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Abstract. In this paper, we obtain sufficient conditions for every solution of the
nonlinear differential equation with unbounded delay z'(t) = —p(¢) f (z(g(¢))) to tend
to zero as t — oo, without requiring the nondecreasing assumption of f(z).

AMS Subject Classifications: 34K20, 34K25
Keywords: Delay differential equation; Global attractivity; 3/2 stability condition

1. Introduction

We consider the nonlinear differential equation with unbounded delay

' (t) = —p(t)f(x(g(t)), =0, (1.1)

where p : [0,00) — [0,00) and f : R — R are continuous functions such that zf(x) > 0
ifx #0, and g : [0,00) — R is a nondecreasing continuous function such that g(t) <t
for t > 0 and lim;_,o g(t) = co. We see that g(t) =t — 1 and g(t) = t/2 are typical
examples of g(t).

By a solution of (1.1), we mean that a continuous function z(¢) which is defined
for t > ¢(0) and satisfies (1.1) for ¢ > 0. We note that if |f(z)| < |z| for € R and

fgt(t)p(s)ds is finite for all large ¢ > 0, then solutions of (1.1) exist for ¢ > 0, by an

argument similar to [14].
Global asymptotic behavior of solutions of scalar delay differential equations con-
taining (1.1) has been studied by many authors, see [1-6, 8-17] and the references
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cited therein. In [8], the author et al. discussed global attractivity for (1.1) under the
following strict nonlinearity of f(x):

|f(z)] < x| if = #O0. (1.2)
Their result is stated as follows:

Theorem A. Let f(x) be a nondecreasing function satisfying (1.2). Suppose that

t
/ p(s)ds <
9(t)

/00 p(s)ds = . (1.4)
0

Then every solution of (1.1) tends to zero as t — oo.

for all large t >0 (1.3)

N W

and

Theorem A is obtained under the 3/2 stability condition (see, e.g., [2, 3, 11, 13—
16]). An example which shows that the condition (1.3) is the best possible is also given
in [8]. Unfortunately, however, in case f(z) = 2(4 — 3sin®z)/5, Theorem A cannot
be applied to (1.1), because the monotonicity of f(x) is not satisfied. The purpose
of this paper is to remove this restriction in Theorem A. This research is inspired by
our recent paper on global attractivity for nonlinear delay difference equations in [7].

2. Main Result
The following theorem is our main result.

Theorem 2.1. If (1.2), (1.3) and (1.4) hold, then every solution of (1.1) tends to
zero as t — 00.

To prove Theorem 2.1, we give some remarks. First, in view of the assumption of
g(t), there exists a sufficiently large T' > 0 such that g(t) > 0 for ¢ > T'. Note that

g(g(t)) < g(t) <t for t >T.

Let g7(t) = sup{s : g(s) = t} for t > 0. Then g~'(t) is a piecewise continuous
function satisfying t < g=1(¢) for t > T.

Next, we notice that if solutions of (1.1) are nonoscillatory, then the following
result holds.

Lemma 2.1. If (1.4) holds, then every nonoscillatory solution of (1.1) tends to zero
as t — oo.

Proof. Let x(t) be a nonoscillatory solution of (1.1). Then there exists t; > g~ (T')
such that z(t) has a constant sign for ¢ > g(¢1). Assume that x(¢t) > 0 for t > g(t1).
(In case x(t) < 0, the proof is similar.) Then we have 2/(t) < 0 for ¢t > ¢;. Hence,
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x(t) is nonincreasing on [t1,00) and there exists o > 0 such that lim; o 2(t) = a. If
a # 0, there exists to = ta(a) > g~ 1(¢1) such that

Yo at) < 3a for t> glts),
2 2
which implies
2(t) < —p(t)B for t >t (2.1)

where 8 = ming 2<z<sa/2 f(2) > 0. Thus, integrating (2.1) from 5 to ¢ and using
(1.4), we obtain

x(t) —x(ta) < = tp(s)ds — —00 as t — oo.
to

This contradicts the fact that the left-hand side tends to a finite limit as t — oo, and
so a = 0. The proof is complete. O

Proof of Theorem 2.1. By virtue of Lemma 2.1, we have only to consider the case
where solutions of (1.1) are oscillatory.

Let z(t) be an oscillatory solution of (1.1). Then, by (1.3), there exists a suffi-
ciently large t* > g~ (g~ (T')) such that z(t*) = 0 and

t
3
/ p(s)ds < = for t > g(g(t")). (2.2)
g(t) 2

Let M be a positive constant such that

max |z(t)| < M.
9(g(t*))<t<t~

We define
f(x) —max{ sup f(u), sup (—f(—u))} for z > 0.

0<u<lz 0<u<lz

Then, from the nondecreasing property of f (x), it turns out that

| (2(s))] < F(la(s)]) < F(M)  for s € [g(g(t")),t"].
Hence, we get
2/ (t)] = p()| f(2(g(t)| < F(M)p(t) for t € [t*,g~ " (t")]. (2.3)
Also since
o(ole)] < [ p(E)IFal(e))de
9(t) )

< F(M) / | POE for e 197 ()
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we have, together with (1.2),

' (6)] < p(t)|z(g(t)] < F(M) (1) /(t)p(ﬁ)d§ for ¢ € [t*, 97" (t")]. (2.4)

Thus, by (2.3) and (2.4), we obtain

T min{ f(M t sds,~M t s ; d&ds
(1) < {ﬂ ) [ps, Fon) [ ots) [ wierie }

f(M)/t* p(s) min{l,/( )p(§)d§} ds for t € [t*, g (t")].

Now we will show that

IN

lz(t)| < f(M) for t e [t*, g~ (t")]. (2.5)

We cons1der two cases
Case (I). A= f s)ds < 1. Then for t € [t*, g7 (t*)] we see

. g (") t*
IﬂMSf@ﬁl; o) | pcas

1

wflz)@x£®<>@@

{ P E " ey - /g :*)p(o L : p(s>dsdg}
{ g(t*) %(/: p(S)ds> L(m}
< )

Case (II). 1 < f;(*t*)p(s)ds < 3/2. Then there exists so € (t*,g~!(¢*)) such that
f;ggo)p(ﬁ)dgz 1, and we have for ¢ € [t*, g7 1(t*)],

I(Héf(){liM@i%+/y%ﬂM$A:M®%%}
fu { /q(so) s [ pteyis + /q(so)p@ /5:1(5)p<s>dsd§}
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- t* g ()
) / G / p(s)dsdt
g(so t*

F() { / Zo)p@ /5 T (spasds - / Zo)p@ /5 g p(s)dsd&}

<700 05 [ pleac %( / p(s)ds>

+*

9(s0)

Furthermore, using (2.5), we claim that
(1) < f(M)  for t > t". (2.6)
Suppose, for the sake of contradiction, that
|z(t)| > f(M) for some t > g~ ().

Then there exist T} = sup{t > g~ (t*) : |z(s)| < f(M) for s € [g~*(t*),t]} and Ty
sup{t* <t < Ty: z(t) = 0}. Incase Ty < g~ (%), noting that maxyy(z, )<<, [2(t)]
M, we get

IA I

jz(t)] < f(M) for t € [Ty, g~ (To)],
which contradicts the definition of 7T7. In case Ty > g~ !(T%), it follows from the
choice of Ty and T5 that
z(t) >0 or =z(t) <0 for te [Ty, T1].

Assume first that z(t) > 0 for ¢ € [T2,T1]. (In case x(t) < 0, the proof is similar.)
Then we have
2'(t) <0 for t € [Ty, g H(Th)],
and so ~
z(t) < x(Ty) = f(M) for t € [Ty, g (Th)].

This contradicts the definition of 77. Consequently, we obtain (2.6).
From the argument above, we can establish an increasing sequence {t:} with
t7 = t* such that lim,_,~ t; = oo and z(t}) = 0, and a sequence {X,,} with X; = M,

Xn+1 = f(X,) such that

max z(t)| < X, and sup |z(t)] < Xpy1. 2.7
g(g(ﬁ))ﬁgt;' (0] < t2£| (®)] +1 (2.7)

Here, in view of (1.2) and the definition of f(z), we obtain f(0) = 0 and
0< f(z) <z for x>0,

which imply that X,, tends to zero as n — oo. Finally, by (2.7), we conclude that
x(t) tends to zero as t — oo. This completes the proof. U
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Remark 2.1. In our proof of Theorem 2.1, the nondecreasing assumption of g(t)
cannot be omitted, because we need to use it in leading (2.3) and (2.4), and need to

exchange the order of integration on the double integral in leading (2.5).

References

[1]

9]
[10]
11)
12)
13]
14]

[15]

T. A. Burton and J. R. Haddock, On the delay-differential equations z'(t) +
a(t)f(z(t —r(t))) =0and 2 (t) + a(t) f(x(t —r(t))) =0, J. Math. Anal. Appl.,
54 (1976), 37-48.

T. Faria, Global attractivity in scalar delayed differential equations with appli-
cations to population models, J. Math. Anal. Appl., 289 (2004), 35-54.

T. Faria, E. Liz, J. Oliveira and S. Trofimchuk, On a generalized Yorke condition
for scalar delayed population models, Discrete Contin. Dyn. Syst., 12 (2005),
481-500.

J. R. Graef and C. Qian, Global attractivity in differential equations with variable
delays, J. Austral. Math. Soc. Ser. B, 41 (2000), 568-579.

J. R. Haddock and Y. Kuang, Asymptotic theory for a class of nonautonomous
delay differential equations, J. Math. Anal. Appl., 168 (1992), 147-162.

T. Krisztin, On stability properties for one-dimensional functional-differential
equations, Funkcial. Ekvac., 34 (1991), 241-256.

H. Matsunaga, T. Hara and S. Sakata, Global attractivity for a nonlinear differ-
ence equation with variable delay, Comput. Math. Appl., 41 (2001), 543-551.

H. Matsunaga, R. Miyazaki and T. Hara, Global attractivity results for nonlinear
delay differential equations, J. Math. Anal. Appl., 234 (1999), 77-90.

Y. Muroya, On Yoneyama’s 3/2 stability theorems for one-dimensional delay-
differential equations, J. Math. Anal. Appl., 247 (2000), 314-322.

C. Qian, Global attractivity in nonlinear delay differential equations, J. Math.
Anal. Appl., 197 (1996), 529-547.

J. W.-H. So, J. S. Yu and M. P. Chen, Asymptotic stability for scalar delay
differential equations, Funkcial. Ekvac., 39 (1996) 1-17.

Xiaoping Wang and Liusheng Liao, On the asymptotic behavior of solutions of a
nonlinear difference-differential equation, Appl. Math. Lett., 18 (2005), 267-272.

T. Yoneyama, On the 3/2 stability theorem for one-dimensional delay-differential
equations, J. Math. Anal. Appl., 125 (1987), 161-173.

T. Yoneyama, The 3/2 stability theorem for one-dimensional delay-differential
equations with unbounded delay, J. Math. Anal. Appl., 165 (1992), 133-143.

J. A. Yorke, Asymptotic stability for one dimensional differential equations, J.
Differential Equations, 7 (1970), 189-202.



Global Attractivity for a Nonlinear Differential Equation with Unbounded Delay 7

[16] J.S. Yu, Global attractivity of the zero solution of a class of functional differential
equations and its applications, Science in China, 39A (1996), 225-237.

[17] Xiaosheng Zhang, and Jurang Yan, Stability theorems for nonlinear scalar delay
differential equations, J. Math. Anal. Appl., 295 (2004), 473-484.



