§ MUK PUBLICATIONS
Open &Aooess Publisher

International Jr, of Qualitative Theory of Differential Equations and Applications
Vol. 1 No. 1 (June, 2015)
I SSN: 0973-3590

Existence and uniqueness for neutral equations with state
dependent delays

A. Golaszewska, J. Turo*

Department of Mathematics, Gdarisk University of Technology, Narutowicza 11/12,
80-952 Gdarisk, Poland

Abstract. By means of the comparison method we proved an existence and unique-
ness theorem for neutral equations with state dependent delays.

AMS Subject Classifications: 34K40

Keywords: Initial problems; Comparison method; Neutral equations with state de-
pendent delays

1. Introduction

For any metric spaces U and W we denote by C(U, W) the class of all continuous
functions from U to W. Let E be an arbitrary Banach space with the norm || - ||.
Let @ > 0, r > 0, and Ry = [0,+00). For a function z : [-r,a] — E, and ¢ € [0, d]
we define the function z, : [-r,0] — E by z(7r) = z(t + 1), 7 € [-7,0]. Given
the functions f : [0,a] x C([-r,0],E) x C([-r,0,E) — E, ¢ € C([-r,0],E), and
&n:[0,a] x E—[0,a].

We consider the problem

l'/(t) = f(t, xf(t,z(t))u x;(t,w(t)))’ t e [O, a], (11)

x(t) = p(t), te[-r0], (1.2)

where 2¢(; z(¢)) is the restriction of = to the set [{(t, 2(t)) —,£(t, ()], t € [0, a], and
this restriction is shifted to the set [—r, 0]. The same convention is applied to a:;]( ta(t))”
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Put 2/(t) = z(¢) for ¢t € [0, a]. Then the Cauchy problem (1.1), (1.2) is equivalent
to the following problem

2(t) = f(t, V2)ew,(va) ) Znt,(v2)w))s t € [0,al, (1.3)
2(t) = ¢'(t), te[-r0] (1.4)
where

(V2)(t) = ¢(0) —l—/o z(s)ds. (1.5)

Particular cases of equation (1.1) arise as a model for a two - body problem of
classical electrodynamics and were studied extensively by Driver [4]-[6].

Neutral equations with state dependent delays have attracted the attentions of
several authors in recent years [1], [4] - [13], [16].

Using the Banach fixed point theorem we can prove the existence and uniqueness
theorem for problem (1.1), (1.2) (see Remark 2.3). Unfortunately this method involves
strong conditions concerning the function f. This condition can be slightly weakened
if it is supposed more on the functions &, and 7.

In this paper we prove by using the comparison method an existence and unique-
ness result for (1.1), (1.2) under conditions involving some relation between the Lip-
schitz constants of the function f, and the estimations imposed on the functions &, n
(see Remark 3.1). A general formulation of the comparison method can be found in
[20]. This method has been used in various versions and under various assumptions
on given functions for different problems concerning ordinary or partial differential
equations, integral differential equations, functional differential or functional integral
equations, and general functional equations in some abstract spaces (see [2], [3], and

[14]-[20]).
2. Assumptions and lemmas

We define
a(t)
(L)) = IBg(A(E),  and  (Kg)(t) = k(t) / 9(s)ds,
0

where t € [0,4a], g, k,l € C([0,a],R4), and «, 3 € C([0,a],[0,a]). Put
L’ =, and  L"=LL"!, n=1,2,...,
where J denotes the identity operator in C([0, a], R). We can write
(L"g)(t) = ln(t)g(Bn (1)),

where

ﬁo(t) =1, ﬁn+1(t) Zﬁ(ﬁn(t)), n=0,1,..., t e [O,a],



10

A. Gotaszewska, J. Turo

o) =1,  lopa(t) =I®L(B(1), n=01,..., teloa.

Let us define

+oo
Mg = Z L"g
n=0

with the pointwise convergence of the series in [0, a]. We need the following lemmas.

Lemma 2.1. Suppose that functions k,l,h € C([0,a],R) are nondecreasing, o, 8 €
C([0,al,[0,a]) are nondecreasing, «(t), 5(t) € [0,t], and

and

Then
(i)

(i)

(iii)

(Mh)(t) < 400, 5(t) = M(ka)(t) < +00,  te[0,d,

5()

sup — < 400,

there exists g € C([0,a],R4) which is a nondecreasing, and unique solution of

the equation
g=MKg+ Mh (2.1)

in the class P([0,a],Ry) of upper semicontinuous functions defined on [0, al;

the function g is a nondecreasing, and unique solution of the equation
g=Kg+Lg+h (2.2)
in the class
P([0,a],R+,9) ={g € P([0,a],Ry) : |lglls < +o00,},

where
lgll« =inf{c € Ry g(t) <cg(t),t €[0,a]};

the function g = 0 is the unique solution of the inequality
g< Kg+ Lyg (2.3)

in the class P([0,a],R4,g).

Proof. At first we prove (i). It is quite clear that the solution of equation (2.1) can
be considered in the class C([0, a], R;). Put

lallx = tsEp}exp(—xt)g(t), g€ C([0,a],Ry),
€(0,a

5(t)

with x > A = sup —~.

t€(0,a]
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Now we can prove that the operator MK is a contraction i. e. |[MK|, < 1.
Indeed, from the inequality exp(et) — 1 < eexp(t) for € € [0, 1], ¢ € R4, we have

IMKgly, < sup exp(—xt) Zl k(Bn(t)) g(s)ds
te[0,a] n—0 0
oo (B (1)
< exp(ont) Y bk (1) [l emp(-xs)lexpxs)d
te(0,a n—0
0
oo (B (1))
< gl sup exp(=xt) " ln()k(Ba(1)) exp(xs)d
te[0,a] n—0 A
gl <
< sup exp(—xt) ¥ Ln(t)k(Bn (1)) [exp(xa(Ba(1))) — 1]
X t€l0,d] ne0
gl o (B, (1))
< B sup exp(—xt) Y ln(Ok(Ba(t)) [exp(x————>t) — 1
X t€(0,d] n—0 3
gl ~—
< X sup exp(—xt) Y In(O)k(Ba (1)) (Bt )) exp(xt)
X  t€(0,a] n—0
< gl g 50
X t€(0,a]
< gl
S —9llx-
X X

Hence it follows that |M K|, < 1. Now the assertion (i) follows from the Banach

fixed point theorem.

Now we prove (ii). At first we show that any solution of equation (2.1) is a
solution of equation (2.2). Indeed, if g is a solution of (2.1), then from the equality

LMg= Mg — g we get

Kg+Lg+h

Kg+L(MKg+ Mh)+h

Kg+ LMKg+ LMh+h
Kj+MKg—Kg+ Mh—h+h
MKg+ Mh

qg.

We observe that for any solution g of equation (2.1)

+oo —+oo

L"g=L"MKj+L"Mh=> L'Kg+» L',

i=n i=n
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hence we get
L"g—0 if n— +oo.

If g € P([0,a],Ry4,g) is a solution of equation (2.2), then by induction we obtain
easily the following

n—1 n—1
=Y L'Kg+>» L'h+L"G, n=12,... (2.4)
1=0 1=0

Since g € P([0,a],R4,3), then for some ¢ > 0 we have 0 < § < ¢g, now according to
L"g < cL™g, we infer L"§ — 0 if n — 4o00. If we let n — 400 in relation (2.4) we get
g=MKg+ Mh i.e. g is the solution of (2.1), but this equation has only the solution
g, thus g = g, and (ii) is proved.

Finally we prove (iii). If g € P([0, a], R4, g) is the solution of inequality (2.3) then

by induction we get
n—1

g<> L'Kg+L"g, n=12,...
i=0
We have for some ¢ € Ry, g < ¢g. From here we find that g satisfies the inequality
g< MKy.
Because of |M K|, < 1 we get that g = 0 is the unique solution of (2.3) in the
class C([0, a], Ry) with the norm || - ||,. Thus g = 0 is the unique solution of (2.3) in
the class with the supremum norm. Lemma is proved. u

Remark 2.1. If assumptions of Lemma 2.1 are satisfied for h € C([0,a],Ry), where
h(t) < h(t), t € [0,a], then the suitable solution § of equation (2.1) with h instead of h
established in Lemma 2.1, is the unique solution of the equation (2.2) with h replaced
by h in the class P([0,a],R,q).

This fact follows immediately from the part (i) of the proof of Lemma 2.1.

In the space C([—r,0], E) we define the norm

[ollo="sup [v(7)],
T€[—r,0]

where v € C([—r,0], E). We write
B([—’I“, a]ug) = {u € C([—T, a],E) Tu |[fr,0]: 90/7 ||u(t)|| < g(t), te [O,a]},

where g is defined in Lemma 2.1.

Assumption H;. Suppose that

(i) there exist nondecreasing functions k,l,0,d : [0,a] — Ry, and a,3 : [0,a] —

[0, a], such that a(t), 3(¢) € [0,¢], and

Hf(tv u,v) - f(t= u, ’D)H < ]%(t)Hu - ﬂ”O + z(t)”v - 5”07
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Ety) <alt), nlty) < B(),
&t y) =@l <o@lly —all,  [n(t,y) —nt,y)| < )lly -l
for (t,u,v), (t,’a,’l_)) € [O,CL] X O([_Tv 0]7E) X C([_Ta O]aE)vyag S Ea
(i) ¢ € CH([0,a],E) and ||¢'(7)|| < g(0) for 7 € [—r,0].
The following estimation is a consequence of the assumption Hj:
Lf(t,u,0)| < k@) lullo + 1) vllo + (),
where (¢, u,v) € (0,a] x C([-r, 0], E) x C([-r,0], E), and ¥(t) = sup |[|f(s,0,0)], and

s€(0,t]
6 denotes the zero in the space C([—r,0], E'). We define the operator F as follows

Fle)(t) = f(t,(V2)ew,(va)t))s 2ntt(vaye)))s  t € [0,al,
Fl2t) = ¢'(t), tel[-r0],

where V is given by (1.5).

Lemma 2.2. If Assumption Hi, and assumptions of Lemma 2.1 are satisfied with
aft) = a(t), B(t) = B(t), 1(t) = I(t), k(t) = k(t), h(t) = () + E@)lleO)l, and let g
be the corresponding solution of (2.2), then

F: B([-r,a],3) — B([-r,a],3),

Proof. Let v € B([—r,al,§), and w(t) = F[v](t). Then for ¢ € [0, a] we have

[w®)| = |_|f(t7 (V’U)f(t,(Vv)(t))aUn(t,_(Vv)(t)))||
< EONVO)e,voynllo + L) [vne, vy llo + ()
a(t)
< ko) [ glods +10g(30) + KOO + (0
0
= g(t).
Therefore ||w(t)|| < g(t) for ¢ € [0,a]. Hence it follows that w € B([—r,a], g), and the
lemma is proved. ]

Assumption H,. Suppose that
(i) there exist p,b,d € R4, such that

||f(t,u,’l)) - f(t_,u,v)H < plt - t_la

§(t,y) — &t v)

for [luflo < p = g(a), [lullo

bit —t, and |n(t,y) —n(t,y)| < d|t —

<
< p=ala)p+ )], and ||lyl| < 5 = ap + [|p(0)],
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(ii) the compatibility condition

©'(0-) = f(0,0,¢),
is satisfied, where ¢’(0_) denotes the left hand derivative of the function ¢ at
the point t = 0.

Put

A=p+k(a)j(a)lb+gla)o(a)], and B=I(a)ld+g(a)d(a).
We introduce the following class of functions
D([-r.a],g,A) ={z € B([-r.al,9) : [2(t) = 2()| < Alt = £], ¢, t €[0,a]},
where the constant \ is fixed, and it satisfies the condition A > A[1 — B]~!.
Lemma 2.3. If Assumption Ho, and assumptions of Lemma 2.2 are satisfied, and if
B < 1, then the operator F maps D([—r,al, g, A) into itself.

Proof. Let z € D([—r,a],g,A). It follows from Lemma 2.2, that F[z] € B([-r,a, ).
Now we have

IFT=0(8) = FLEI @)

N

plt =t + kO (V2)ew,vaywy) — (Ve vayallo
+) | 2t (va) ) — ZnE v @) llo
< plt =+ Eple(t (V2)(1) — &, (V2)(D)]
HOA(E, (V2)(2) — (L, (V2)(D))]
< plt =+ k®plt — 1] + o @®)l(V2)(t) — (V) (D)]]
HOAd]E =t + 6@)I(V2)(t) = (V2) (D]
< (A+BA)|t =t < At —1]
for ¢, ¢t € [0, a]. Hence it follows that F[z] € D([—r,al, g, A), and the proof is complete.
O

Remark 2.2. If E = R", and the Assumptions of Lemma 2.3 are satisfied, then the
problem (1.3), (1.4) has at least one solution z € D([—r,0], g, A).

We see at once that the continuous operator F maps the bounded, closed, and
convex set D([—r,0], g, \) into its compact subset F[D([—r,a],g, \)]. Hence, and from
the Schauder fixed - point theorem it follows that F has at least one fized point.

For an arbitrary Banach space we have the following result.
Remark 2.3. If assumptions of Lemma 2.8 are satisfied, and ¢ < 1, where
q = a{k(a)po(a) + 1]+ X(a)é(a)} + l(a),
then problem (1.8), (1.4) has a unique solution in D([—r,a], g, \).

It is obvious that under these assumptions the operator F is a contraction in the

space D([—r,0],g, ). The assertion of this remark follows from the Banach fixed -
point theorem.

We shall relax this restrictive condition.
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3. The main theorem

For the function v € C([—r,0], E) we define the function wv : [-r,a] — E by
((AJ’U)(t) = ’U(t)7 t S [_T, O]J
(wo)(t) = v(0), t €[0,al.

Let us define the sequence {z,}, where zy is an arbitrary function from the space
B([-r,a],g), by relations
(i) z0(t) = (w¢')(t) for t € [, al,

(ii) if 2y, : [-r,a] — E is given then
Znt1(t) = Flzn]t) for te]0,al,
zn1(t) = ¢'(t) for te[-r0].

To prove the convergence of the sequence {z,} we define the sequence {g, } as follows
In+1 = Kgn+Lgn7 n=0,1,...,
go = ga
where g is a solution of equation (2.2) with functions &, 1, a, 3, and h given by

k() = RO+ po(t)] + N(0)3(2),

at) = (3.1)
Blt) = B(),
MO = max | Fleg)(s) — ¢ O]

and t € [0, a]. By induction, we can prove the following lemma (see [18]).

Lemma 3.1. Suppose that assumptions of Lemma 2.1 are satisfied with functions
k.1, a, B, h given by relations (3.1). Then

0< gnt1 < 9gn <G, n=20,1...,

and
lim g,(t) =0 wuniformly on [0,a].

Theorem 3.1. If Assumptions Hy, Ha, and assumptions of Lemma 2.1 are satisfied
for functions k,l,a, 3, and h defined by relations (3.1) then there exists the only
one solution Z € D([—r,al,g,\) of the problem (1.3), (1.4). The sequence {z,} is
convergent to zZ uniformly on [0,a], and the following estimations

1Z2(t) — zn ()|l < gn (), n=0,1,..., t €10,al, (3.2)

hold.
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Proof. First we note that from assumptions of this theorem it follows that the As-
sumptions of Lemmas 2.2 and 2.3 are satisfied. Hence z, € D([-r,a], g, A). Now we
prove the estimations

|zn(t) — 20(t)]] < g(t), n=0,1,..., te€]0,al, (3.3)
and
|zntk(t) — 20 (@) < gn(t), n,k=0,1,..., t€]0,al]. (3.4)

Estimate (3.3) is obvious for n = 0. Assume that estimate (3.3) holds for a certain
n > 0. Then for n + 1 we have

Izn41(t) = 20(2)]| [ Fl=
k()|
+H(t)

nl(t) = Flzol () + [|F[20]() — z0(D)l
(Van)ewt,(vany @) — (V20)ew,(vzo)anllo
|

|(Zn )t (v 2)(8)) — (ZO)n(t (Vzo)(0)) lo + A(t)

<
<

N

{Mﬂﬂ+mﬂm+HﬂM@H/5@M&HUM@@D+h@

so the estimate (3.3) holds forn = 0,1, ..., ¢ € [0, a]. In the same manner we can prove
the estimate (3.4). It follows from Lemma 3.1, that the sequence {z,} is convergent
to the solution Z of the problem (1.3), (1.4). It is obvious, that zZ € D([—r,a], g, A).
Letting k — 400 in the estimate (3.4) we get the estimate (3.2) holds.

To prove uniqueness we assume that Z € D([—r,a], g, \) is another solution of the
problem (1.3), (1.4). Let

w(t) = max 15(s) - 2(9)].

Now we have

w(t) < SIQ%?%]E?( SNV E)es,vays) — (VE)es,vasyllo

Z z ~ _z _
+ s s)l1Zns,(vays) — Znts vaanllo

< m{zg;il{l;:(s)[l—kpa( )]+ Ad(s }/ Iz — z||-dT + max]l( s)||Z — z||s
se|0,

< (Kw)(t) + (Lw)(2).

Therefore w is a solution of the inequality (2.3), thus w(t) = 0, and 2(¢) = z(t) for
t € [0,a]. The proof is finished. U

Remark 3.1. If Assumptions Hi, and Hy are satisfied, and if functions k,l,h €
C([0,a],Ry), a, 8 € C([0,a],[0,a]) are defined by relations (3.1), and there exist
Ik € Ry, B €0,1], such that I(t) < I, k(t) < k, B(t) < Bt, and h(t) < Ht* for a
certain H,u € Ry, then the assertion of Theorem 3.1 holds, if 13" <1, B<1, and
Al = BI7t <\
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