Glaobal and Stochastic Analysis
Voal. 2, No. 1, January-June 2015
Copyright @MuK Publications
www.mukpublications.com

On Solvability of Stochastic Differential
Inclusions with Current Velocities. 11

Alla V. Makarova

Mathematics Faculty
Voronezh State University
394006 Voronezh, Russia

allagm@mail.ru

Received by the Editorial Board on April 12, 2012

Abstract

An existence of solution theorem is obtained for stochastic differ-
ential inclusions given in terms of the so-called current velocities (di-
rect analogs of ordinary velocity of deterministic systems) and quadratic
mean derivatives (giving information on the diffusion coefficient) on the
flat n-dimensional torus. The set-valued current velocity part has a
smooth selector and the set-valued quadratic part takes values in sym-
metric (2,0) tensor fields with given (constant) determinant. The values
of current velocity parts are closed and bounded. The right-hand side of
quadratic part is upper semi-continuous, its values are closed, bounded
and satisfy some additional hypotheses that replace the convexity con-
dition.
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Introduction

In |2] an existence theorem for differential inclusions with current velocities
having single-valued part for quadratic mean derivative, was obtained under
some very strong conditions. Then in [8] in some sense the opposite problem
was considered, i.e., the current velocity part was single-valued and smooth
while the quadratic part was set-valued and took values in the symmetric
(2,0)-tensors with unit determinant.
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In this paper we deal with the case where both current velocity and quad-
ratic parts are set-valued. We assume that the current velocity part has a
smooth selector (some conditions, under which this happens, are obtained,
say, in [1, 4]). For the set-valued quadratic right-hand side we assume that
it takes values in the symmetric (2,0)-tensors with constant (equal to some
C' > 0) determinant. The values of current velocity parts are closed and
bounded. The right-hand side of quadratic part is upper semi-continuous and
its values are closed, bounded and satisfy some additional hypotheses that
replace the convexity condition.

To avoid some technical difficulties we consider the inclusions on a flat
n-dimensional torus 7. This means that the torus is considered as a quotient
space of R” relative to the integral lattice and that the Riemannian metric on
7" is inherited from the Euclidean metric in R". Everywhere below we use the
operations of addition and subtraction of points and integration in 7" as in
R"™ modulo factorization relative to the integral lattice. The construction and
notation of stochastic integrals and stochastic differential equations on 7" are
the same as in R™ because of the use of Euclidean metric.

The detailed exposition of preliminary notions and facts used in the paper,
can be found in [7].

For convenience, here we repeat some basic definitions and constructions
from [8].

Everywhere in the paper we use Einstein’s convention of summation rela-
tive to a shared upper and lower index (see, e.g., [7]).

1 Preliminaries on mean derivatives

Consider the n-dimensional flat torus 7"™. We shall deal with stochastic
processes in 7™ given on a certain probability space (Q, F,P), t € [0,T] C R.

Denote by Pf the sub-c-algebra of F generated by preimages of Borel sets
from §j 7™ by all mappings £(s) : Q@ — R" for 0 < s < ¢; P is called the “past”
for £(¢).

Denote by /\/;55 the sub-o-algebra of F generated by preimages of Borel sets
from 7™ by the mapping £(t) : Q — T N? is called the “present” for £(t).

The sub-o-algebras Pf and ./\/f for all ¢ are supposed to be complete, i.e.,
containing all sets of probability zero. Obviously /\ff is a sub-o-algebra in Pf.

For the sake of convenience we denote by Ef the conditional expectation
E(-|N¥) with respect to NF for &(t).

As in [9, 10, 11], we introduce the following notions of forward and back-
ward mean derivatives.

Definition 1.1. (i) The forward mean derivative DE(t) of £(t) at the time
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stant t is an Ly random element of the form

) (1.1)

where the limit is supposed to exist in L(Q2, F,P) and At — +0 means that
At tends to 0 and At > 0.
(i) The backward mean derivative D,E(t) of £(t) at t is the Li-random

element £t) — £(t— AD
D) = Jim B =S (1:2)

where (as well as in (i)) the limit is assumed to exist in L'(Q, F,P) and At —
+0 means that At — 0 and At > 0.

As usual in the machinery of conditional expectation (see, e.g., [12]), there
exist Borel measurable vector fields a*(t,m) and a$(t,m) such that DE(t) =
a(t,&(t)) and D,E(t) = al(t,£(t)), respectively (see [9, 10, 11]).

Definition 1.2. The derivative Dg = %(D—l—D*) 15 called the symmetric mean
derivative. The derivative Dy = %(D — D,) is called the antisymmetric mean
derivative.

Consider the vectors
1
vi(t @) = S(af(t,2) + al(t, 7))

and
(ag(ta I) - a£<t7 $))

(t) is called the current velocity of

Definition 1.3. v&(t) = v5(¢,£&(t)) = Dgé
)) = DA&(t) is called the osmotic velocity of

the process £(t); ut(t) = us(t,&(t
the process £(t).

The physical meaning of current velocity is a direct analog of the ordinary
velocity of a deterministic process. The osmotic velocity measures how fast
the randomness increases. This interpretation becomes clear from the following
features of v® and u® (see [11]).

Consider an autonomous smooth field of non-degenerate linear operators
A(z) : R" — R" x € T7". Suppose that £(¢) is a diffusion type process whose
diffusion integrand is A(£(¢)). Then its diffusion coefficient A(z)A*(x) is a
smooth field of symmetric positive definite (2, 0)-tensors with matrices o(z) =
(a*(z)). Since all those matrices are non-degenerate, the field of inverse matri-
ces (o) exists and is smooth and at any = the matrix («a;;)(z) is symmetric and
positive definite. Thus it defines a new Riemannian metric (symmetric positive
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definite (0, 2)-tensor field) a(-, ) = a;jdz'dz? on R™. Consider the Riemannian
volume form of this Riemannian metric A, = y/det(ay;)dzt Adx® A -+ A dz™.

Denote by p®(t, z) the probability density of £(¢) with respect to the volume
form dt A A, = \/det(ay;)dt ANdzt Ndz® A--- Adz™ on [0,T] x T, ie., for any
continuous bounded function f: [0,7] x 7" — R the relation

/ E(f(t.£(t))dt = / ( / F(t, () dP)dt = / F(t, 2) (1, 2)dt AN, (13)
0 0 Q [0,T] xR™

holds. Then
1
ut(t, ) = éGradlog p(t, ) = Gradlog \/ps(t, ), (1.4)

where Grad denotes the gradient with respect to the Riemannian metric af-, -).
For v8(t,z) and p*(¢,x) the so called equation of continuity

9p*(t, @)
ot
holds, where Div denotes divergence with respect to the Riemannian metric

a(--).
Following [2] we introduce the differential operator D, that differentiates
an L; random process £(t), t € [0,T] according to the rule

Dg(t) = lim Etg(@(t + At) - §(t)£§(t AL — S(t))*%

where (&(t + At) — £(t)) is considered as a column vector (vector in R™),
(&(t + At) — &(t))* is a row vector (transposed, or conjugate vector) and the
limit is supposed to exists in L;(€2, F,P). We emphasize that the matrix
product of a column on the left and a row on the right is a matrix with rank 1
but after passing to limit and taking conditional expectation Dy&(t) becomes a
symmetric semi-positive definite matrix function on [0, 7] x R” (in many cases
positive definite). We call Dy the quadratic mean derivative. It takes values
in the set (2, 0)-tensors having symmetric positive semi-definite matrices.

As mentioned above, the notion of current velocity is analogous to ordinary
velocity for a non-random process. Thus, from the physical point of view, it is
an important problem to study equations and inclusions with current velocities.

Let v(t,m) be a vector field and «(t,m) be a symmetric positive semi-
definite (2, 0)-tensor field on 7". The system

{ Datty = vt (1.7)
Dy¢(t) = a(t,&(1))
is called the first order differential equation with current velocities.

Note that equation (1.7) on the flat torus 7" can be considered as an
equation on R” periodic in space variables.

= —Div(vS(t,z)p*(t, z)) (1.5)

(1.6)
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Definition 1.4. We say that (1.7) on T™ has a solution on [0, T] with initial
condition £(0) = & if there exists a probability space (Q, F,P) and a process
£(t) given on (2, F,P) and taking values in T™ such that £(0) = & and for
almost all t € [0,T) equation (1.7) is satisfied P-a.s. by &(t).

Theorem 1.1. Let v : [0,T] x T" — R™ be smooth and o : T" — Si(n)
be smooth and autonomous (so it determines the Riemannian metric o(-,-)
on T", introduced above). Let & be a random element with values in T"
whose probability density py with respect to the volume form A, of a(-,-) on
T (see above) is smooth and nowhere equal to zero. Then for the initial
condition £(0) = &y equation (1.7) has a solution that is well-defined on the
entire interval t € [0,T].

Theorem 1.1 is a simple corollary to |2, Theorem 4.1] (see also |7, Theorem
8.50]). Here we use the fact that on the compact manifold 7™ the right-hand
sides of (1.7) are uniformly bounded and so the hypothesis of [2, Theorem 4.1|
is fulfilled.

Introduce py = log po and consider p(t,m) = log p*(t,m) where p*(t,m) is
the density (1.3) corresponding to the solution £(¢) of (1.7). It is shown in the
proof of [2, Theorem 4.1] (see also |7, Theorem 8.50]) that p(t, m) is well-posed
and takes the form

plt,m) = polgd(m)) — / (Div 0)(5, gu(g+(m)) ds (18)

where Div is the divergence with respect to a(-,-) and g, is the flow of smooth
vector field v(t, m).

2 Some technical constructions

Everywhere below we denote by S, (n) the set of symmetric positive definite
n X n matrices.

In [2]|, on the basis of Hauss decomposition (see [14]), every matrix o €
S.(n) is represented in the form o = (d¢* where ( is a lower-triangle matrix
with units on the diagonal, (* is its transposed matrix, i.e., an upper-triangle
matrix with units on the diagonal, and § is a diagonal matrix whose angular
minors (note that they all a positive) coincide with those of a. Denote the
diagonal elements of § by d1,...6,. Then the matrix A = (/8 where V¢ is
the diagonal matrix with v/d1, ..., /0, on the diagonal, is such that a = AA*.
If we deal with a continuous (smooth, measurable) field a(t,m), t € R and
m € T, of the above matrices, the corresponding matrices A(t,m) are also
continuous (smooth, measurable, respectively).

Denote by T_(n) the set of lower-triangle n x n matrices with zeros on
the diagonal that is obviously a linear subspace in R™, the linear space of all
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n X n matrices. It is evident that the matrix ¢ introduced above, belongs to
the linear submanifold T_(n) 4+ [ in R" where I is the unit n x n matrix.
Denote by T : S, (n) — T_(n) the smooth mapping that sends o € S, (n) to

Ta=¢-TeT_(n). (2.1)

Now specify some C' > 0 and denote by Sr¢ the set of matrices from S, (n)
having determinants equal to C'. In particular, this means that 6, -...- 9, = C
and /05 - ... - /8, = v/C where the dot denotes multiplication.

Denote by Lo(n) the linear subspace in R"™ consisting of vectors X =
(X1, ..., X™) such that X!+ ...+ X" = 0.

Introduce the smooth mapping L¢ : Sy — Lo, that sends a symmetric
matrix a € S to

Lc(a) = (log \/_\/%’ ..., log %) € Lo(n). (2.2)

Note that T_(n) and Lg(n) are linear spaces and so the notion of convex
set is well-posed in them.

Lemma 2.1. For every smooth autonomous (2,0)-tensor field a(m) on flat
torus T™ with values in Sic:

(i) The volume form A, of the corresponding Riemannian metric of-,-)
(see above) equals VCAg where Ag is the volume form of the Euclidean metric
on T" inherited from R™ after factorization with respect to the integral lattice.

(ii) For every smooth vector field v(t,m) on T" its divergence Div v with
respect to A, coincides with ordinary divergence divov (i.e., with respect to

(iii) For every random element having values in T", its distribution with
respect to A, equals the distribution with respect to Ag divided by v/ C.

Proof. Indeed, A, = +/det(a;;)dg" A --- A dg™ and since det(oy;) = C, we
obtain that it equals vVCAg = Cdg' A --- A dg"™.
Recall that the divergence Div v is found from the equality

L,A, = (Divo)A,

where L, is the Lie derivative by v (see details, e.g., in |7]). Recall also that
L,A, = d(v]A,) where | denotes the internal multiplication of vectors and

differential forms. Since C is constant, d(v|A,) = 2% VCAp = g—;jAa. Hence

. oo
Divev = gsz = divw.
Assertion (iii) follows from (i). O
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3 The main result

Let v(t,m) be a set-valued vector field and a(t,m) a set-valued symmetric
positive semi-definite (2, 0)-tensor field on 7. The system of the form

Dsé(t) € v(t, (1)),
{ Dy (t) € ax(t,&(t)). (3.1)

is called a first order differential inclusion with current velocities. The notion
of solution of (3.1) is quite analogous to that from Definition 1.4.

Below we suppose that the set-valued field a satisfies the following condi-
tion:

Condition 3.1. (i) The set-valued (2,0)-tensor field o on T™ takes values in
Sre; it 1s autonomous and upper semicontinuous.

(i) The values of a are closed and uniformly bounded.

(iii) For everym € T" the set T(a(m)) (see (2.1)) is convex in T_(n) and
the set Lo(a(m)) (see (2.2)) is convex in Lo(n).

For v(t,m) we suppose that it has a smooth single-valued selector denoted
by v(t,m). Recall that some conditions, under which a set-valued mapping
has a smooth selector, are obtained in [1, 4].

Theorem 3.1. Let v(t,m) be a set-valued vector field on T™ having smooth
single-valued selector v(t,m) for t € [0,T]. Let also a(m) be a set-valued
(2,0)-tensor field that satisfies Condition 3.1. Consider a random &, element
with values in T™ whose probability density with respect to the volume form
A equals \/Cpy where py is smooth and nowhere equal to zero. Then for the
initial condition £(0) = &y inclusion (3.1) has a solution that is well-defined
on the entire interval t € [0, 7).

Proof. Specify a sequence of positive numbers €, — 0. Since the mappings T
and L¢ are smooth, the set-valued mappings Ta with valuesin T_(n) and Loa
with values in Lg(n) are upper semicontinuous since such is a. By Condition
3.1 their values are convex, closed and uniformly bounded. Then by [3, The-
orem 2| (see also |7, Theorem 4.11]) there exist the sequences of single-valued
continuous eg-approximations that point-wise converge to Borel measurable
selectors of Ta and Loa, respectively. Without loss of generality those ap-
proximations can be supposed as smooth. Thus there exists a sequence «y, of
single-valued smooth uniformly bounded (2, 0)-tensor fields with values in Sr¢
that point-wise converges to a Borel measurable selector a(m) of a(m). The
components of ay(m) will be denoted as o’ .
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Construct the Riemannian metrics ax(-, -) from tensor fields ay(m).
Consider the sequence of equations

Dsé(t) = wv(t,&(t))
{ Dol(t) = ag(t,&(t)) (3.2)

Note that by Lemma 2.1 for those equations we can consider the same initial
value &, since its densities with respect to all ay(-,-) coincide with py. All
equations (3.2) satisfy the conditions of Theorem 1.1, so there exist solutions
&k (t) of those equations.

From Lemma 2.1 it follows that the functions p(¢,m) defined by (1.8) for
all & (t) coincide (in particular this means that the densities p(t,m) coincide
as well).

For a solution & (t) the osmotic velocity takes the form

1
ug(t,m) = éGradkp(t, m)

where Grady, is the gradient calculated with respect to ag(-,-). One can eas-
ily show by the definition of gradient that the coordinate presentation of
Gradyp(t,m) has the form (Gradp(t,m))* = ozﬁjg—;j. Thus, from the hypothe-
sis and from Condition 3.1 it follows that all u (¢, m) are smooth and uniformly
bounded. Since the components o)’ point-wise converge to the components o/

of a(m), the vectors u(t, m) point-wise converge to u(t,m) with components
1

i 1,5 0p

ut = a5k
Introduce the vector fields ay(t,m) = v(t, m) + ux(t, m), denote its point-
wise limit by a(t,m). As it is mentioned in Section , every ay(m) can be
represented as ag(m) = Ag(m)A;(m). By construction the sequence Ai(m)
point-wise converge to the Borel-measurable field A(m) such that a(m) =

A(m)A*(m).

Consider the sequence of Itd type stochastic differential equations

k(1) :£o+/0 ak(s,f(s))ds—l—/o Ak (s,€(s)dw(s) (3.3)

on 7™. Since the coefficients of (3.3) for all k& are smooth and bounded, all the
equations have unique strong solutions well-defined on the entire interval [0, 7.
On the Banach manifold C°([0,7],7") of continuous curves in 7" introduce
the o-algebra C generated by cylinder sets and denote by . the measure on
(C°([0,T],7T™),C) generated by the solution &(¢) of (3.3). Introduce also the
family of complete sub-o-algebras P; generated by cylinder sets with bases in
0,¢], t € [0,T7.
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Since equations (3.3) can be considered as the ones in R™ with space-
periodic coefficients, one can apply [6, Corollary II1.2] and show that the set
{1} of measures on (C°([0,T],7"),C) is weakly compact. Hence we can select
a sub-sequence that weakly converges to a certain measure p. Without loss or
generality we can suppose that the sequence u weakly converges to u. Con-
sider the coordinate process £(t) on the probability space (C°([0,T],7™),C, u),
i.e., for every elementary event z(-) € C°([0,T],7"), by definition £(t,z(+)) =
z(t). Note that P, is the “past” for £(t). As usual, NF is a sub-o-algebra of P;.

By construction, Dg&(t) = v(t, & (t)) for all k. This means that for every
bounded continuous real-valued function f on C°([0,7],7™) measurable with
respect to N, the equality

dim [t + At) — x(t — At) — o(t, 2(2))]f (2 () dpx = 0
co(jo,T],7™)

holds for all k.
Specify an arbitrary € > 0. Since p; weakly converges to pu, there exists
K (e) such that for all k£ > K(¢)

I [(t + At) — x(t — At) —v(t, (2))]f (x(-) ) dpu

co([0,1),7™)

- / (2t + A8) — a(t — At) — v(t, 2(t))f (2()dul| < e.
CO([O,T},T")
Hence,

|| lim [z(t + At) — x(t — At) —v(t,z(t))] f(x(-))du| < e.
At=0 Joo(o,1),77)

Since ¢ is an arbitrary positive number and f is an arbitrary function, mea-
surable with respect to /\/'f, this means that

Dsg(t) = v(t, (1)) (3.4)

By construction, for every &(t) its quadratic derivative equals ay(&x(t)).
This means that for each f(z(:)) as above we obtain the equality

Jim. [((t+ A8 —o(8)) (2t + D) — 2(8))* — a(w(t)] £ (())dpae = 0.
co([0,1],7™)

Since ay(t,m) tends to a(t,m) as k — oo point-wise, it tends a.s. with
respect to all py and with respect to pu. Specify o > 0. By Egorov’s theorem
(see, e.g., [13]) for any i there exists a subset KZ C C°([0,T],7") such that
(1:)(K%) > 1 — 4, and the sequence ay(x(t)) converges to a(z(t)) uniformly

109



on Ki. Introduce K5 = |J KZ The sequence ay(z(t)) converges to a(z(t))
i=0

uniformly on Ks and u;(Ks) > 1 — 6 for all i and pu(Ks) > 1 — 6.

Note that «(z(t)) is continuous on a set of full measure  on C°([0,T],7™).
Indeed, consider a sequence §; — 0 and the corresponding sequence f((;i. By
the above construction «(x(t)) is a uniform limit of continuous functions on
each Ks . Thus it is continuous on each K and so, on every finite union

U Ks,. Evidently lim pu(|J Kj) = 1.
i=1 n—ee =1

Because of the above uniform convergence on Ky for all k and boundedness
of f(z(-)) we get that for k large enough

I low(@(t)) = alz@)f (@)l < 0.

)
Since f(z(-)) is bounded, there is some = > 0 such that |f(z(:))] < Z for all
x(+). Recall that all agx(m) and a(m) are uniformly bounded, i.e., their norms

are not greater than a certain Q > 0. Then, since p(C°([0,T], T")\Ks) < &
for all k large enough, we obtain that

H/ o ((t)) — az ()] f (2())dpx | < 20QF
CO([OvT]an)\Ké
for all k large enough. Since § is an arbitrary positive number, we obtain that

lim [ (2(t)) — e (8))]f ((-))dpar. = 0.

k=00 Joo(jo,1),77)

The function a(z(t)) is p-a.s. continuous and bounded on C°([0,T],7") (see
above). Since in addition the measures p; weakly converge to p, by Lemma
from [5, Section VI.1] we obtain that

lim a((t)) f(e())du = / a(x(t) f(x(-)dp.

k—oo Joo(jo,1],77) co([0,7],7™)
Obviously
lim [(z(t + At) — 2(t))(z(t + At) — 2(t))"] f(2(-))dp

k=00 Joo(jo,17,77)

) /CO([O [T 20 =)o+ A1) = (O ()i
Thus

dim (2t + At) — () (2(t + At) — 2(1))" — ax(®)]f (2(-))dp = 0.
co([o,11,7™)
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Since f(x(-)) is an arbitrary bounded continuous function, measurable with
respect to NV}, this means that Do&(t) = a(£(t)). But by construction «(£(t)) €
a(E(t)) p-as.

Together with (3.4) this means that £(¢) is a solution of inclusion (3.1) we
are looking for. O
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