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A TRULY CONFORMABLE CALCULUS ON TIME SCALES

BENAOUMEUR BAYOUR, AHMED HAMMOUDI, AND DELFIM F. M. TORRES*

ABSTRACT. We introduce the definition of conformable derivative on time
scales and develop its calculus. Fundamental properties of the conformable
derivative and integral on time scales are proved. Linear conformable differen-
tial equations with constant coefficients are investigated, as well as hyperbolic
and trigonometric functions.

1. Introduction

Local, limit-based, definitions of a so-called conformable derivative on time
scales have been recently formulated in [6] by

Fo(0) = 1) 1

T = 1 1.1
AN == ac o, (11)
and then in [12] by
flo(®) = f(t)
T (f)(t) = D =T ). 1.2
(i =ETE = ae 0 (12)
Note that if f is A-diferentiable at a right-scattered point t € Tﬁ)ﬁw) [7], then f is
a-differentiable in both cases: for the first definition (1.1) we have
Ta(f)(8) =t f2(1) (1.3)
while for the second definition (1.2) one has
o(t)—t
L)) = 2t 8 ), (1.4
o(t) —t

where f2(t) = % The conformable calculus in the time scale T = R is
now a well-developed subject: see, e.g., [1, 2, 9] and references therein. For results
on arbitrary time scales see [4, 5, 10]. However, the adjective conformable may
not be appropriate, because Ty f # f, that is, letting o — 0 does not result in the
identity operator. This is also the case for the recent results of [11]. Moreover,
according to (1.3) and (1.4), the variable ¢ must satisfy ¢ > 0. With this in mind,
in this paper we extend the calculus of [3], by considering a truly conformable
derivative of order a;, 0 < o < 1, on an arbitrary time scale T.
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2. Preliminaries

We briefly recall the necessary concepts from the time-scale calculus [7, 8]. A
time scale T is an arbitrary nonempty closed subset of the real numbers R. For
t € T, the forward jump operator o : T — T is defined by

o(t) =inf{s € T:s >t}
and the backward jump operator p: T — T by

p(t) :==sup{s € T: s < t}.
The graininess function p : T — [0, 4+00] is given by

u(t) =o(t) —t.
If o(t) > t, then ¢ is said right-scattered, while if p(t) < ¢, then ¢ is left-scattered.
Moreover, if t < supT and o(t) = ¢, then ¢ is called right-dense; if ¢ > inf T and
p(t) = t, then ¢t is called left-dense. If T has a left-scattered maximum m, then
T = T\ {m}; otherwise, T* = T. If f: T — R, then function f7 : T — R is
defined by f7 = foo.

Definition 2.1. A function f : T — R is rd-continuous provided it is continuous
at right-dense points in T and its left-sided limits exist (finite) at left-dense points
in T. A function &k : [0,1] x T — [0,00) is rd-continuous if k(a,-) : T — [0, 00)
is rd-continuous for all @ € [0,1] and k(-,t) : [0,1] — [0, 00) is continuous for all
teT.

The set of rd-continuous functions f : T — R is denoted by C)4. We say that
a function p : T — R is regressive provided 1+ pu(t)p(t) # 0 holds for all ¢ € T*.
The set of all regressive and rd-continuous functions f : T — R is denoted by R.

The next definition serves as the basis to our notion of conformable differential
operator in Section 3.

Definition 2.2 (See [7, 8]). Assume f : T — R and let t € T*. We define f2(t) to
be the number (provided it exists) with the property that given any € > 0, there
is a neighborhood U of t (i.e., U = (t — §,t 4+ ¢) N'T for some ¢ > 0) such that

[F(o(t) = f()] = FAWDo(t) = 5| < elo(t) — ]
for all s € U. We call f2(t) the delta derivative of f at t.

3. Main results

We begin by introducing the notion of conformable differential operator of order
a € [0,1] on an arbitrary time scale T. See Remark 1.5 of [3].

Definition 3.1 (Conformable delta differential operator of order «). Let T be a
time scale and let a € [0,1]. An operator A% is conformable if and only if A° is
the identity operator and A! is the standard differential operator on T. Precisely,
operator A® is conformable if and only if for a differentiable function f in the
sense of Definition 2.2, one has A°f = f and A'f = f2.

Proposition 3.2 gives an extension of [3] to time scales T: for T = R, (3.2)
subject to (3.1) gives Definition 1.3 of [3].
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Proposition 3.2 (A conformable derivative A* on time scales). Let T be a time
scale, a € [0,1], and ko, k1 : [0,1] x T — [0,00) be rd-continuous functions (see

Definition 2.1) such that

lim+ ki(a,t) =1, lim ko(a,t) =0,

a—0 a—0t
lim s1(a,t) =0, lim ko(a,t) =1, (3.1)
a—1— a—1-

k1(ayt) #0, kKola,t) #£0, «a€(0,1],
for allt € T. Then, the differential operator A® f, defined by
AYf(t) = rilon ) f(8) + rola, t) 2 (1) (3.2)

in the class of A-differentiable functions f, is conformable in the sense of Defini-
tion 3.1.

Proof. The result is a trivial consequence of (3.1)—(3.2): A’f = f and Alf =
2. O

Remark 3.3. The parameter a has a crucial role. Indeed, « is the order of the
operator. Note that given a concrete conformable operator, « is a given fixed
constant between zero and one. For example, if & = 1, then we get the Hilger
derivative [7].

Remark 3.4. Let a € (0,1], k1(a,t) =0, and ko(a, t) = t'1=*. Then, formally, we
recover (1.3) from (3.2). However, such choice of k¢ and x; is not allowed by (3.1)
because (1.3) is not conformable in agreement with Definition 3.1.

Many examples of conformable derivatives on time scales are easily obtained
from Proposition 3.2.

Example 3.5. One can take x; = (1 — a)w® and ko = aw! ™ for w € (0,00) or

k1(a,t) = (1 —a)|t]* and ko(a,t) = aft|*=* on T\ {0} in Proposition 3.2. In this
last case,

Af(t) = (L= a)[t|*f(t) + alt]' = f2(2).

Example 3.6. Similarly to Example 3.5,
A®F(t) = cos (50 ) [ () +sin (5 ) 17720
is a conformable derivative.

Remark 3.7. Let o, 3 € [0,1]. Note that, in general, AYAP £ APA“. Indeed, let
functions k;, ¢ = 0,1, be A;-differentiable and continuous with respect to o and
f be twice A-differentiable. We have A% f(t) = ry(a,t)f(t) + kol t) f2(t) and
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AP f(t) = r1(B, ) f(t) + Ko(B, ) f2(t). Therefore,
APACF(t) = k1(B,1) (k1 (a, ) f(E) + Koo, ) FA(E))
+ ro(B.t) (ke ) F(1) + mola, ) F2 (1)
= k1(B, k1 (. t) f(£) + K1 (B, 1) ko, £) F2 ()
+ Ko (B, )[R (a, ) f7(E) + k1 (o, 1) f2(2)
+ 8 (0, ) A7 (1) + ro(a, 1) 27 ()]
= k1 (B, )k1 (0, 1) f (1) + k(B t)ro o, t) f2(2)
+ ko (B, )R (a, 8) 7 () + ko (B, )k (e, 1) f2(2)
+ o (B, )6 (o, 1) F27 (1) + Ko (B, t)mo o, ) F27 (2).
Similar calculations lead us to
AN f(t) = ka(o, )R (B, 8) f(1) + ka(a, ko (B, ) F2 (L)
+ ro(a, )R (B, 1) 7 () + ko (o, 1)k (B, ) f2 (1)
+ ko0, )RS (B, 4) FA7 (1) + kol B)ro (B, 1) F27 (1),
t)

If ko(o, )R (B,1) # ko(B, 1)k (aut) or ko(B,t)k5 (a,t) # kola,t)xE(B,t), then
APA®f(1) £ A“AP (1),

-«

Example 3.8. Let T be a time scale, k1 = (1 — a)w® and kg = aw' ™%, where

w>0,a:%andﬂ:1. IfteT, t>0,and o(t) #t, then

AAEf(t) =

205 (e @) s (2 4 ).

On the other hand, we have

atage) =6t (A0 +r2'®).

N | =

In this case, AAZ f(t) # A3 Af(t).

Definition 3.9 (Conformable exponential function on time scales). Let a € (0, 1],
s,t € T with s < t and let function p : T — R be rd-continuous. Let kg, k1 :
[0,1] x T — [0, 00) be rd-continuous and satisfy (3.1) with 1+ u(t)% #0
for all £ € T". Then, the conformable exponential function on the time scale T
with respect to A in (3.2) is defined to be

E,(t,s) = epmy—rimn (t,8), Eo(t,s) =e—ri@mn(t,s), (3.3)

rq (o, t) Ko (a,t)

where eq;)(, s) denotes the exponential function on the time scale T — see defini-
tion (2.30) in [7].

Note that if T = R, then

o) —manT) G
Ep(t,s)—e/s K(a, 7) and  Eo(t,s) =e / K(a,7)
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3.1. Fundamental properties of the conformable operators. Using (3.2)
and (3.3), we begin by proving several basic but important results.

Theorem 3.10 (Basic properties of conformable derivatives). Let the conformable
differential operator A% be given as in (3.2), where o € [0,1]. Let ko, k1 : [0,1] X
T — [0,00) be rd-continuous and satisfy (3.1) with 1+ u(t)p(t)%ol(a’t) # 0 for all
t € T". Assume functions f and g are differentiable, as needed. Then,

(i) A%(af 4+ bg) = aA*(f) + bA(g) for all a,b € R;
(il) A% = ckq(a,-) for all constants ¢ € R;
(i) A% (fg) = FA%(g) + 9" A%(F) — Fg7rr (@ );

)
)
) )=
(iv) A® ):gA gAY ()—fAg) | f Ly (a,);
)
)

(v) AYE,(t,s) = p(t)E (t,s) f01" all o € (0, 1];
(vi) A® (f; %A) F(O) Bo(o(t),t) for all a € (0,1].

Proof. Relations (i) and (ii) are obvious. From (3.2), it also follows (iii)—(vi):

(iif)
A%(fg) = ko(fg™ + f297) + k1(fg)
= frog™ + g% ko f™ + k1(f9)
= f(kog™ + K19) + ¢° (ko f™ + k1 f) — g7k f
= fA%g+ g7 A%f — g7 k1 f;
(iv)

3 (5) = (Z5) 0 (5)
9 99 9
A
_ Ko(f Q*ng) + Ky <f)
99° g
_ (mof® +mf)g = rifg = (kog® +r1g) f+ g K1 <f)
99°
= —gAaf — /A% + K1 (g) ;

99°

(v) AEpp(t,s)

A
= R1(a,t)epty—nyan (¢, 8) + Kola,t) (ep(t)_gl(a,n (t, 5))

o (af) oo (a,f)
p(t) — r1(a,t)
- t t)—rq (v, t, 7t e — —kq(a,t t,
r1(a,t) <€W( S)) + ko (o )( ro(ont) 6%( s)
= p(t)ep(t)—ml(a.t) (t, s)
rg (o, t)

= p(t)Ep(t7 3)5
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(vi) we apply Theorem 1.117 of [7]:
$)Eo( VEo(
/f OtsAs-n at/fiot’)As
Ko Ko(a, )

FOEo(o(t),t) [t F(8)(—228) Eo(t, s)
+/€0(O&,t> W +/a ( ) As
f Eo(t 8) f EO t
at/ﬁA+f()E0(( —mat/ o
= f(t)Eo(o(t),1).
The proof is complete. O

Definition 3.11 (Conformable integrals of order «). Let v € (0,1] and let ko, k1 :
[0,1] x T — [0, 00) be rd-continuous and satisfy (3.1) with 1+ p(t )Zl Zg # 0 for
allt € T" and ¢y € T. In light of (3.3) and items (v) and (vi) of Theorem 3.10, we

define the conformable antiderivative of order o by

/Ao‘f(t)Ao‘t — F(6) + cBoltty), cER.

The conformable a-integral of f over Ty, is defined by

s)Eo(t
/f )Eo(o /f 05 As, (3.4)
Ko(o
where on the right-hand side we have the standard A—mtegral of time scales [7, 8.
Eo(t
Remark 3.12. Tt follows from (3.4) that A%s = o(t, 5) As.

Eo(o(t),s)ko(ev, s)
Theorem 3.13 (Basic properties of the conformable a-integral). Let the con-

formable differential operator on time scales A* be given as in (3.2); the integral
be given as in (3.4); with « € (0,1]. Let functions ko, k1 be rd-continuous and sat-

isfy (3.1) with 14 u(t ):1 zg # 0 for allt € T" and let [ and g be A-differentiable,
as needed. Then,

(i) the derivative of the definite integral of f is given by

A® ( / t f(s)Eo(a(t),s)Ao‘S) = f(t)Eo(a(t),t);

(i) the definite integral of the derivative of f is given by

/ A%[f(8)]Eo(t,o(s))A%s = f(s)Eo(t,s) |5=F + / F(8)Eo(t,o(s))k1(cr, s)A%s;

(iii) an integration by parts formula is given by
/ F(HA (1) Bo(b, 0 (1) A% = F(0)g(t) Eo(b, o(1)) |12,
+/ [(9(t) = gle@))If D)]r1(e,t) — g(a(t)) A% f(t)] Eo(b, o (t))A"t;
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(iv) a version of the Leibniz rule for differentiation of an integral is given by

A [/f F(t, 5)Eo(o(b), S)A%}

= F(o(0). 0 Ea(o(t),) + | AF(F(5)Ealt, ) Ealo(6) 5)A"s,

where the derivative inside the last integral is with respect to t.

Proof. The proof of (i) is clear. The integration by parts formula (ii) follows easily:

/Aa ] Eo(t, o(s)) A%
/A“ $)Eo(t, s) Ms+/ F(8)Eo(t, o(s))a (v, 5) A%

= f(s)Eo(t,s) |3} / f(8)Eo(t,o(s))k1(a, s)A%s.

Now we prove (iii):

b
= [ 6)1a%0)6) = sl s)) Enlbo(5)A%s
— (FD)Ealbo s + [ ()5 Eab.a(s)ma(a, A%

- /ab 97 (s) [A%(f)(s) = f(s)ri(a, s)] Eo(b, 0(s))A%s
= (f9)(s)Eo(b,o(s))la

+ /ab [(Fg)(s)ri(e, 5) = g7(s)(A*()(s) = f(s)r1(; 5))] Eo(b, o (s))A%s
= (f9)(s)Eo(b, o(s))la

+ /ab [(9(s) = g7 (s))r1(a; 8) f () — g7 (s) A f ()] Eo(b, 0 (s5))A%s.
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For (iv), we have:

[/ f(t,s)Eo(a(t),s)A" ]
:Aa/ f(t,s)Eo(o(t),s) O(Géo,(s,i())(ms)m

/f Eots)

f(t,8)Eo(t, (t,s)Eo(
( 5)Eo( S)As> + k1 (a, t) f ) O ) As
I{O «, S Iio «,
A
(f LA s Eo )As>
ko(a, t ko(a, s)
(t,8)Eo(t,
ke a,t) "t s)Eo( 8)
Kol s)
AP(f(t,5))Eo(t, s)
= t),t)Eo(o(t),t b0 LA
Fott.0E o0+ [ S DB 5
where the derivative inside the last integral is with respect to t. O

3.2. Linear 2nd-order conformable differential equations on time scales.
Let T be an arbitrary time scale, o € [0,1], and let o, 1 : [0, 1] >< T — [0,00)
be rd-continuous functions such that (3.1) holds with 1 4 pu(t )H o t) # 0 for all
t € T*. In addition, let A* be as in (3.2), and let ¢y € T. In this section we are
concerned with the following linear second-order conformable dynamic equation
on time scales with constant coefficients:

AYAYy(t) + aA%y(t) + by(t) = f(t), te ']I‘[t0 o) (3.5)
where we assume a,b € R, f € C.4. Introduce the operator Lopa : Cfd — Crq by
Lone (y)(t) = A"A%y(t) + aA%y(t) + by(t) (3.6)

for all t € 'I[‘[t 00)"

Lemma 3.14. The operator Lape defined by (3.6) is a linear operator, i.e.,
Loae (py1 + qy2) = pLaae (Y1) + qLana (y2),
where p,q € R and y1,ys € C’fd. If y1 and ys solve the homogeneous equation
Lopey =0,
then so does y = py1 + qy2, p,q € R.
Proof. Using (i) of Theorem 3.10, we find that
Lona(py1 + qy2)(t)

= A"A%(py1 (1) + qu2(t) + aA* (pyr(t) + qu2(t)) + b(py1 (1) + qy2(t))
=pLona(y1)(t) + qLoaa(y2)(t) =0

for all t € T[t 00) and all p,q € R. (Il
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Definition 3.15. Let a,b € R and f € C,4. Equation (3.5) is called regressive if
kg — pro(a + 2k1) + p?(b+ ary + K7) # 0
for all ¢t € T*.

Theorem 3.16 (Existence and uniqueness of solution). Let tg € T" and functions
ki(a,t), i = 0,1, be Ay-differentiable and continuous with respect to «. Assume
that the dynamic equation (3.5) is regressive. If Lopay(t) = 0 admits two solutions

y1 and yo with y1(t)A%y2(t) £ A%y (t)y2(t) for all t € Tﬁim), then the initial
value problem

Lopney(t) =0, y(to) =yo, A%(to) =g, (3.7)
where yo and yg are given constants, has a unique solution defined on Ty, -
Proof. Tf y1,ys are two solutions of Loaay(t) = 0, then y(t) = pyi(t) + qya(t),

p,q € R, is a solution of Laaey(t) = 0. Therefore, we want to see if we can pick p
and ¢ so that yo = y(to) = py1(to) + qy2(to), ¥§ = PA%y1(to) + gA%ya(to). Let

y1(to) y2(to) > < p > ( Yo )
M = , X = , B= o |-
< A%y (to) A%ya(to) q Yo
System M x X = B has a unique solution because we are assuming matrix M to
be invertible. O

Definition 3.17. For two A%-differentiable functions on Ty, ) y1 and ya, we
define the Wronskian W = W (yy,y2) by

W(t) = det ( Ag‘l;fzt) A%i,gzt) > , te T[tﬂ,oc)'

We say that two solutions y; and ys of Loaey = 0 form a fundamental set of
solutions for Lopey = 0 provided W (y1,y2)(t) # 0 for all t € ']I“fj5

2
O,oo).
Theorem 3.18. If the pair of functions y1 and yo form a fundamental system of

solutions for Lonay =0, t € ’]I‘ftz o) then

y(t) = pyr(t) + qu2(t), p,q €R, (3.8)

s a general solution of Lopay =0, t € T’ﬁz o) In particular, the solution of the
initial value problem (3.7) is given by

_ A%ys(to)yo — y2(to)yl y1(to)ys — A%y1(to)yo )
W (1, y2) (to) Wy ya)(to)

Remark 3.19. By general solution we mean that every function of form (3.8) is a
solution and every solution is of this form.

yi(t) +

y(t)

Proof. The proof is similar to the one of Theorem 3.7 of [7]. O
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3.3. Hyperbolic and trigonometric functions. Now we consider the linear
second-order homogeneous dynamic conformable equation with constant coeffi-
cients

AAY(t) + aly(t) +by(t) =0, a,beR, teTf . (3.9)
We assume (3.9) to be regressive, i.e., ko — p(a + 2r1) + p2(b + aky + k3) # 0,
t € T%. Let A € C be such that 1+u(t)ﬁ§+§;;> #0,te T and y(t) = Ex(t, to),

t € Ty, ), be a solution of (3.9). If y(t) = Ex(t, to), then

A“AYy(t) + aA%Y(t) + by(t) = (A\* + aX + b)Ex(t, to)

and, because Ey(t,tg) # 0, y(t) = Ex(t,10) is a solution of (3.9) if and only if A
satisfies the characteristic equation of (3.9):

N ra\+b=0. (3.10)
The solutions A; and Ay of (3.10) are given by
—a—+a?—4b — Va2 —4b
Az = VT 2“ and Ny = 0TV 2a (3.11)

and, since (3.9) is regressive, 1+ u(t)%})‘(?‘)’t) #0and 1+ u(t)%;(t“)’t) # 0 for
all t € T*.

Theorem 3.20. Suppose equation (3.9) is regressive and a* — 4b # 0. Then,
Ey, (-, to) and Ey, (-, ty) form a fundamental system of (3.9), where to € T and A\
and Ay are given as in (3.11), and the solution of the initial value problem

A%A%y(t) + aA%y(t) + by(t) =0, y(to) =vo, A%, =5, (3.12)
s given by
(t) . E\, (t,to) +E)\2(t,t0) ayo + 2y§ E)\z(t,to) — E)\l(tﬂfo) ‘e 2
o= 2 o —4b 2 ’ [t0.00)"

Proof. Since A1 and Ay, given by (3.11), are solutions of the characteristic equation
(3.10), we know that both Ey, (-, to) and E), (-, %) are solutions of (3.9). Moreover,

E, (t,to) B, (t,to) )
W (Ey, (t,tg), Ex,(t, tg)) = det ! 2
( Al( ’ 0)’ AQ( ’ 0)) ¢ < )\lE)q (t>t0) )\ZE)\z(tat())

= M E)y, (t,to)E)\Q (t,to) — M Ey, (t, to)E,\2 (t,to)
= (>\2 - A1)E1)\1 (t7t0)E)\2 (t7t0)
= \/ME)\l (ta tO)E)Q (ta tO)?

so that W(E, (t,t0)Ex, (t,t0)) # 0 for all ¢ € Tp, ), unless a® — 4b = 0. Having
obtained a fundamental system y; = E\, (-, t9) and y2 = E, (-, to) of (3.9), now
we obtain a solution of (3.12), namely y(t) = c1y1(t) + coy2(t). For that we solve

the linear system of equations

Yo = c1y1(to) + caya(to)
A%y(to) = Ac1yi(to) + Aacaya(to)

in the unknowns c; and ¢y, obtaining ¢; = % — 2t2U8 apq ¢, = %0 W26 O
1 2 L= 2 T over-ap 27 2 T oar—ap"
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Hyperbolic functions are associated with the case a = 0 and b < 0.

Definition 3.21 (Hyperbolic functions). Let T be a time scale and to € T. If
p € Crq and kg — 2ukory + p?(—p? + k1) # 0 for all ¢ € T%, then we define the
hyperbolic functions coshyaa(:, o) and sinh,aa (-, t0) on Ty, o) by

Ep(sto) + E-p(- t0) Ep(to) = E_p(-, t0)

5 and sinhyae (-, %) = 5 .

Remark 3.22. The condition 2 — 2urok1 + p?(—p? + k3) # 0 of Definition 3.21 is
equivalent to 1+ pu(t)2H=r1led) £ g ang 1 — py(¢) ROERY o g,

Ko (a,t) Ko (a,t)

coshppa (-, tg) =

Lemma 3.23. Let k3 — 2ukory + p?(—p? + K3) # 0 for all t € T*. Then,
A% coshpae (-, tg) = psinhpaa (-, to),
A% sinhpae (-, tg) = pcoshpaa (-, to),
cosh pa (-, t) — sinhy aa (- to) = Ep(-,t0) E_p(-s to),
Jor all t € Ty, 00)-
Proof. The first two formulas are trivially verified. The last relation follows from

(coshf,Aa — sinh,%Aa )(+ o)

(Ep(wto) + E—p("t0)>2 N (Ep("to) - E—p(wto)>2

2 2
o E;Q)(vto) + ZEP('atO)E—p('7tO) + Egp(vto)
N 4
_ EJ(to) = 2Ep( to) Ep(-,to) + B2, (-, o)
4

= EP('7 tO)E*p<'7 tO)
for all t € Tz, o0)- O
Theorem 3.24. If v € R\{0}, k% — 2urok1 + p?(—y> + k%) # 0, and ty € TF,
then
y(t) =C COSh,yAa (t, to) + Co Sinh,),Aa (t, to)

s a general solution of

A®A% — 4%y =0 (3.13)
onte ']I‘ﬁz )’ where ¢1 and co are arbitrary constants.

Proof. One can easily prove that coshyae (-, to) and sinhya« (-, to) are solutions of
(3.13). We prove that they form a fundamental set of solutions for (3.13):

W (coshyae(t, to), sinhyae (¢, 1)) = det ( 72?2?1:2‘1((7;”7;%))) iléiﬁi;it(,tiot)o)) )
=7 cosh,zyAu (t,to) — sinh,zyAa (t,to)
=7 (coshiAu (t,tg) — sinh,QyAa (t,t0))
= 7E,(t,t0) E—(t, t0)

is different from zero for all ¢ € Tfto o)’ unless v = 0. O
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Example 3.25. Let T be a time scale, tg € T*. If k3 —2ukor1 +p?(—y2+k3) # 0,
with v € R\{0}, then the solution of the initial value problem

A*AyY(t) —¥y(t) =0, y(to) =vo, A%y(to) =y§,

is given by

{03

Yo .
y(t) = Yo COSh,YAa (t, to) + 70 SlIlh,YAa (t, to)

2
for all t € Tt 0)-
Definition 3.26 (Trigonometric functions). Let T be a time scale, p € C\.q, to € T,
and k3 —2ukor1 +p?(p? +k3) # 0 for all t € T®. Then we define the trigonometric
functions cospae (-, to) and sinyae (-, to) by

Eip(-,to) + E_ip(-, to)
2

E;, (-, tg) — E_ip(-,t
and sinpae (-, ) = p(*t0) 5 »( 0)-
)

cospaa (-, to) =

Remark 3.27. The condition k3 — 2ukor1 + p?(p? + k3) # 0 of Definition 3.26 is
equivalent to 1 + yu(t) (M) #0and 1— u(t)w £ 0.

ro(a,t) ro(a,t)

Lemma 3.28. Let p € Cryq. If k3 — 2uroks + p?(p? + K3) # 0 for all t € T*, then

A cospaa (-, t0) = —psinyaa (-, to),
A“ SiIlpAa (', to) = pCOSpAa (', to),

COS?,AQ(',t()) -+ sin?,Au(',to) = Eip('atO)E—ip(‘ytO)-
Remark 3.29. If a = 1, then E;p (-, to) = eip(+,to) = cosp(+,to) + ising, (-, to).

Proof. Similarly to Lemma 3.23, the first two formulas are easily verified. We have

cosf,Aa (-yt0) + sinZAu (+,t0)

_ (Ez'p('vto) + E_q;p(.,to)>2 . (Ezvp(~,to) _.E—ip(',f0)>2

2 21
_ EZ (-, t0) 4+ 2Eip (- to) E—ip(- t0) + B2, (-, to)
4
B3 (o to) = 2B (s to) E—ip( t0) + B2, (o)
4

= Eip(-,to)E_ip(-, to)

and the last relation also holds. O
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Example 3.30. Let T =R, v € R, and tg € T. Then, the conformable trigono-
metric functions cosine and sine are given by

Eiy(t,to) + E_iy(t, to)

cosyae (t, o) =

2
eftto %ds + eftto st
- 2
ei ftto md%* tto Z})E::g%ds + eii ftto *’vo(zwto)dsei tto :;E::g;ds
- 2
K1 (s,t
e TR (2008 st )

2
¢
_ [t r1(sitg)
= ¢ Jio "ot ¥ cos (/ S — ds>
to Ko(s;0)

Ei\(t,to) — E_iy(t, to)

and

sinyae (t,t0) =

21
oty TR _ oy Tty ds
- 2
ei ftto HO(tho)dse_ ff/to :égiiiggds - e_i ftto *“o(zio)dse_ ftto :(I)EZE((;;dé

24
_ ot orasite) go (/t v )
=e 7t m0Gt0) " sin ——ds | .
to Ko(s,10)

Theorem 3.31. Let T be a time scale and tg € TF. If k3 —2urok1 +p? (V2 +K3) #
0, v € R\{0}, then y(t) = c1 cosyaa(t,to) + casinyae(t, to) is a general solution of

A®A%y +9%y =0, tc T . (3.14)

Proof. One can easily show that cosyae(-,t9) and sinya«(-,%y) are solutions of
(3.14). We prove that they form a fundamental set of solutions for (3.14): for

v #0,

W (co8, ae (£ to). sinyae (1 o)) — det ( cosyae (t,to) siny a« (¢, t0)) )

-7 SiILYAa (t, to)) 7Y COSyA« (t, to)
. 2
=7 (cos2 pa(t, o) + sin aa (£, t0)) " = YEip(t,to) E—ip(t, to) # 0

for all t € T, ). We conclude that y(t) = c1cosyae(t to) + casinyae(t,to),
t € Tpy,00), is a general solution of (3.14). |
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