t) = x̃′ (t) = f̃ (t, x̃t, x̃ (t− τ̃ (t, x̃t)))

= f
(

t, (x̃t)|[−r,0] , x
(

t− τ
(

t, (x̃t)|[−r,0]

)))

= f (t, xt, x (t− τ (t, xt)))

hold evidently. �

Corollary 2.1 Let σ be fixed. Suppose that τ (t, ψ) ≤ t − σ + r, whenever (t, ψ) ∈
Dom (τ) and σ ≤ t. Let b ∈ ]σ,∞[ and denote r̃ := b − σ + r, moreover, let φ̃ ∈
C ([−r̃, 0] , Y ) and φ = φ̃|[−r,0].
The function x is a solution of the initial value problem

x′ (t) = f (t, xt, x (t− τ (t, xt))) , xσ = φ (2.5)

on the interval [σ − r, b] if and only if the function

x̃ : [σ − r̃, b] → Y, x̃ (t) =

{

x (t) , if t ∈ [σ − r, b]

φ̃ (t− σ) , if t ∈ [σ − r̃, σ − r]

is a solution of the initial value problem

x̃′ (t) = h (t, x̃t) , x̃σ = φ̃ (2.6)

on the interval [σ − r̃, b], where

h
(

t, ψ̃
)

:= f
(

t, ψ̃|[−r,0], ψ̃
(

−τ
(

t, ψ̃|[−r,0]

)))

, (2.7)

whenever
(

t, ψ̃
)

∈ R × C ([σ − r̃, b] , Y ),
(

t, ψ̃|[−r,0]

)

∈ Dom (τ) and
(

t, ψ̃|[−r,0], ψ̃
(

−τ
(

t, ψ̃|[−r,0]

)))

∈ Dom (f).
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3. Solutions, reaching to the boundary

Let Y be a Banach space, let r ≥ 0, let f : U ⊂ R×C ([−r, 0] , Y ) × Y → Y and
τ : W ⊂ R×C ([−r, 0] , Y ) → R+

0 be continuous functions, defined on the open sets U
and W , respectively.

Definition 3.1 Let σ < b ≤ ∞, let W ⊂ R × C ([−r, 0] , Y ) be a non empty set, let I
be an interval and let x : I → Y be a function, (σ, xσ) ∈ W . We say that x reaches to
the boundary of W = Dom (τ) on the right if for each compact subset C ⊂ W there
exists an element tC ∈ I such that (t, xt) ∈W�C for all t ∈ I, t ≥ tC .

Definition 3.2 Let x be a solution of the initial value problem

x′ (t) = f (t, xt, x (t− τ (t, xt))) , xσ = φ (3.1)

on the interval I. We say that x reaches to the boundary of the domain of f on the
right, if for each compact subset C ⊂ Dom (f) there exists an element tC ∈ I such
that (t, xt, x (t− τ (t, xt))) ∈ Dom (f)�C for all t ∈ I, t ≥ tC . We say that x reaches
to the boundary on the right if either x reaches to the boundary of the domain of τ
on the right, or x reaches to the boundary of the domain of f on the right.

Theorem 3.1 Suppose that for every initial condition xσ = φ (3.1) has a solution.
Let x be a solution of the initial value problem (3.1) on the interval [σ − r, b[. Denote

Γx := {(t, xt) | t ∈ [σ, b[}

and
Gx := {(t, xt, x (t− τ (t, xt))) | t ∈ [σ, b[} .

Denote Cτ the set of all bounded and closed subsets of Dom (τ) and Cf the set of all
bounded and closed subsets of Dom (f). If Γx (respectively Gx) is relatively compact
then the following statements are equivalent:
(i) x reaches to the boundary of Dom (τ) (respectively of Dom (f)) on the right;
(i′) for every C ∈ Cτ (respectively C ∈ Cf ) there exists a number tC ∈ [σ, b[ such that

tC < t < b =⇒ (t, xt) /∈ C; (respectively (t, xt, x (t− τ (t, xt))) /∈ C);

(ii) Γx (respectively Gx) is not contained in any compact subset of Dom (τ) (respec-
tively of Dom (f))
(ii′) Γx (respectively Gx) is not contained in any C ∈ Cτ (respectively C ∈ Cf );
(iii) limt→b− xt exists and (b, limt→b− xt) ∈ ∂ (Dom (τ))
(respectively (b, limt→b− xt, limt→b− x (t− τ (t, xt))) ∈ ∂ (Dom (f))), where ∂H de-
notes the boundary of the set H;
(iv) the distance between the set Γx (respectively Gx) and the complement of Dom (τ)
(respectively the complement of Dom (f)) is equal to zero.
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Proof. The function x is continuous, and Γx is its trajectory. The function

g := (R (x) , x ◦ (idR − τ ◦ (idR,R (x))))

is also continuous, where R (x) (t) := xt. Gx is the graph of g. The statement follows
immediately from Theorem 9 of [17]. �

The following example shows that there exists a differential equation of the type
(1.4) with a noncontinuable solution x, not reaching to the boundary on the right and
having a compact interval as its domain.

Example 3.2 Let r ≥ 0, let Y be Banach space, let g : R × C ([−r, 0] , Y ) → R+
0 be

an arbitrary nonnegative and continuous function,

τ : [0,∞[ × C ([−r, 0] , Y ) → R+
0 , (t, ψ) 7−→ 2t+ ‖ψ‖ g (t, ψ)

and
f := pr3 : R × C ([−r, 0] , Y ) × R → Y, (t, ψ, y) 7−→ y.

Then a noncontinuable solution of the initial value problem

x′ (t) = f (t, xt, x (t− τ (t, xt))) = x (−t− ‖xt‖ g (t, xt)) , t ≥ 0 (3.2)

x (t) = 0 ∈ Y, t ∈ [−r, 0]

is equal to 0|[−r,r], and it does not reach to the boundary on the right. For instance,
if g = 0 then the initial value problem (3.2) has the following very simple form:

x′ (t) = x (−t) , t ≥ 0, x (t) = 0 ∈ Y, t ∈ [−r, 0] .

Lemma 3.1 Let b < ∞, let x : [σ − r, b[ → Y be a continuous function, let x (t) =
φ (t− σ) if t ∈ [σ − r, σ], and let x′ (t) = f (t, xt, x (t− τ (t, xt))) if σ < t < b. Suppose
that the trajectory of x|[σ,b[ is relatively compact, moreover

(

σ, lim
t→σ+

xt

)

∈ Dom (τ) ,

(

b, lim
t→b−

xt

)

∈ Dom (τ)

and
(

σ, lim
t→σ+

xt, x

(

σ − τ

(

σ, lim
t→σ+

xt

)))

∈ Dom (f) ,

(

b, lim
t→b−

xt, x

(

b− τ

(

b, lim
t→b−

xt

)))

∈ Dom (f) .

Let x (b) := limt→b− x (t) by definition. The function x is differentiable at σ from the
right, it is differentiable at b from the left, moreover,

x′ (σ) = f (σ, φ, x (σ − τ (σ, φ))) ,

where x′ (σ) denotes the right-hand derivative of x at σ, and

x′ (b) = f (b, xb, x (b − τ (b, xb))) ,

where x′ (b) denotes the left hand derivative of x at b.
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Proof. The functions f and τ are continuous, hence

lim
t→σ+

f (t, xt, x (t− τ (t, xt))) = f (σ, φ, x (σ − τ (σ, φ))) .

Denote A := limt→σ+ x′ (t) = f (σ, φ, x (σ − τ (σ, φ))). We prove that x′ (σ) exists
and is equal to A. The function

∆ : [σ, b] → Y, s 7−→ x (s) − sA

is continuous, moreover it is differentiable on ]σ, b[. For every positive number ε there
is a positive number δ such that if |s− σ| ≤ δ, s > σ, then ‖∆′ (s)‖ = ‖x′ (s) −A‖ ≤ ε.
By the Mean Value Theorem if s, t ∈ ]σ, δ] then ‖∆(s) − ∆(t) − (s− t)A‖ ≤ ε |s− t|,
therefore ‖x (t) − x (σ) − (t− σ)A‖ ≤ ε |t− σ|, because x is continuous on [σ, b]. It
means that

x′ (σ) = f (σ, φ, x (σ − τ (σ, φ))) .

The differentiability of x at b and the equality

x′ (b) = f (b, xb, x (b− τ (b, xb)))

can be proved in a similar way. �

Proposition 3.1 Let r > 0, let x be a noncontinuable solution of the equation

x′ (t) = f (t, xt, x (t− τ (t, xt))) .

Either x reaches to the boundary on the right, or x is defined on a compact interval
[σ − r, b].

Proof. If x is defined on an interval [σ − r,∞[ then x reaches to the boundary on
the right, obviously. So we can suppose without loss of generality that its domain is
bounded.

Suppose that x does not reach to the boundary on the right. It is enough to show
that Γx is relatively compact, because in this case by Lemma 3.1

x′ (b) = f

(

b, lim
t→b−

(t, xt) , lim
t→b−

(t, xt, x (t− τ (t, xt)))

)

,

therefore x is a solution on [σ − r, b]. By Corollary 1 of [17] Γx is relatively compact.
�

Remark 3.1 The solutions of the equation

x′ (t) = f (t, x (t) , x (t− τ (t, x (t)))) , (3.3)
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where r = 0, are obviously the same as the solutions of the equation

x′(t) = f̃ (t, xt, x (t− τ̃ (t, xt))) , (3.4)

where r > 0 is arbitrary fixed and

f̃ (t, ψ, y) := f (t, ψ (0) , y) , ψ ∈ C ([−r, 0] , Y ) , (t, ψ (0) , y) ∈ Dom (f) ,

τ̃ (t, ψ) := τ (t, ψ (0)) , ψ ∈ C ([−r, 0] , Y ) , (t, ψ (0)) ∈ Dom (τ) .

If x is considered as the solution of (3.4) then its trajectory Γx := {(t, xt) | t ∈
Dom(x)} can be closed and bounded. In this case by Corollary 1 [17] x reaches to the
boundary of every set on the right. However, u can be a continuously differentiable
function on an interval [a− r, b[ such that Γu := {(t, ut) | t ∈ [a, b[} is closed and
bounded, but the graph of u is not closed. For instance, if r = 1 then the trajectory
Γu = {(t, ut) | t ∈ [−1, 0[} of the function

u : [−2, 0[ → [−1, 1] , t 7−→ sin

(

1

t

)

is closed and bounded, but graph (u) is not closed. It means that the equations (3.3)
and (3.4) may be not equivalent from the point of view that the noncontinuable solu-
tions reach to the boundary on the right or not. That is why the following question
arises:

Problem 3.3 Does a differential equation of type (3.3) exist such that it has a non-
continuable solution x, not reaching to the boundary on the right and not having a
compact interval as its domain?

Lemma 3.2 Let Y = Rn, let x be a solution of the equation

x′ (t) = f (t, x (t) , x (t− τ (t, x (t))))

on the interval [σ, b[, b < ∞, let tn ∈ [σ, b[ be a sequence tending to b such that
limn→∞ x (tn) = v, (b, v) ∈ Dom (τ) and

(tn, x (tn) , x (tn − τ (tn, x (tn)))) → (b, v, y) ∈ Dom (f) .

If there is a positive number c such that for every natural number n 0 < c ≤
τ (tn, x (tn)) holds then x is Lipschitzian on [σ, b[ and its graph is relatively compact.

Proof. It is enough to show that x is Lipschitzian. Indeed, in this case for every
sequence tn → b− the sequence x (tn) is a Cauchy sequence, i.e. it is convergent. It
means that the graph of x is relatively compact.

The positive number δ can be chosen so that

B := {(t, z) | |b− t| ≤ 2δ, ‖v − z‖ ≤ 2δ} ⊂ Dom (τ)
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and τ is uniformly continuous on B. Denote m the modulus of the uniform continuity
of τ on B. We can suppose without loss of generality that the function f is bounded
on V := B × {w ∈ Y | ‖y − w‖ ≤ 2δ}, i.e. there is a number K such that

|b− t| ≤ 2δ, ‖v − z‖ ≤ 2δ, ‖y − w‖ ≤ 2δ (3.5)

=⇒ (t, z, w) ∈ Dom (f) and ‖f (t, z, w)‖ ≤ K.

The function x|[σ,b−c] is Lipschitzian because f is bounded on its compact graph; let
us denote by L its Lipschitz constant.

Let the natural number n be chosen so that b − δ < tn, , ‖x (tn) − v‖ < δ,
‖x (tn − τ (tn, x (tn))) − y‖ < δ and L (b− tn +m (b− tn +K (b− tn))) < δ. Denote

ρ := sup {β | t ∈ [tn, β] =⇒ ‖x (t) − v‖ ≤ 2δ and ‖x (t− τ (t, x (t))) − y‖ ≤ 2δ} .

If ρ = b then x′ is bounded, which implies that x is Lipschitzian.
Suppose that ρ < b. Then

ρ = max {β | t ∈ [tn, β] =⇒ ‖x (t) − v‖ ≤ 2δ and ‖x (t− τ (t, x (t))) − y‖ ≤ 2δ}

and
either ‖x (ρ) − v‖ = 2δ or ‖x (ρ− τ (ρ, x (ρ))) − y‖ = 2δ. (3.6)

On the other hand, it follows from(3.5) that

‖x (ρ) − x (tn)‖ ≤ K (ρ− tn) ≤ K (b− tn)

and

‖x (ρ− τ (ρ, x (ρ))) − x (tn − τ (tn, x (tn)))‖

≤ L (ρ− tn + |τ (ρ, x (ρ)) − τ (tn, x (tn))|)

≤ L (ρ− tn +m (ρ− tn + ‖x (ρ) − x (tn)‖))

≤ L (b− tn +m (b− tn +K (b− tn))) .

It implies that

‖x (ρ− τ (ρ, x (ρ))) − y‖

≤ ‖x (ρ− τ (ρ, x (ρ))) − x (tn − τ (tn, x (tn)))‖ − ‖x (tn − τ (tn, x (tn))) − y‖

≤ L (b− tn +m (b− tn +K (b− tn))) + δ < 2δ,

and
‖x (ρ) − v‖ ≤ ‖x (ρ) − x (tn)‖ + ‖x (tn) − v‖ ≤ K (b− tn) + δ < 2δ.

This contradicts (3.6). Therefore ρ = b, which completes the proof. �
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Proposition 3.2 Let Y = Rn and let x be a noncontinuable solution of the equation

x′ (t) = f (t, x (t) , x (t− τ (t, x (t))))

on the interval [σ − r, b) where [σ − r, b) denotes either the interval [σ − r, b[ or the
compact interval [σ − r, b]. If τ (b, v) > 0, whenever (b, v) ∈ Dom (τ) then one of the
following three statements holds:
(1) x reaches to the boundary on the right;
(2) the distance between the graph of x and the complement of Dom (τ) is equal to
zero;
(3) b <∞ and x is defined on a compact interval [σ − r, b].

Proof. If x is defined on an interval [σ − r,∞[ then x reaches to the boundary on
the right, obviously. So we can suppose without loss of generality that b <∞.

Suppose that x does not reach to the boundary on the right. It is enough to show
that Γx is relatively compact, because in this case by Lemma 3.1

x′ (b) = f

(

b, lim
t→b−

(t, x (t)) , lim
t→b−

(t, x (t) , x (t− τ (t, x (t))))

)

,

therefore x is a solution on [σ − r, b].
Suppose that (1) and (2) do not hold. Let C ⊂ Dom (f) be a compact set

and tn ∈ [σ, b[ be a sequence tending to b such that for each natural number n
(tn, x (tn)) ∈ Dom (τ) and (tn, x (tn) , x (tn − τ (tn, x (tn)))) ∈ C. We can suppose
without loss of generality that

(tn, x (tn) , x (tn − τ (tn, x (tn)))) → (b, v, y) ∈ C ⊂ Dom (f) .

By supposition (b, v) /∈ ∂ (Dom (τ)) and τ (b, v) > 0, therefore by Lemma 3.2 Γx is
relatively compact. �

Theorem 3.4 Let Y be Banach space, let σ be fixed and let x be a noncontinuable
solution of the initial value problem

x′ (t) = f (t, x (t) , x (t− τ (t, x (t)))) , if t ∈ [σ, b[ , (3.7)

x (t) = φ (t− σ) , if t ∈ [σ − r, σ] .

If τ (t, v) ≤ t + r − σ, whenever (t, v) ∈ Dom (τ) and t ≥ σ, moreover graph (x) is
relatively compact, then x reaches to the boundary on the right.

Proof. By supposition b <∞ . Let us define

τ̃ : {(t, ψ) ∈ R × C ([−r, 0] , Y ) | (t, ψ (0)) ∈ Dom (τ)} → R, (t, ψ) 7−→ τ (t, ψ (0)) ,

f̃ : {(t, ψ, y) ∈ R × C ([−r, 0] , Y ) × Y | (t, ψ (0)) ∈ Dom (τ)} ,

(t, ψ, y) 7−→ f (t, ψ (0) , y) ,
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It is easily seen that

x′ (t) = f (t, x (t) , x (t− τ (t, x (t)))) , if t ∈ [σ, b[ ,

x (t) = φ (t− σ) , if t ∈ [σ − r, σ]

if and only if

x̃′ (t) = f̃ (t, x̃t, x̃ (t− τ̃ (t, x̃t))) , if t ∈ [σ, b[ ,

x̃ (t) = φ (t− σ) , if t ∈ [σ − r, σ] ,

where
x̃ (t) = x (t) if t ∈ [σ, b[ , and x̃t : [−r̃, 0] → Y, s 7−→ x̃ (t+ s) .

By Lemma 3 [17] Γx̃ is relatively compact if and only if graph (x̃) is relatively com-
pact. Denote ψ0 := limt→b− x̃t. It follows from the definition of τ̃ that (b, ψ0 (0)) ∈
∂(Dom(τ)) if and only if (b, ψ0) ∈ ∂(Dom(τ̃ )). By Theorem 3.1 (b, ψ0) ∈ ∂ (Dom (τ̃ )),
which proves our statement. �

Example 3.5 Let U ⊂ R×Rn×Rn be open set, f : U → Rn be continuous function.
Let us consider the so called pantograph equation

x′ (t) = f (t, x (t) , x (αt)) , σ ≤ t,

x (t) = φ (t− σ) , ασ ≤ t < σ

where 0 < α < 1, σ ≥ 0 and φ ∈ C ([(α− 1)σ, 0] , Y ) are fixed. This initial value
problem also can be written in the form

x′ (t) = f (t, x (t) , x (t− τ (t, x (t)))) , xσ = φ, (3.8)

where
τ = (1 − α) pr1 : R × Rn → R, (t, ψ) 7−→ (1 − α) t.

If b > σ and t ∈
[

b−σ
2 , b

[

then τ (t, x (t)) ≥ (1 − α) b−σ
2 > 0. By Proposition 3.2 if x

is a noncontinuable solution then either x reaches to the boundary on the right or its
graph is compact. By Theorem 3.4 x reaches to the boundary on the right.

4. The compactness of Φ[a,b] (σ, φ, µ, ω) .

Definition 4.1 Let I be a non-empty set and for every point i ∈ I let Di and Ri

be metric spaces with distances dDi
and dRi

, respectively. The family of uniformly
continuous functions {xi : Di → Ri | i ∈ I} is said to be uniformly equicontinuous if
there is a function m : R+ → R+, satisfying the following properties: lim0m = 0 and
mi ≤ m, where mi denotes the modulus of the uniform continuity of xi. It means
that dRi

(xi (t) , xi (s)) ≤ m (dDi
(t, s)), whenever i ∈ I and t, s ∈ Di.

Invoke the following classical theorem we need:
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Theorem 4.1 (Theorem 3.6.1. [3]) Let U be a convex open subset of a Banach space
E, let fn : U → F (F is a Banach space) be a sequence of differentiable functions. If
(i) there is a point a ∈ U such that fn (a) has a limit,
(ii) the sequence f ′

n : U → L (E,F ) uniformly converges to the function g : U →
L (E,F ),
then for each point t ∈ U the sequence fn (t) has a limit (denoted by f (t)); the
sequence {fn} tends to f uniformly on each bounded subset of U . Finally, the limit
function f is differentiable and f ′ = g.

The following lemma is essential in the proof of the main theorem of this section.

Lemma 4.1 Consider the initial value problem (1.4), let Y be Banach space. Suppose
that

(σn, φn, µn) ∈ Dom (τ) , (σn, φn, φn (−τ (σn, φn, µn)) , ωn) ∈ Dom (f)

and (σn, φn, µn, ωn) → (σ, φ, µ, ω), where

(σ, φ, µ) ∈ Dom (τ) , (σ, φ, φ (−τ (σ, φ, µ)) , ω) ∈ Dom (f) ,

moreover, σ < b < ∞, and for every natural number n there is given a solution
xn : [σn − r, b] → Y of the initial value problem

x′n (t) = f (t, (xn)t , xn (t− τ (t, (xn)t , µn)) , ωn) , t ∈ [σn, b] ,

xn (t) = φn (t− σn) , if t ∈ [σn − r, σn] .

Suppose furthermore that every noncontinuable solution of the initial value problem

x′ (t) = f (t, xt, x (t− τ (t, xt, µ)) , ω) , t ≥ σ (4.1)

x (t) = φ (t− σ) , if t ∈ [σ − r, σ] ,

is defined on the interval [σ − r, b].

If the sequence
{

(xn)|[σn,b] | n ∈ N
}

is equicontinuous and there is a function u :

]σ, b] → Y such that xn (t) → u (t), whenever t ∈ ]σ, b], then {xn} has a subsequence,
converging uniformly on [a, b] to the function

x : [σ − r, b] → Y,

{

u (t) , if t ∈ ]σ, b]
φ (t− σ) , if t ∈ [σ − r, σ]

,

whenever σ − r < a < b.
Moreover, x is a solution of the initial value problem (4.1) on the interval [σ − r, b].

Proof. As the sequence
{

(xn)|[σn,b] | n ∈ N
}

is uniformly equicontinuous there is a

function m : R+ → R+, satisfying the following properties: lim0m = 0 and mn ≤
m, where mn denotes the modulus of the uniform continuity of (xn)|[σn,b]. We can
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suppose that mφ ≤ m also holds, where mφ denotes the modulus of the uniform
continuity of φ.

If n ∈ N and t, s ∈ [σn − r, b] then

‖xn (t) − xn (s)‖ ≤ 2 (m (|t− s|) + ‖φn − φ‖) . (4.2)

Indeed, if t, s ∈ [σn − r, σn] then

‖φn (t) − φn (s)‖ ≤ ‖φn (t) − φ (t)‖ + ‖φ (t) − φ (s)‖ + ‖φ (s) − φn (s)‖ (4.3)

≤ m (|t− s|) + 2 ‖φn − φ‖

and, using (4.3) and the equality φn (0) = xn (σn),

‖xn (t) − xn (s)‖

≤















‖φn(t− σn) − φn(s− σn)‖ ≤ m(|t− s|) + 2‖φn − φ‖, if t, s ∈ [σn − r, σn]
‖φn (t− σn) − φn (0)‖ + ‖xn (σn) − xn (s)‖

≤ 2m (|t− s|) + 2 ‖φn − φ‖ , if t ≤ σn ≤ s
m (|t− s|) , if σn ≤ t, s .

We can suppose without loss of generality that a ≤ σ. We prove our statements in
four steps.

(1) The function x is continuous on [a, b]. Indeed, if t ≥ σ then

‖x (t) − φ (0)‖ ≤ ‖x (t) − xn (t)‖ + ‖xn (t) − φn (0)‖ + ‖φn (0) − φ (0)‖ ≤

≤ ‖x (t) − xn (t)‖ +m (|t− σ|) + ‖φn − φ‖ ,

hence limσ x = φ (0) = x (σ). If t, s ∈ [a, b] then

‖x (t) − x (s)‖

≤























‖φ (t− σ) − φ (s− σ)‖ ≤ m (|t− s|) , if t, s ∈ [σ − r, σ] ;
‖φ (t− σ) − φ (0)‖ + ‖φ (0) − x (s)‖ ≤

≤ m (|t− s|) + ‖φ (0) − x (s)‖ , if t ≤ σ ≤ s;
‖x (t) − xn (t)‖ + ‖xn (t) − xn (s)‖ + ‖xn (s) − x (s)‖ ≤

≤ ‖x (t) − xn (t)‖ + ‖xn (s) − x (s)‖ +m (|t− s|) , if σ ≤ t, s.

It implies that for every positive ε there is a number δ such that ‖x (t) − x (s)‖ < ε,
whenever |t− s| < δ.

(2) We show that (xn)|[a,b] tends uniformly to x|[a,b]. Suppose that it is not true,
i.e.

∃ε > 0 ∀n ∈ N ∃tn ∈ [a, b] : ‖xn (tn) − x (tn)‖ > ε.

We can suppose that tn → t ∈ [a, b]. Then

ε < ‖xn (tn) − x (tn)‖ ≤ ‖xn (tn) − xn (t)‖ + ‖xn (t) − x (t)‖ + ‖x (t) − x (tn)‖

≤ m (|tn − t|) + ‖xn (t) − x (t)‖ +mx (|tn − t|) ,

where mx denotes the modulus of the uniform continuity of x|[a,b]. We have got a
contradiction, because the function on the right-hand side of the last inequality tends
to zero.
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(3) We show that there is a number δ > σ such that x satisfies equation (4.1) on
the interval ]σ, δ[.
Let c := σ, if σn ≤ σ for each n, and let c ∈ ]σ, b[ be fixed in other case. We can
suppose that for every natural number n the function xn is defined on [c, b].

Let R[c,b] stand for the function defined by the following formula:

R[c,b] : C ([c− r, b] , Y ) → C ([c, b] , C ([−r, 0] , Y )) , u 7−→ R[c,b] (u)

R[c,b] (u) : [c, b] → Y, t 7−→ ut.

It is easily seen that R[c,b] is linear. It is also continuous and
∥

∥R[c,b]
∥

∥ ≤ 1, because

∥

∥

∥
R[c,b] (u)

∥

∥

∥
= sup

t∈[c,b]

∥

∥

∥
R[c,b] (u) (t)

∥

∥

∥
= sup

t∈[c,b]

sup
s∈[−r,0]

‖u (t+ s)‖ ≤ ‖u‖ .

Therefore
R[c,b]

(

(xn)|[c−r,b]

)

→ R[c,b]
(

x|[c−r,b]

)

. (4.4)

If a ≤ sn → s ≤ b then xn (sn) → x (s), because (xn)|[a,b] → x|[a,b] uniformly and

‖xn (sn) − x (s)‖ ≤ ‖xn (sn) − x (sn)‖ + ‖x (sn) − x (s)‖ . (4.5)

(σ, φ, µ) ∈ Dom (τ) and (σ, φ, φ (−τ (σ, φ, µ)) , ω) ∈ Dom (f) imply that there is a
number δ > σ such that if t ∈ ]σ, δ[ then

(t, xt, µ) ∈ Dom (τ) and (t, xt, x (t− τ (t, xt, µ)) , ω) ∈ Dom (f) .

The set H := [c, b]×
({

1
n
| n ∈ N

}

∪ {0}
)

⊂ R2 is compact and (using property (4.4))
the function H → Y ,

H

(

t,
1

n

)

= f (t, (xn)t , xn (t− τ (t, (xn)t , µn)) , ωn) , if n > 0

H (t, 0) = f (t, xt, x (t− τ (t, xt, µ)) , ω)

is continuous. Therefore it follows from the equalities

x′n (t) = f (t, (xn)t , xn (t− τ (t, (xn)t , µn)) , ωn) , t ∈ [σn, b[ ,

xn (t) = φn (t− σn) if t ∈ [σn − r, σn]

that the sequence x′n (t) is uniformly convergent on the interval [c, b] and tends to
f (t, xt, x (t− τ (t, xt, µ)) , ω). By Theorem 4.1 x is differentiable on ]σ, δ[ and if t ∈
]σ, δ[ then

x′ (t) = lim
n→∞

f (t, (xn)t , xn (t− τ (t, (xn)t , µn)) , ωn)

= f (t, xt, x (t− τ (t, xt, µ)) , ω) .

(4) Finally, we have to prove that if t ∈ [σ, b] then

x′ (t) = f (t, xt, x (t− τ (t, xt, µ)) , ω) . (4.6)
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Denote β the supremum of the numbers δ ≤ b such that the equation (4.6) is sat-
isfied on the interval ]σ, δ[. By definition xσ = φ. By Lemma 3.1 the function x is
continuously differentiable from the right at σ and

x′ (σ) = f (σ, φ, x (σ − τ (σ, φ, µ)) , ω) .

If t ∈ [σ, β[ then (4.6) holds, therefore there exists a function x̃ : [σ − r, b] → Y such
that x̃|[σ−r,β[ = x|[σ−r,β[, x̃σ = φ, and for each element t ∈ [σ, b] the equality

x̃′ (t) = f (t, x̃t, x̃ (t− τ (t, x̃t, µ)) , ω)

also holds. It implies that (β, xβ , µ) ∈ Dom (τ) and (β, xβ , x (β − τ (β, xβ , µ)) , ω) ∈
Dom (f), furthermore, x (β) = x̃ (β). If β < b then there is a positive number ε such
that if β ≤ t ≤ β + ε then (t, xt, µ) ∈ Dom (τ) and (t, xt, x (t− τ (t, xt, µ)) , ω) ∈
Dom (f). Repeating our argumentation in step (3), replacing σ by β, we get a con-
tradiction with the definition of β. Therefore β = b. By Lemma 3.1

x′ (b) = f (b, φ, x (b− τ (b, φ, µ)) , ω) .

Consequently (4.6) holds whenever t ∈ [σ, b]. �

Lemma 4.2 Let [σ, b] ⊂ R be a compact interval and Y be a Banach space, r ≥ 0.
Let H ⊂ C ([σ − r, b] , Y ). Denote

Γ := {(t, xt) | t ∈ [σ, b] , x ∈ H} .

Let τ : Γ → R be a continuous function such that t − τ (t, xt) ∈ Dom (x), whenever
x ∈ H and t ∈ [σ, b].
If the set H ⊂ C ([σ − r, b] , Y ) is compact then the sets Γ and

G := {(t, xt, x (t− τ (t, xt))) | t ∈ [σ, b] , x ∈ H}

are compact.

Proof. We show that Γ and G are sequentially compact.
If

(

tn, (xn)tn
, xn

(

tn − τ
(

tn, (xn)tn

)))

∈ G is a sequence then we can suppose
that there is a function x ∈ H such that xn → x. We can also suppose that tn → t.
For every positive number ε there is a positive number δ such that if u, v ∈ [σ − r, b]
and |u− v| ≤ δ then ‖x (u) − x (v)‖ ≤ ε. Therefore

∥

∥(xn)tn
− xt

∥

∥ = sup
s∈[−r,0]

‖xn (tn + s) − x (t+ s)‖

≤ sup
s∈[−r,0]

{‖xn (tn + s) − x (tn + s)‖ + ‖x (tn + s) − x (t+ s)‖}

≤ ‖xn − x‖ + ε ≤ 2ε,
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if |tn − t| ≤ δ and ‖xn − x‖ ≤ ε. It implies that

(

tn, (xn)tn

)

→ (t, xt) ∈ Γ

and if sn → s then xn (sn) → x (s). Consequently

(

tn, (xn)tn
, xn

(

tn − τ
(

tn, (xn)tn

)))

→ (t, xt, x (t− τ (t, xt))) ∈ G.

�

Recall that considering the initial value problem

x′ (t) = f (t, xt, x (t− τ (t, xt, µ)) , ω) , xσ = ϕ (4.7)

Φ[a,b] denotes the function defined at the point (σ, φ, µ, ω) if and only if every non-
continuable solutions of the initial value problem (4.7) is defined on the interval [a, b],
and Φ[a,b] (σ, φ, µ, ω) denotes the set of the restriction of these solutions to the interval
[a, b].

Theorem 4.2 Let Y := Rn and let [a, b] be a compact interval.
(i) Let C ⊂ Dom

(

Φ[a,b]
)

⊂ R × C ([−r, 0] ,Rn) ×M× Ω be a compact set.
The set

Φ[a,b] (C) =
{

x|[a,b] | (σ, φ, µ, ω) ∈ C, x ∈ Φ (σ, φ, µ, ω)
}

is compact in C ([a, b] ,Rn).
(ii) If (σ, φ, µ, ω) is fixed then the sets

Γ :=
{

(t, xt, µ, ω) | t ∈ [σ, b] , x ∈ Φ[σ−r,b] ((σ, φ, µ, ω))
}

,

G :=
{

((t, xt, x (t− τ (t, xt, µ)) , ω)) | t ∈ [σ, b] , x ∈ Φ[σ−r,b] ((σ, φ, µ, ω))
}

are compact.

Proof. We can suppose that Φ[a,b] (C) is not empty.
(i) We prove that Φ[a,b] (C) is sequentially compact. Let {xn} ⊂ Φ[a,b] (C) be

a sequence. It can be supposed without loss of generality that (σn, φn, µn, ωn) →
(σ, φ, µ, ω).

The structure of the proof is the following:
(I) there exists a number α > 0 such that xn is Lipschitzian on [σn, σn + 2α] with

a constant L, where α and L do not depend on n, if n is great enough;
(II) by Lemma 4.1 and by the Ascoli-Arselà theorem {xn} has a subsequence,

tending uniformly to a solution of (4.7) on the interval [a, σ + α];
(III) repeating the argumentation of (I) and (II) we prove the statement indi-

rectly.
(I) There exist positive numbers δ and L such that for each n ∈ N,

|t− σ| + ‖(xn)t − φ‖ + d (µn, µ) + d (ωn, ω) ≤ 3δ
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implies
‖f (t, (xn)t , xn (t− τ (t, (xn)t) , µn) , ωn)‖ ≤ L.

Denote m the modulus of the uniform continuity of φ and let n0 be such that

|σn − σ| + 3 ‖φ− φn‖ + d (µn, µ) + d (ωn, ω) ≤ δ,

whenever n ≥ n0.
We show that if 2α + m (2α) + 2Lα ≤ δ, σn + 2α ≤ b and n ≥ n0 then xn is

Lipschitzian on the interval [σn, σn + 2α] with the constant L, where L and α do not
depend on xn.

Let the number n ≥ n0 and xn ∈ Φ[a,b] (C) be fixed. Since the function

R (xn) : [σn, b] → C ([−r, 0] ,Rn) , t 7−→ (xn)t

is continuous ([7], 2.2, Lemma 2.1, or [17] Lemma 2), and

‖x′n (t)‖ = ‖f (t, (xn)t , xn (t− τ (t, (xn)t , µn)) , ωn)‖ , t ∈ [σn, b] ,

there is a positive number γ such that xn is Lipschitzian on the interval [σn, σn + γ]
with the constant L. Denote β the supremum of the numbers γ, satisfying this
property, i.e.

β := sup {γ ∈ [0, b− σn] | t, s ∈ [σn, σn + γ] =⇒ ‖xn (t) − xn (s)‖ ≤ L |t− s|} .

We show indirectly that β > 2α.
Denote mn the modulus of the uniform continuity of φn. It is easily seen that

mn ≤ 2 ‖φ− φn‖ +m. (4.8)

Indeed, if t, s ∈ [−r, 0] then

‖φn (t) − φn (s)‖ ≤ ‖φn (t) − φ (t)‖ + ‖φ (t) − φ (s)‖ + ‖φ (s) − φn (s)‖ .

Using the equality xn (σn) = φn (0), we get that for every element s ∈ [−r, 0]
∥

∥

∥
(xn)σn+β (s) − φn (s)

∥

∥

∥

≤







‖φn (β + s) − φn (s)‖ ≤ mn (β) , if β + s ≤ 0,
‖xn (σn + β + s) − xn (σn)‖ + ‖φn (0) − φn (s)‖

≤ Lβ +mn (|s|) if 0 < β + s.

If 0 < β + s then −s = |s| < β and mn (|s|) ≤ mn (β), because mn is increasing.
Therefore, using inequality (4.8), we get the estimation

∥

∥

∥
(xn)σn+β − φ

∥

∥

∥
≤

∥

∥

∥
(xn)σn+β − φn

∥

∥

∥
+ ‖φn − φ‖ ≤ 3 ‖φ− φn‖ +m (β) + Lβ.

If β ≤ 2α then m (β) + Lβ ≤ m (2α) + 2Lα, because m is increasing. It implies that

|σn + β − σ| +
∥

∥

∥
(xn)σn+β − φ

∥

∥

∥
+ d (µn, µ) + d (ωn, ω) ≤ 3δ.
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Consequently, there is a positive number ε such that xn is Lipschitzian on the interval
[β, β + ε] with the constant L, which contradicts to the definition of β. Hence xn is
Lipschitzian on the interval [σn, σn + 2α] with the constant L. Here α depends only
on m and on L, if n ≥ n0.

(II) We can suppose without loss of generality that {σn} is monotone, moreover
that if σn ≤ σ for each σn then the fixed number a is equal to σ − r, if σn > σ for
each σn then σ − r < a < σ. Suppose that if n ≥ n0 then |σn − σ| ≤ α. In this
case σn + 2α ≥ σ + α. Let c ∈ ]σ, σ + α] be fixed. By (I) we can suppose that

the sequence
{

(xn)|[c,σ+α] | n ∈ N
}

is equicontinuous. It is also uniformly bounded,

because if t ∈ [c, σ + α], then

‖xn (t)‖ ≤ ‖xn (t) − xn (σn)‖ + ‖φn (0)‖ ≤ L2α+ ‖φn‖ .

By the Ascoli-Arselà theorem {xn | n ∈ N} has a subsequence, converging uniformly
on [c, σ + α]. By Lemma 4.1 the sequence {xn | n ∈ N} has a subsequence, converging
uniformly to a solution x of (4.7) on the interval [a, σ + α], satisfying the initial
condition xσ = φ.

(III) Denote β the supremum of the numbers γ such that the sequence
{

(xn)|[a,γ]

}

has a subsequence, tending uniformly on [a, γ] ⊂ [a, b] to a noncontinuable solution x
of (4.7). By (II) β > σ and we can suppose that (xn)|[a,γ] tends uniformly to x|[a,γ],

whenever [a, γ] ⊂ [a, β[.
We prove that β = b. Suppose that β < b. The set {(t, xt, µ, ω) | t ∈ [σ, b]} is

compact, therefore there are numbers δ′ > 0, n0 ∈ N and L′ such that if t ∈ [σ, b]
then for each number n ∈ N

|β − t| + ‖(xn)t − xt‖ + d (µn, µ) + d (ωn, ω) ≤ 3δ′ =⇒

‖f (t, (xn)t , xn (t− τ (t, (xn)t) , µn) , ωn)‖ ≤ L′.

Denote mx the modulus of the uniform continuity of x|[σ−r,b]|. Then for every point
t ∈ [σ, b] the modulus of continuity of xt is not greater then mx. Let 2α′ ≤ δ′ be a
positive number such that mx (2α′) + 2L′α′ ≤ δ′ and let b′ := β − α′. Then we can
suppose that {xn | n ∈ N} converges uniformly to the solution x on [a, b′]. By (I) xn

is Lipschitzian on the interval [b′, b′ + 2α′] ∩ [b′, b] with the constant L′, if n is great
enough, hence it is Lipschitzian on the interval [a, b′ + 2α′]∩[a, b]. By the Ascoli-Arselà
theorem and by Lemma 4.1 we can suppose that {xn | n ∈ N} converges uniformly to
a solution x̃ on [a, b′ + 2α′]∩ [a, b]. As b′+2α′ > β, we have a contradiction. It means
that b = β and we get that there is a subsequence of {xn} which tends to a solution
x on [a, b].

(ii) By (i) the set

H := Φ[a,b] (C) =
{

x|[a,b] | (σ, φ, µ, ω) ∈ C, x ∈ Φ (σ, φ, µ, ω)
}

is compact in C ([a, b] ,Rn). Lemma 4.2 proves the statement. �
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5. The upper-semicontinuity of Φ[a,b] and the openness of its

domain.

Definition 5.1 (For a similar definition, see [2], Chapter 1 Definition 1) Let X and
Y be topological spaces and let F : X → Y be a multivalued function. F is said to be
upper-semicontinuous at x0 ∈ X if for any open V containing F (x0) there exists a
neighborhood W of x0 such that F (V ) := ∪x∈V F (x) ⊂W .

Theorem 5.1 Let Y = Rn and denote Φ the resolvent function of the initial value
problem

x′ (t) = f (t, xt, x (t− τ (t, xt, µ)) , ω) , t ≥ σ, (5.1)

x (t) = φ (t− σ) , if t ∈ [σ − r, σ] .

For every compact interval [a, b] the function Φ[a,b] (if it is defined) is upper-semiconti-
nuous.

Proof. Suppose that every noncontinuable solution of the initial value problem (5.1)
is defined on the compact interval [σ − r, b], i.e. (σ, φ, µ, ω) ∈ Dom

(

Φ[σ−r,b]
)

, and

let [a, b] ⊂ ]σ − r, b]. Denote Φ[a,b] (σ, φ, µ, ω) the set of the restrictions of the non-
continuable solutions of (5.1) to the interval [a, b]. We prove indirectly that Φ[a,b] is
upper-semicontinuous at (σ, φ, µ, ω). Suppose that it is not true, i.e. there exists a
positive number ε and there is a sequence {(σn, φn, µn, ωn) | n ∈ N}, converging to
(σ, φ, µ, ω), such that every solution in Φ (σn, φn, µn, ωn) is defined on [a, b], moreover
there is a sequence

{

xn | xn ∈ Φ[a,b] (σn, φn, µn, ωn) , n ∈ N
}

such that for every element x ∈ Φ[a,b] (σ, φ, µ, ω) the inequality ‖xn − x‖ ≥ ε holds.
By Theorem 4.2 Φ[a,b] ({(σn, φn, µn, ωn) , n ∈ N} ∪ (σ, φ, µ, ω)) is compact, therefore
we can suppose without loss of generality that there is an element x of Φ[a,b] (σ, φ, µ, ω)
such that xn → x uniformly, which is a contradiction. �

By Theorem 2.10.4 of [5] if Y is finite dimensional, r = 0, τ = 0, f is contin-
uous and every noncontinuable solution is unique then the characteristic function
is continuous and its domain is open. Theorem 5.2 generalizes the second part of
this statement for functional differential equations with state-dependent delay in in-
finite dimensional case, proving the openness of the domain of Φ under the suppo-
sition that Φ is upper-semicontinuous and Φ[σ−r,b] (σ, φ, µ, ω) is compact, whenever
(σ, φ, µ, ω) ∈ Dom

(

Φ[σ−r,b]
)

.

Theorem 5.2 Let Y be a Banach space. Suppose that each noncontinuable solution
x of the parametric initial value problem (1.4) has a solution, whenever (σ, φ, µ) ∈
Dom (τ) and (σ, φ, φ (−τ (σ, φ, µ)) , ω) ∈ Dom (f), moreover (σ0, φ0, µ0) ∈ Dom (τ)
and (σ0, φ0, φ0 (−τ (σ0, φ0, µ0)) , ω0) ∈ Dom (f).
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If the set Φ[σ0−r,b] (σ0, φ0, µ0, ω0) ⊂ C ([σ0 − r, b] , Y ) is compact and for each compact
subinterval [a, β] ⊂ ]σ0 − r, b] the multivalued function Φ[a,β] is upper-semicontinuous
at the point (σ0, φ0, µ0, ω0) then (σ0, φ0, µ0, ω0) is an inner point of the domain of the
function Φ[a,b], whenever a ∈ ]σ0 − r, b[.

Proof. (i) By Lemma 4.2 it follows from the compactness of Φ[σ0−r,b] (σ0, φ0, µ0, ω0)
that the set Γ := {(t, xt, µ0, ω0) | t ∈ [σ0, b] , x ∈ Φ (σ0, φ0, µ0, ω0)} is compact. By
Lemma 2.1 I. (iv) the set Γ has a neighborhood E and there is a positive number α
such that

(σ, φ, µ, ω) ∈ E, x ∈ Φ (σ, φ, µ, ω) =⇒ [σ, σ + α] ⊂ Dom (x) . (5.2)

Let δ be a positive number such that if |σ − σ0|+‖φ− φ0‖+dM (µ, µ0)+dΩ (ω, ω0) < δ
then (σ, φ, µ, ω) ∈ E, where dM and dΩ denote the distances on M and Ω, respectively.

We prove our statement by induction.
If |σ − σ0| + ‖φ− φ0‖ + dM (µ, µ0) + dΩ (ω, ω0) < δ and x ∈ Φ (σ, φ, µ, ω) then

by (5.2) [σ, σ + α] ⊂ Dom (x), i.e. Φ[σ−r,σ+α] is defined at (σ, φ, µ, ω). Let k0 ∈ N
be such that σ + αk0 < b ≤ σ + (k0 + 1)α. If k0 = 0 then σ + α ≥ b and Φ[σ,b] is
defined at (σ, φ, µ, ω). Suppose that k0 ≥ 1. Since Φ[σ,σ+α] is upper-semicontinuous
at (σ0, φ0, µ0, ω0) the positive number δ1 can be chosen so that if

|σ − σ0| + ‖φ− φ0‖ + dM (µ, µ0) + dΩ (ω, ω0) ≤ δ1

and
x ∈ Φ (σ, φ, µ, ω) , t ∈ [σ, σ + α]

then (t, xt, µ, ω) ∈ E. Using again property (5.2) it implies that (σ, φ, µ, ω) is included
in the domain of Φ[σ−r,σ+2α], and so on. In k0 steps we get that there is a positive
number δk0

such that (σ, φ, µ, ω) is included in the domain of Φ[σ−r,b], whenever

|σ − σ0| + ‖φ− φ0‖ + dM (µ, ω) + dΩ (ω, ω0) ≤ δk0
. (5.3)

If σ ≤ σ0 then it implies that [σ0 − r, b] is included in the domain of x, whenever
x ∈ Φ (σ, φ, µ, ω), i.e. (σ, φ, µ, ω) ∈ Dom

(

Φ[σ0−r,b]
)

. If σ > σ0 and σ − r < a then

(σ, φ, µ, ω) is included in Dom
(

Φ[σ−r,b]
)

⊂ Dom
(

Φ[a,b]
)

.

Therefore (σ, φ, µ, ω) ∈ Dom
(

Φ[a,b]
)

, whenever (5.3) holds . �

Theorem 5.3 Let Y = Rn, and suppose

(σ0, φ0, µ0) ∈ Dom(τ) and (σ0, φ0, φ0(−τ(σ0, φ0, µ0)), ω0) ∈ Dom(f).

(i) If τ (t, ψ, µ) ≤ r, whenever (t, ψ, µ) ∈ Dom (τ) , then the point (σ0, φ0, µ0, ω0) is
an inner point of the domain of the function Φ[a,b], whenever a ∈ ]σ0 − r, b[.
(ii) Let the parameter σ0 be fixed. If for every point (t, ψ, µ) ∈ Dom (τ) the inequality
τ (t, ψ, µ) ≤ t − σ0 + r holds whenever σ0 ≤ t, then (φ0, µ0, ω0) is an inner point of
the domain of the function Φ[σ0−r,b] (σ0, ·, ·, ·).
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Proof. (i) By Lemma 2.1 (II) and Theorem 5.1 the suppositions of Theorem 5.2
hold. It proves our statement.

(ii) Let r̃ := b−σ0 + r. By Corollary 2.1 the function x is a solution of the initial
value problem

x′ (t) = f (t, xt, x (t− τ (t, xt))) , xσ0
= φ (5.4)

on the interval [σ0 − r, b] if and only if the function

x̃ : [σ0 − r̃, b] → Rn, x̃ (t) =

{

x (t) , if t ∈ [σ0 − r, b]
φ (−r) , if t ∈ [σ0 − r̃, σ0 − r]

is a solution of the equation
x̃′ (t) = h (t, x̃t) (5.5)

on the interval [σ0 − r̃, b], satisfying the initial condition x̃σ0
(s) = x̃ (σ0 − s), s ∈

[−r̃, 0], where h is continuous. By Theorem 5.2 (σ0, x̃σ0
, µ0, ω0) is an inner point of

Dom
(

Φ̃[a,b]
)

, where Φ̃ denotes the resolvent function of the equation (5.5). It implies

that (φ0, µ0, ω0) is an inner point of Dom
(

Φ[a,b] (σ0, ·, ·, ·)
)

, because by Corollary 2.1
the solutions of (5.4) and the solutions of (5.5) are the same. Since every solution
x ∈ Φ (σ0, φ, µ, ω) is defined on [σ0 − r, σ0], hence (φ0, µ0, ω0) is an inner point of
Dom

(

Φ[σ0−r,b] (σ0, ·, ·, ·)
)

�

If g is an upper-semicontinuous multivalued function between two topological
spaces then it is obvious that the image of a compact set can be not compact and
the image of a connected set can be not connected. By statements above the upper-
semicontinuous function Φ[a,b] has some good properties, similar to the properties of a
continuous function: ”it seems to be continuous” from some points of view. However,
Φ[a,b] can be not uniformly upper-semicontinuous on some compact subset, as the
following lemma shows.

Lemma 5.1 Let U ⊂ R×Rn be open set, (σ0, φ0) ∈ U and f : U → Y be continuous,
and denote Φ (σ0, φ0) the set of the noncontinuable solutions of the ordinary initial
value problem

x′ (t) = f (t, x (t)) , x (σ0) = φ0. (5.6)

Suppose that every element of Φ (σ0, φ0) is defined on the interval [σ0, b] and Φ (σ0, φ0)
has more than one element.
There exists a metric space P , an open set Ũ ⊂ R×Rn×P and a continuous function
f̃ : Ũ → Y such that every noncontinuable solution x̃ ∈ Φ̃ (σ0, φ0, p0) of the initial
value problem

x′ (t) = f̃ (t, x (t) , p0) , x (σ0) = φ0 (5.7)

is defined on [σ0, b], Φ̃[σ0,b] (σ0, φ0, p0) = Φ[σ0,b] (σ0, φ0) and for every compact neigh-
borhood C of the point (σ0, φ0, p0) the function Φ̃[σ0,b] is not uniformly upper-semicon-
tinuous on C.
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Proof. By Theorem 4.2 and Lemma 4.2 the sets Φ[σ0,b] (σ0, φ0) ⊂ (C [σ0, b] , Y ) and
Γ[σ0,b] := {(t, x (t)) | t ∈ [σ0, b] , x ∈ Φ} ⊂ U are compact. Hence Γ[σ0,b] has a compact
neighborhood W ⊂ U such that f is bounded on W . By the Stone-Weierstrass
theorem for every natural number n there exists a function fn which is continuously

differentiable on W and
∥

∥

∥
(f − fn)|W

∥

∥

∥
≤ 1

n
. Denote P :=

{

1
n
| n ∈ N

}

∪ {0} the

metric space with the distance inherited from R and let V be an open neighborhood
of Γ[σ0,b] such that V ⊂W ,

Ũ := V × P, f̃ : Ũ → Rn,

{ (

t, y, 1
n

)

7−→ fn (t, y)
(t, y, 0) 7−→ f (t, y)

Then f̃ is continuous. Obviously, Φ[σ0,b] (σ0, φ0) = Φ̃[σ0,b] (σ0, φ0, 0), moreover, the set
Φ̃[σ0,b]

(

σ, φ, 1
n

)

has one element, whenever n ∈ N. By Theorem 5.1 Φ̃[σ0,b] is upper-

semicontinuous. Let x and u be two different elements of Φ[σ0,b] (σ0, φ0). Suppose that
Φ[σ0,b] is uniformly upper-semicontinuous on a compact neighborhood of (σ0, φ0, 0).
Then for every positive number ε there exists a neighborhood Eε of (σ0, φ0, 0) such
that x and u are included in the open ball around the element Φ̃[σ0,b]

(

σ, φ, 1
n

)

, with

the radius ε, whenever
(

σ, φ, 1
n

)

∈ Eε. We conclude to contradiction if 2ε < ‖x− u‖.
�

Proposition 5.1 Let r > 0, let U ⊂ R×C ([−r, 0] ,Rn) be open set. Denote Φ (σ, φ)
the set of the noncontinuable solutions of the initial value problem

x′ (t) = f (t, xt, x (t− τ (t, xt))) , xσ = φ.

Suppose that b <∞, ∅ 6= C ⊂ Dom
(

Φ[a,b[
)

and C is compact.
If (b, ψ) is a boundary point of the set

G := {(t, xt) | t ∈ [a, b[ , (σ, φ) ∈ C, x ∈ Φ (σ, φ)}

then there is an element (σ, φ) ∈ C and there is a solution x ∈ Φ (σ, φ) such that
limt→b− xt exists and is equal to ψ, moreover limt→b− x (t) exists and is equal to
ψ (0).

Proof. Let {(tn, ψn) | n ∈ N} ⊂ G be a sequence tending to (b, ψ), xn ∈ Φ (σn, φn)
be such that (xn)tn

= ψn. We can suppose that (σn, φn) → (σ0, φ0) for some element

(σ0, φ0) ∈ C. If [a, β] ⊂ [a, b[ then by Theorem 4.2 the set ∪(σ,φ)∈CΦ[a,β] (σ, φ) is
compact. Therefore, using Cantor’s diagonal choice method, we can suppose without
loss of generality that {xn} converges uniformly on every compact subinterval [a, β]
of [a, b[ to a solution x, and (xn)tn

is convergent. It implies that xtn
→ ψ. By Lemma

3 [17] limt→b− xt = ψ, moreover limt→b− x (t) exists and is equal to ψ (0). �
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6. Conclusion

We have obtained some new results for state-dependent functional differential equa-
tions without boundedness conditions on the delay function, supposing the continuity
of the functions on the right-hand side, but not supposing that the solutions are
unique. We have established sufficient conditions under which every noncontinuable
solutions reach to the boundary on the right of the domain where the equation is
defined. To the best of our knowledge this problem has not been studied yet for
state-dependent delay equations. We have proved that the so called resolvent func-
tion Φ[a,b] (see the definition in the introduction) is upper-semicontinuous, its domain
is open and Φ[a,b] (C) is compact, whenever C ⊂ Dom

(

Φ[a,b]
)

is compact.
In the future we would like to give some applications of the results obtained

in this paper. For instance it seems to be possible to generalize the well known
Kneser-theorem for state-dependent delay equations. A classical comparison theorem
([5] 2.5.3) also can be generalized in a sharper form then the original one. These
questions will be studied in a forthcoming paper.

References

[1] O. Arino and E. Sanchez, A saddle point theorem for functional state-dependent
delay equations., Discrete Continuous Dynamical Systems, 12 (2005), 687-722.

[2] J. P. Aubin, A. Cellina, Differential Inclusions, Springer-Verlag, 1984.
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