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Abstract

We present the result of classification of Maxwell spaces with zero
current (electromagnetic waves) that admit subgroups of the Poincaré
group. For 3 ≤ k ≤ 6, we give examples of such spaces whose symmetry
group is k-dimensional.
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1. Introduction

In classical theory, the electromagnetic field is described by a skew symmetric
tensor Fij on a four-dimensional real manifold M ⊂ R4

1 (a domain in the
Minkowski space) satisfying the Maxwell equations [1]

∂iFjk + ∂jFki + ∂kFij = 0, (1.1)
∇kF

ik = −4π
c
J i (1.2)

(i, j, k = 1, . . . , 4; the current J i must satisfy the equation ∇iJ
i = 0)1

1 ∇k is the covariant derivative acting by the rule: ∇kF ij = ∂kF ij +Γi
mkFmj +Γj

mkF im,
∇kJ i = ∂kJ i + Γi

mkJm, where Γl
ij = 1

2gkl(∂igkj + ∂jgki − ∂kgij).
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We say that the Maxwell space is a triple (M, g, F ), where M is a smooth,
real, four-dimentional manifold, F = 1

2
Fijdx

i ∧ dxj is a generalized symplectic
structure 2 on M , and g = gijdx

idxj is a pseudo-Euclidean metric on M with
the Lorentz signature (−−−+).

The equation dF = 0 means that the form F is closed and is equivalent to
the first Maxwell equation. If the second Maxwell equation for the tensor Fij

holds, then the Maxwell space corresponds to some electromagnetic field.
Let Gg be the Poincaré group, i. e., the group of motions of the Minkowski

space (or, equivalently, the group of diffeomorphisms of manifold M that pre-
serve the structure (M, g)). Further, let GF be the group of symplectomor-
phisms of the structure (M,F ). By GS we denote the group of diffeomorphisms
of the manifold M that preserves both g and F , i. e., GS = Gg ∩ GF . Note
that GS is a subgroup of Gg. The Maxwell spaces with non-trivial groups GS

are interesting, for example, in connection with the well-known method for
obtaining the first integrals of the Lorentz equations [2].

The electromagnetic fields that admit the group GS were intensively stud-
ied in 1960–70s (see [3] – [8]). The relativistic symmetry groups (maximal sub-
groups of the Poincaré group that preserve tensor Fij) were found in [3, 4, 5] for
particular fields Fij (homogeneous fields, plane waves, etc.); the structure of
these subgroups was studied. The connected subgroups of the Poincaré group
that are invariant transformation groups of electromagnetic fields (relativistic
symmetry groups) were studied in [6, 7, 8]. In particular, it was proved that
the dimension of such a group is not greater than six [8]; the classification of
these groups was obtained in [6, 7]. The problem of classification with respect
to conjugation for connected subgroups of the Poincaré group was proposed in
[9] without any reference to electrodynamics.

Solution for the classification problem of Maxwell spaces that admit sub-
groups of the Poincaré group was proposed by the author in [10, 11]; it was
based on the classification obtained by I. V. Bel’ko [9]. The problem of group
classification for Maxwell spaces without current (MSWC or electromagnetic
waves) was considered by A. S. Ivanova and M. A. Parinov in [12] – [20];
there we described some classes Wk,l of MSWC that admitted certain sub-
groups, Gk,l, of the Poincaré group, but the existence of representatives for
every class was not proved.

Using the method proposed in [21], we construct representatives, if they
exist, for every class Wk,l. Otherwise we prove that symmetry group GS for
every Maxwell space of the class Wk,l is wider, actually, than Gk,l. Note that,
for 1- and 2-dimensional groups Gk,l, the latter is impossible, see [22, 23].

In this paper, we present examples of MSWC whose symmetry group GS

is k-dimensional and coincides with Gk,l (3 ≤ k ≤ 6). We also announce the
2 Symplectic structure must be closed (dF = 0) and non-degenerate (det Fij 6= 0); for

generalized symplectic structure non-degeneracy is not required.
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classification theorem for Maxwell spaces without current and give a sketch of
its proof; its complete proof is extremely long and at the moment it exist only
as a manuscript.

Suppose that Lg is the Lie algebra of vector fields that corresponds to the
Poincaré group Gg, and {xi} are the Galilean coordinates. We choose the basis
in Lg as follows:

e1 = (1, 0, 0, 0), e2 = (0, 1, 0, 0), e3 = (0, 0, 1, 0), e4 = (0, 0, 0, 1),

e12 = (−x2, x1, 0, 0), e13 = (x3, 0,−x1, 0), e23 = (0,−x3, x2, 0),

e14 = (x4, 0, 0, x1), e24 = (0, x4, 0, x2), e34 = (0, 0, x4, x3).

Subgroup G′ ⊂ Gg is conjugate to subgroup G if there exists an element h ∈
Gg such that G′ = h−1Gh. We use the classification of connected subgroups of
the Poincaré group up to conjugation obtained by I. V. Bel’ko [9]. His list of
subalgebras Lk,l ⊂ Lg for dimensions 1–6, where every Lk,l is a representative
of the class of subalgebras conjugate to each other, is included in this paper as
Appendix. By L{ξ1, . . . , ξk} we denote the span of vectors ξ1, . . . , ξk. By Gk,l

we denote subgroup of the Poincaré group that corresponds to the Lie algebra
Lk,l.

For every group Gk,l (algebra Lk,l), we define the class Ck,l of Maxwell
spaces as follows. Tensor Fij defining this class is a solution of the first Maxwell
equation (1.1) and is a solution of the invariance conditions for Fij with respect
to Gk,l:

LξαFij = 0 (α = 1, . . . , k), (1.3)

where the ξα are basis vectors in Lk,l, and Lξα is the Lie derivative. Classes
Ck,l were described in [10, 11].

The above-mentioned definition of classes Ck,l yields the classification of
Maxwell spaces by means of subgroups of the Poincaré group Gg. Indeed,
if G′ is an arbitrary subgroup of the Poincaré group, then it is conjugate to
a subgroup Gk,l. So, there is a coordinate transformation xi = Ai

i′x
i′ + ai

such that G′ = A−1Gk,lA for some A ∈ Gg. This means that the class Ck,l of
Maxwell spaces, defined by the tensor Fij, transforms into the class C ′, defined
by the tensor

Fi′j′ = FijA
i
i′A

j
j′ ; (1.4)

the Maxwell spaces of class C ′ admit subgroup G′.3
For every group Gk,l, we define the class Wk,l of Maxwell spaces without

current (MSWC) as follows: Wk,l is a subclass of the class Ck,l such that tensor
Fij satisfies the second Maxwell equation with zero current

∇kF
ik = 0. (1.5)

3 The latter means that x̃i′ = Bi′

k′xk′
+ bi′ for any B ∈ G′, and the matrix F̃k′l′ =

Fi′j′Bi′

k′B
j′

l′ is equal to Fi′j′ .
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The classes Wk,l are described in [12] – [23]. The description of classes Wk,l

yields the classification of Maxwell spaces without current (in particular, elec-
tromagnetic waves) in terms of subgroups of the Poincaré group as above.

For every Maxwell space (M, g, F ) of classes Ck,l or Wk,l, the dimension
of the symmetry group GS is ≥ k. But, for some Maxwell spaces of these
classes (sometimes, for all of them), their symmetry groups are broader than
Gk,l. So, the following important question arises: does there exist in Ck,l a
Maxwell space with symmetry group GS = Gk,l (a representative of the class)?
The same question is important for Wk,l as well. We give the answer to this
question for Maxwell spaces without current in Section .

2. Examples of Maxwell spaces without current
Here we give examples of Maxwell spaces without current admitting subgroups
Gk,l that may be symmetry groups for a given Fij. We consider only the cases
3 ≤ k ≤ 6. For examples of cases with k = 1, 2, we refer the reader to [22, 23].

2.1 Examples for 3-dimensional subgroups

2.1.1. Class W3,1c. For L3,1c = L{e1, e3, e2 + e4}, we see that MSWC is
defined by the tensor Fij of the form

F12 = Φ, F13 = C1, F14 = C2−Φ, F23 = Ψ, F24 = C3, F34 = C4+Ψ, (2.1)

where Ck = const, while Φ = Φ(x2 − x4) and Ψ = Ψ(x2 − x4) are arbitrary
functions.

Example 2.1. Let Φ = A sin(x2−x4), Ψ = B sin 2(x2 − x4), C1 = 0, C2 = C,
C3 = 0, C4 = D; then

F12 = A sin(x2 − x4), F13 = 0, F14 = C − A sin(x2 − x4),

F23 = B sin 2(x2 − x4), F24 = 0, F34 = D −B sin 2(x2 − x4).
(2.2)

If A 6= 0, and B 6= 0, and C2 +D2 6= 0, then MSWC, defined by the tensor
(2.2), admits 3-dimensional group GS = G3,1c.
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2.1.2. Class W3,2a. For L3,2a = L{e13 + λe2, e1, e3} (λ 6= 0), we have

F12 = A cos
x2 + x4

λ
+B sin

x2 + x4

λ
+ C cos

x2 − x4

λ
+D sin

x2 − x4

λ
,

F14 = A cos
x2 + x4

λ
+B sin

x2 + x4

λ
− C cos

x2 − x4

λ
−D sin

x2 − x4

λ
,

F23 = −B cos
x2 + x4

λ
+ A sin

x2 + x4

λ
−D cos

x2 − x4

λ
+ C sin

x2 − x4

λ
,

F34 = B cos
x2 + x4

λ
− A sin

x2 + x4

λ
−D cos

x2 − x4

λ
+ C sin

x2 − x4

λ
,

F13 = K, F24 = L (A,B,C,D,K,L = const).

(2.3)

If 1) A 6= 0 and C 6= 0 or 2) B 6= 0 and D 6= 0, then GS = G3,2a.
2.1.3. Class W3,3. For L3,3 = L{e13 + µe4, e1, e3} (µ 6= 0), we have

F12 = A cos
x2 + x4

µ
+B sin

x2 + x4

µ
+ C cos

x2 − x4

µ
+D sin

x2 − x4

µ
,

F14 = A cos
x2 + x4

µ
+B sin

x2 + x4

µ
− C cos

x2 − x4

µ
−D sin

x2 − x4

µ
,

F23 = −B cos
x2 + x4

µ
+ A sin

x2 + x4

µ
+D cos

x2 − x4

µ
− C sin

x2 − x4

µ
,

F34 = B cos
x2 + x4

µ
− A sin

x2 + x4

µ
+D cos

x2 − x4

µ
− C sin

x2 − x4

µ
,

F13 = K, F24 = L (A,B,C,D,K,L = const).

(2.4)

If 1) A 6= 0 and C 6= 0 or 2) B 6= 0 and D 6= 0, then GS = G3,3.
2.1.4. Class W3,5. For L3,5 = L{e24, e1, e3}, we have

F12 =
Ax2 +Bx4

(x2)2 − (x4)2
, F13 = K, F14 = − Bx2 + Ax4

(x2)2 − (x4)2
,

F23 =
Cx2 +Dx4

(x2)2 − (x4)2
, F24 = L, F34 =

Dx2 + Cx4

(x2)2 − (x4)2
,

(2.5)

where A,B,C,D,K,L are constants.

Example 2.2. Let B = C = 0; then

F12 =
Ax2

(x2)2 − (x4)2
, F13 = K, F14 = − Ax4

(x2)2 − (x4)2
,

F23 =
Dx4

(x2)2 − (x4)2
, F24 = L, F34 =

Dx2

(x2)2 − (x4)2
.

(2.6)

If A2 + D2 6= 0, then MSWC, defined by the tensor (2.6), admits 3-
dimensional group GS = G3,5.
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2.1.5. Class W3,6a. For L3,6a = L{e24 + λe3, e2, e4} (λ 6= 0), we have

F12 = cosh
x3

λ

(
A sin

x1

λ
−B cos

x1

λ

)
+ sinh

x3

λ

(
C sin

x1

λ
−D cos

x1

λ

)
,

F14 = sinh
x3

λ

(
B cos

x1

λ
− A sin

x1

λ

)
+ cosh

x3

λ

(
D cos

x1

λ
− C sin

x1

λ

)
,

F23 = sinh
x3

λ

(
A cos

x1

λ
+B sin

x1

λ

)
+ cosh

x3

λ

(
C cos

x1

λ
+D sin

x1

λ

)
,

(2.7)

F34 = cosh
x3

λ

(
A cos

x1

λ
+B sin

x1

λ

)
+ sinh

x3

λ

(
C cos

x1

λ
+D sin

x1

λ

)
,

F13 = K, F24 = L (A,B,C,D,K,L = const).

Example 2.3. Let B = C = D = 0; then

F12 = A sin
x1

λ
cosh

x3

λ
, F13 = K, F14 = −A sin

x1

λ
sinh

x3

λ
,

F23 = A cos
x1

λ
sinh

x3

λ
, F24 = L, F34 = A cos

x1

λ
cosh

x3

λ
.

(2.8)

If A 6= 0, then GS = G3,6a.

2.1.6. Class W3,8. For L3,8 = L{e12 − e14 + λe2, e3, e2 − e4}, we have

F12 = −a4

2

(
x̃2

)2 − a3x̃
2 − a4

2λ2
x̃1 + a6, F13 = a1x̃

2 + a5, F14 = F12 + a4,

F23 =
a1

2

(
x̃2

)2
+ a5x̃

2 +
a1

2λ2
x̃1 + a2, F24 = a4x̃

2 + a3, F34 = −F23 − a1,

(2.9)

where ak = const, and

x̃1 = 2λx1 +
(
x2 + x4

)2
, x̃2 =

x2 + x4

λ
, x̃3 = x3,

x̃4 = λx4 + x1(x2 + x4) +
1

3λ

(
x2 + x4

)3
. (2.10)

Example 2.4. Let a4 = K in (2.9), and ak = 0 for k 6= 4; substituting (2.10)
for x̃i in (2.9), we obtain

F12 = −K
λ
x1 − K

λ2

(
x2 + x4

)2
, F13 = F23 = F34 = 0,

F14 = F12 +K, F24 =
K

λ
(x2 + x4).

(2.11)

If K 6= 0, then MSWC, defined by the tensor (2.11), admits 3-dimensional
group GS = G3,8.
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2.1.7. Example for the class W3,9b (W3,9 for λ = 0 and µ 6= 0). The Lie
algebra L3,9 takes the form L3,9b = L{e12 − e14 + µe3, e1, e2 − e4}.

The Maxwell spaces without current, defined by the tensor

F12 = F14 = −x3

(
b1 sin

x2 + x4

µ
− b2 cos

x2 + x4

µ

)
,

F13 = µ

(
b1 cos

x2 + x4

µ
+ b2 sin

x2 + x4

µ

)
,

F23 = −F34 = x3

(
b1 cos

x2 + x4

µ
+ b2 sin

x2 + x4

µ

)
,

F24 = µ

(
b1 sin

x2 + x4

µ
− b2 cos

x2 + x4

µ

)
,

(2.12)

admit the group G3,9b; if b1 6= 0 or b2 6= 0, then GS = G3,9b.
2.1.8. Example for the class W3,9c (W3,9 for λ 6= 0 and µ = 0). The Lie

algebra L3,9 takes the form L3,9c = L{e12 − e14 + λe2, e1, e2 − e4}.
The Maxwell space without current, defined by the tensor

F12 =
K

2λ2
(x2 + x4)2, F13 = 0, F14 = F12 +K,

F23 = −F34 =
K

λ
x3, F24 =

K

λ
(x2 + x4),

(2.13)

admits the group G3,9c; if K 6= 0, then GS = G3,9c.
2.1.9. Example for the class W3,10a (W3,10 for λ 6= 0 and µ 6= 0). We

have
L3,10a = L{e12 − e14 + λe2, e1 + µe3, e2 − e4}.

The Maxwell space without current, defined by the tensor

F12 = −A(1 + 2µ2)

2λ2(1 + µ2)
(x2 + x4)2 − µA

λ(1 + µ2)
(µx1 − x3),

F13 = 0, F14 = F12 + A, F24 =
A

λ
(x2 + x4),

F23 = −F34 = − A

2λ2(1 + µ2)

[
2λµx1 + µ(x2 + x4)2 − 2λx3

]
,

(2.14)

admits the group G3,10a; if A 6= 0, then GS = G3,10a.
2.1.10. Example for the class W3,10b (W3,10 for λ = 0 and µ 6= 0). The

Lie algebra L3,10 takes the form L3,10b = L{e12 − e14, e1 + µe3, e2 − e4}.
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The Maxwell space without current, defined by the tensor

F12 = F14 =
K(µx1 − x3)

µ2(x2 + x4)2
sin

ln(x2 + x4)

µ
,

F13 =
K

µ(x2 + x4)
cos

ln(x2 + x4)

µ
,

F23 = −F34 = −K(µx1 − x3)

µ2(x2 + x4)2
cos

ln(x2 + x4)

µ
,

F24 =
K

µ(x2 + x4)
sin

ln(x2 + x4)

µ
, (2.15)

admits the group G3,10b; if K 6= 0, then GS = G3,10b.
2.1.11. Example for the class W3,11. We have L3,11 = L{e13+λe24, e1, e3}.
Tensor Fij of the form

F12 =
A

2ρ

(
eλϕ cos

(
ϕ− ln ρ

λ

)
− e−λϕ cos

(
ϕ+

ln ρ

λ

))
, F13 = const,

F14 = − A

2ρ

(
eλϕ cos

(
ϕ− ln ρ

λ

)
+ e−λϕ cos

(
ϕ+

ln ρ

λ

))
,

F23 =
A

2ρ

(
eλϕ sin

(
ϕ− ln ρ

λ

)
− e−λϕ sin

(
ϕ+

ln ρ

λ

))
, F24 = const,

F34 =
A

2ρ

(
eλϕ sin

(
ϕ− ln ρ

λ

)
+ e−λϕ sin

(
ϕ+

ln ρ

λ

))
,

(2.16)

where

x1 = r cos(θ − ϕ), x2 = ρ cosh(λϕ), x3 = r sin(θ − ϕ), x4 = ρ sinh(λϕ),
(2.17)

defines MSWC that admits the group G3,11; if A 6= 0, then GS = G3,11.
2.1.12. Class W3,13. For L3,13 = L{e13, e24, e2 − e4}, we have

F12 = F14 = − Lx1 +Kx3

(x2 + x4)[(x1)2 + (x3)2]
, F13 = M,

F23 = F34 =
Lx3 −Kx1

(x2 + x4)[(x1)2 + (x3)2]
, F24 = N,

(2.18)

where K,L,M,N are constants.
If K 6= 0 or L 6= 0, then MSWC, defined by the tensor (2.18), admits

3-dimensional group GS = G3,13.
2.1.13. Class W3,14. For L3,14 = L{e12− e14 +λe1 +µe3, e23 + e34 + νe1 +

λe3, e2 − e4}, we have

F12 = F14 = −ϕΦ1(u) + ψΦ2(u) + Φ4(u), F13 = Φ1(u),

F23 = −F34 = ϕΦ2(u) + ψΦ1(u) + Φ3(u), F24 = Φ2(u),
(2.19)
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where

u = x2 + x4, ϕ =
µx1 + (u− λ)x3

u2 − λ2 + µν
, ψ =

νx3 − (u+ λ)x1

u2 − λ2 + µν
, (2.20)

Φ3(u) and Φ4(u) are arbitrary functions, Φ1(u) is a solution of the equation

Φ′′
1 +

2u

u2 − λ2 + µν
Φ′

1 −
2u2 + 2λ2 + µ2 + ν2

(u2 − λ2 + µν)2
Φ1 = 0, (2.21)

and
Φ2(u) =

2uΦ1(u) + (u2 − λ2 + µν)Φ′
1(u)

µ+ ν
. (2.22)

2.1.14. Class W3,16. For L3,16 = L{e12− e14, e24 +λe1 +µe3, e2− e4}, we
have

F12 = F14 =
A(x3 − µ ln(x2 + x4)) +D(x1 − λ ln(x2 + x4)) +B

x2 + x4
,

F34 = −F23 =
A(x1 − λ ln(x2 + x4))−D(x3 − µ ln(x2 + x4)) + C

x2 + x4
,

F13 = A, F24 = D (A, B, C, D = const). (2.23)

If A 6= 0 or D 6= 0, then GS = G3,16.
2.1.15. Class W3,17. For L3,17 = L{e12 − e14, e23 + e34, e24}, we have

F12 =
2Ax1x3 +B [(x1)2 − (x3)2 + (x2 + x4)2]

2(x2 + x4) [(x1)2 + (x2)2 + (x3)2 − (x4)2]2
+

C

x2 + x4
,

F13 =
Bx3 − Ax1

[(x1)2 + (x2)2 + (x3)2 − (x4)2]2
,

F14 =
2Ax1x3 +B [(x1)2 − (x3)2 − (x2 + x4)2]

2(x2 + x4) [(x1)2 + (x2)2 + (x3)2 − (x4)2]2
+

C

x2 + x4
,

F23 =
−2Bx1x3 + A [(x1)2 − (x3)2 − (x2 + x4)2]

2(x2 + x4) [(x1)2 + (x2)2 + (x3)2 − (x4)2]2
+

D

x2 + x4
,

F24 =
Bx1 + Ax3

[(x1)2 + (x2)2 + (x3)2 − (x4)2]2
,

F34 =
2Bx1x3 − A [(x1)2 − (x3)2 + (x2 + x4)2]

2(x2 + x4) [(x1)2 + (x2)2 + (x3)2 − (x4)2]2
− D

x2 + x4
,

(2.24)

where A, B, C, D are constants.
If A 6= 0 or B 6= 0, then GS = G3,17.
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2.1.16. Class W3,18. For L3,18 = L{e12 − e14, e23 + e34, e13 + λ(e2 − e4)},
we have

F12 = −C5

2

((
x̃2

)2 −
(
x̃3

)2
+ 1

)
− C1x̃

2x̃3 − C4x̃
2 − C8x̃

3,

F13 = C1x̃
2 − C5x̃

3 + C8, F14 = F12 + C5,

F23 =
C1

2

((
x̃2

)2 −
(
x̃3

)2 − 1
)
− C5x̃

2x̃3 + C8x̃
2 − C4x̃

3,

F24 = C5x̃
2 + C1x̃

3 + C4, F34 = −F23 − C1,

(2.25)

where

C1 = 2C10 =
1

x̃1

(
A cos

x̃4

2λx̃1
+B sin

x̃4

2λx̃1

)
, C4 =

L

(x̃1)2
,

C5 = −2C9 =
1

x̃1

(
−A sin

x̃4

2λx̃1
+B cos

x̃4

2λx̃1

)
, C8 =

K

(x̃1)2
,

(2.26)

A,B,K,L are constants, and

x̃1 = x2+x4, x̃2 = − x1

x2 + x4
, x̃3 =

x3

x2 + x4
, x̃4 = (x1)2+(x2)2+(x3)2−(x4)2.

(2.27)
If A 6= 0 or B 6= 0, then GS = G3,18.
2.1.17. Class W3,19. For L3,19 = L{e12 − e14, e23 + e34, e13 + λe24}, we

have

F12 = −C5

2

((
x̃2

)2 −
(
x̃3

)2
+ 1

)
− C1x̃

2x̃3 + ϕ(x̃1),

F13 = C1x̃
2 − C5x̃

3, F14 = F12 + C5,

F23 =
C1

2

((
x̃2

)2 −
(
x̃3

)2 − 1
)
− C5x̃

2x̃3 + ψ(x̃1),

F24 = C5x̃
2 + C1x̃

3, F34 = −F23 − C1,

(2.28)
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where

C1 =
x̃1

(x̃4)2

[(
A cos

ln x̃4

λ
+B sin

ln x̃4

λ

)
cos

ln x̃1

λ

+

(
A sin

ln x̃4

λ
−B cos

ln x̃4

λ

)
sin

ln x̃1

λ

]
,

C5 =
x̃1

(x̃4)2

[(
A sin

ln x̃4

λ
−B cos

ln x̃4

λ

)
cos

ln x̃1

λ

−
(
A cos

ln x̃4

λ
+B sin

ln x̃4

λ

)
sin

ln x̃1

λ

]
,

ϕ(x̃1) =
1

2x̃1

(
A cos

ln x̃1

λ
+B sin

ln x̃1

λ

)
,

ψ(x̃1) =
1

2x̃1

(
A sin

ln x̃1

λ
−B cos

ln x̃1

λ

)
, (2.29)

A,B are constants, and the change of coordinates is defined by (2.27).
If A 6= 0 or B 6= 0, then GS = G3,19.

2.2 Examples for 4-dimensional subgroups

2.2.1. Class W4,4. For L4,4 = L{e13 + λe2, e1, e3, e2 + e4} (λ 6= 0), we have

F12 = −F14 = b1 cos
x2 − x4

λ
− b2 sin

x2 − x4

λ
, F13 = b3,

F23 = F34 = b1 sin
x2 − x4

λ
+ b2 cos

x2 − x4

λ
, F24 = b4 (bi = const).

(2.30)

Let λ 6= 0, b21 + b22 6= 0, and b23 + b24 6= 0; then MSWC, defined by the tensor
(2.30), admits 4-dimensional group GS = G4,4.

2.2.2. Class W4,5. For L4,5 = L{e24, e1, e3, e2 + e4} we have

F12 = −F14 =
b1

x2 − x4
, F13 = b3, F23 = F34 =

b2
x2 − x4

, F24 = b4 . (2.31)

(bk = const)
Let one of the following conditions be fulfilled: 1) b1 6= 0 and b3 6= 0, 2) b1 6=

0 and b4 6= 0,
3) b2 6= 0 and b3 6= 0, 4) b2 6= 0 and b4 6= 0; then GS = G4,5.

2.2.3. Class W4,7. For L4,7 = L{e13 + λe24, e1, e3, e2 + e4} (λ 6= 0), we
have

−F12 = F14 =
eλϕ

ρ

[
K1 sin

(
ϕ− ln ρ

λ

)
+K2 cos

(
ϕ− ln ρ

λ

)]
, F13 = K3,

F23 = F34 =
eλϕ

ρ

[
K1 cos

(
ϕ− ln ρ

λ

)
−K2 sin

(
ϕ− ln ρ

λ

)]
, F24 = K4,

(2.32)
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where Ki = const, and the change of coordinates is defined by (2.17).
Let 1) K2

1 +K2
2 6= 0 and 2) K2

3 +K2
4 6= 0, then GS = G4,7.

2.2.4. Class W4,9a. For L4,9a = L{e12− e14 +λe2, e1, e3, e2− e4} (λ 6= 0),
we have

F12 = F14 = −A
λ

(x2 + x4) +D, F13 = B, F24 = A,

F23 = −F34 =
B

λ
(x2 + x4) + C, (A,B,C,D = const).

(2.33)

Let one of the following conditions be provided: 1) A 6= 0 and C 6= 0, 2)
D 6= 0 and B 6= 0; then GS = G4,9a.

2.2.5. Class W4,16. For L4,16 = L{e12−e14 +λe3, e23 +e34 +λe1, e13, e2−
e4}, we have

F12 = F14 = −ϕΦ1(u) + ψΦ2(u), F13 = Φ1(u),

F23 = −F34 = ϕΦ2(u) + ψΦ1(u), F24 = Φ2(u),
(2.34)

where

Φ1(u) =
K

u2 + λ2
,

Φ2(u) =
Ku

2λ(u2 + λ2)
+

3Ku

4λ3
+

3K(u2 + λ2)

4λ4
arctan

u

λ
, (2.35)

K = const,

and
u = x2 + x4, ϕ =

λx1 + ux3

u2 + λ2
, ψ =

λx3 − x1u

u2 + λ2
. (2.36)

If K 6= 0, then GS = G4,16.
2.2.6. Class W4,18. For L4,18 = L{e12, e13, e23, e4}, we have

F12 = F13 = F23 = 0, F14 =
Kx1

ρ3
, F24 =

Kx2

ρ3
, F34 =

Kx3

ρ3

(ρ =
√

(x1)2 + (x2)2 + (x3)2, K = const).

(2.37)

If K 6= 0, then GS = G4,18.
2.2.7. Class W4,19. For L4,19 = L{e12, e14, e24, e3}, we have

F12 = F14 = F24 = 0, F13 =
Kx1

u3
, F23 =

Kx2

u3
, F34 =

Kx4

u3

(u =
√

(x1)2 + (x2)2 − (x4)2, K = const).

(2.38)

If K 6= 0, then GS = G4,19.

276



2.3 Examples for 5-dimensional and 6-dimensional sub-
groups

2.3.1. Class W5,5. For L5,5 = L{e12 − e14, e23 + e34 + λe2, e1, e3, e2 − e4}
(λ = 0), we have

F12 = F14 = Φ(x2 + x4), F13 = F24 = 0, F23 = −F34 = Ψ(x2 + x4), (2.39)

where Φ(u) and Ψ(u) are arbitrary functions.

Example 2.5. Suppose in (2.39) Φ = K sin(x2 + x4) and Ψ = L (K,L =
const). Then (2.39) takes the form

F12 = F14 = K sin(x2 + x4), F13 = F24 = 0, F23 = −F34 = L. (2.40)

If K 6= 0 and L 6= 0, then GS = G5,5 (λ = 0).

2.3.2. Class W6,2. For L6,2 = L{e13, e24, e1, e2, e3, e4}, we have

F12 = F14 = F23 = F34 = 0, F13 = C1, F24 = C2 (C1, C2 = const). (2.41)

If C1 6= 0 or C2 6= 0, then GS = G6,2.
2.3.3. Class W6,3. For L6,3 = L{e12 − e14, e23 + e34, e1, e2, e3, e4}, we

have

F12 = F14 = C1, F23 = −F34 = C2, F13 = F24 = 0 (C1, C2 = const). (2.42)

If C1 6= 0 or C2 6= 0, then GS = G6,3.
2.3.4. Class W6,5. For L6,5 = L{e12− e14, e23 + e34, e13 +λe2, e1, e3, e2−

e4}, we have

F12 = F14 = C1 sin
x2 + x4

λ
+ C2 cos

x2 + x4

λ
, F13 = F24 = 0,

F23 = −F34 = C1 cos
x2 + x4

λ
− C2 sin

x2 + x4

λ
(C1, C2 = const).

(2.43)

If C1 6= 0 or C2 6= 0, then GS = G6,5.
2.3.5. Class W6,6. For L6,6 = L{e12 − e14, e23 + e34, e24, e1, e3, e2 − e4},

we have

F12 = F14 =
K1

x2 + x4
, F13 = F24 = 0, F23 = −F34 =

K2

x2 + x4
, (2.44)

(K1, K2 = const).

If K1 6= 0 or K2 6= 0, then GS = G6,6.
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2.3.6. Class W6,7. For L6,7 = L{e12−e14, e23 +e34, e13 +λe24, e1, e3, e2−
e4}, we have

F12 = F14 =
1

x2 + x4

(
a1 cos

ln(x2 + x4)

λ
− a2 sin

ln(x2 + x4)

λ

)
,

F13 = F24 = 0, (2.45)

F23 = −F34 =
1

x2 + x4

(
a1 sin

ln(x2 + x4)

λ
+ a2 cos

ln(x2 + x4)

λ

)
,

(a1, a2 = const).
If a1 6= 0 or a2 6= 0, then GS = G6,7.

3. The classification theorems of Maxwell spaces
without current

Theorem 3.1. (i) For every 1-dimensional or 2-dimensional subgroup of
the Poincaré group G, there exist Maxwell spaces without current, such
that GS = G.

(ii) Classes of MSWC corresponding to subgroups G4,20, G5,6, G5,9, G6,1,
G6,4, G6,8, G6,9 are empty.

(iii) There do not exist MSWC with symmetry groups G3,1a, G3,1b, G3,2b

(G3,2 for λ = 0), G3,4, G3,6b (G3,6 for λ = 0), G3,7, G3,9a (G3,9 for λ = µ = 0),
G3,12, G3,15, G3,18b (G3,18 for λ = 0), G3,20, G3,21, G4,1, G4,2, G4,3, G4,4b (G4,4

for λ = 0), G4,6, G4,8, G4,9b (G4,9 for λ = 0), G4,10, G4,11, G4,12, G4,13, G4,14,
G4,15, G4,17, G4,20, G5,1, G5,2, G5,3, G5,4, G5,5 (for λ 6= 0), G5,6, G5,7, G5,8,
G5,9, G6,1, G6,4, G6,8, and G6,9.

For the other subgroups Gk,l, there exist MSWC such that GS = Gk,l.

Sketch of the proof. ClassWk,l is defined by the tensor Fij that is a solution
of equations (1.1), (1.5) and (1.3) for basis vectors of algebra Lk,l. Class Wk,l

is empty, if the system (1.1)–(1.5)–(1.3) has only trivial solution Fij = 0; this
is true for algebras listed in (ii).

To find the genuine symmetry group for Maxwell space of the class Wk,l

we must solve the equation
LξFij = 0 (3.1)

with respect to ξ ∈ Lg
4. We say that MSWC (M, g, F ) is a representative of

the class Wk,l, if the space of solutions of equation LξFij = 0 (Lie algebra LS)
coincides with Lk,l. For dimensions k = 1, 2, the representatives are found in

4 Algebra Lg consists of the vectors ξi = ai
·jx

j + bi, where ai
·j = gikakj and akj = −ajk,

bi are real numbers.
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[22, 23]. If the class Wk,l corresponds to the group Gk,l that belongs to the list
in (iii), then it has no representatives (LS 6= Lk,l for every MSWC of Wk,l);
for the other subgroups Gk,l, we described the representatives in Section 2.

Theorem 3.2. (i) If subgroup G ⊂ Gg conjugates to one of the following
subgroups: G4,20, G5,6, G5,9, G6,1, G6,4, G6,8, G6,9, then the class W of MSWC,
which admits subgroup G, is empty.

(ii) Subgroup G ⊂ Gg cannot be a symmetry group for MSWC, if it is
conjugate to one of the following subgroups: G3,1a, G3,1b, G3,2b (G3,2 for λ = 0),
G3,4, G3,6b (G3,6 for λ = 0), G3,7, G3,9a (G3,9 for λ = µ = 0), G3,12, G3,15,
G3,18b (G3,18 for λ = 0), G3,20, G3,21, G4,1, G4,2, G4,3, G4,4b (G4,4 for λ = 0),
G4,6, G4,8, G4,9b (G4,9 for λ = 0), G4,10, G4,11, G4,12, G4,13, G4,14, G4,15, G4,17,
G4,20, G5,1, G5,2, G5,3, G5,4, G5,5 (for λ 6= 0), G5,6, G5,7, G5,8, G5,9, G6,1, G6,4,
G6,8, and G6,9.

Sketch of the proof. Let the class W of MSWC, which admits subgroup
G, be non-empty, and G conjugate to one of subgroups Gk,l listed in (i). Let
the tensor Fij 6= 0 generate MSWC of class W . Using (1.4) we get MSWC of
class Wk,l, which corresponds to Gk,l (see the paragraph above formula (1.4)).
Therefore Wk,l is not empty, in contradiction to the assumption.

Note that formula (1.4) sets non-generating reflection of classes MSWC.
Otherwise this is a transformation of tensor Fij by some substitution of
Galilean coordinates. Therefore symmetry groups have the same dimension as
for Fij and for Fi′j′ . As GS 6= Gk,l for classes Wk,l, which correspond to Gk,l

listed in (ii), then dimG′
S > k for conjugate subgroup G′

S.

Conclusion
In this paper, we present the final results on the classification of Maxwell

spaces without current by subgroups of Poincaré group. Using this classifi-
cation we obtain many new wave solutions of Maxwell equations. Note that
these solutions may describe electromagnetic waves but also may not: many of
them are not electromagnetic waves as, for example, the static Maxwell spaces
without current. We hope this work will be useful for applications.

APPENDIX. Subgroups of the Poincaré group for di-
mensions 1–6 (Bel’ko’s list)

1-dimensional subalgebras of Lg

1) L1,1a = L{e1}, L1,1b = L{e4}, L1,1c = L{e2 + e4};

2) L1,2 = L{e13 + λe2 + µe4} (λ, µ = const, λµ(λ− µ) = 0);

3) L1,3 = L{e24 + λe1} (λ = const);

4) L1,4 = L{e12 − e14 + λe2 + µe3} (λ, µ = const, λµ = 0);
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5) L1,5 = L{e13 + λe24} (λ = const 6= 0).

2-dimensional subalgebras of Lg

1) L2,1a = L{e1, e2}, L2,1b = L{e2, e4}, L2,1c = L{e1, e2 + e4};

2) L2,2 = L{e13 + µe4, e2};

3) L2,3 = L{e13 + λe2, e4};

4) L2,4 = L{e13 + λe2, e2 + e4};

5) L2,5 = L{e24 + λe3, e1};

6) L2,6 = L{e24 + λe3, e2 − e4};

7) L2,7 = L{e12 − e14 + λe2 + µe3, e2 − e4} (λµ = 0);

8) L2,8 = L{e12 − e14 + λe2, e3};

9) L2,9 = L{e13 + λe24, e2 − e4} (λ 6= 0);

10) L2,10 = L{e13, e24};

11) L2,11 = L{e12 − e14 + λe1 + µe3, e23 + e34 − µe1 + λe3}
(λ = 0, µ 6= 0 ∼ λ 6= 0, µ = 0);

12) L2,12 = L{e12 − e14, e24 + λe3}.

3-dimensional subalgebras of Lg

1) L3,1a = L{e1, e2, e3}, L3,1b = L{e1, e2, e4},
L3,1c = L{e1, e3, e2 + e4};

2) L3,2 = L{e13 + λe2, e1, e3};

3) L3,3 = L{e13 + µe4, e1, e3} (µ 6= 0);

4) L3,4 = L{e13 + λ(e2 + e4), e1, e3};

5) L3,5 = L{e24, e1, e3};

6) L3,6 = L{e24 + λe3, e2, e4};

7) L3,7 = L{e24 + λe3, e1, e2 − e4};

8) L3,8 = L{e12 − e14 + λe2, e3, e2 − e4};

9) L3,9 = L{e12 − e14 + λe2 + µe3, e1, e2 − e4} (λµ = 0);
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10) L3,10 = L{e12 − e14 + λe2, e1 + µe3, e2 − e4} (µ 6= 0);

11) L3,11 = L{e13 + λe24, e1, e3} (λ 6= 0);

12) L3,12 = L{e13 + λe24, e2, e4};

13) L3,13 = L{e13, e24, e2 − e4};

14) L3,14 = L{e12 − e14 + λe1 + µe3, e23 + e34 + νe1 + λe3, e2 − e4};

15) L3,15 = L{e12 − e14, e24, e3};

16) L3,16 = L{e12 − e14, e24 + λe1 + µe3, e2 − e4};

17) L3,17 = L{e12 − e14, e23 + e34, e24};

18) L3,18 = L{e12 − e14, e23 + e34, e13 + λ(e2 − e4)};

19) L3,19 = L{e12 − e14, e23 + e34, e13 + λe24} (λ 6= 0);

20) L3,20 = L{e12, e13, e23};

21) L3,21 = L{e12, e14, e24}.

4-dimensional subalgebras of Lg

1) L4,1 = L{e1, e2, e3, e4};

2) L4,2 = L{e13 + λe4, e1, e2, e3};

3) L4,3 = L{e13 + λe2, e1, e3, e4};

4) L4,4 = L{e13 + λe2, e1, e3, e2 + e4};

5) L4,5 = L{e24, e1, e3, e2 + e4};

6) L4,6 = L{e24 + λe3, e1, e2, e4};

7) L4,7 = L{e13 + λe24, e1, e3, e2 + e4} (λ 6= 0);

8) L4,8 = L{e12 − e14 + λe3, e1, e2, e4};

9) L4,9 = L{e12 − e14 + λe2, e1, e3, e2 − e4};

10) L4,10 = L{e13, e24, e1, e3};

11) L4,11 = L{e13, e24, e2, e4};

12) L4,12 = L{e12 − e14 + λe3, e23 + e34 + µe2, e1, e2 − e4};
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13) L4,13 = L{e12 − e14, e24 + λe1, e3, e2 − e4};

14) L4,14 = L{e12 − e14, e24 + λe3, e1 + µe3, e2 − e4};

15) L4,15 = L{e12 − e14, e23 + e34, e24 + λe1, e2 − e4};

16) L4,16 = L{e12 − e14 + λe3, e23 + e34 + λe1, e13, e2 − e4};

17) L4,17 = L{e12 − e14, e23 + e34, e13 + λe24, e2 − e4} (λ 6= 0);

18) L4,18 = L{e12, e13, e23, e4};

19) L4,19 = L{e12, e14, e24, e3};

20) L4,20 = L{e12 − e14, e23 + e34, e13, e24}.

5-dimensional subalgebras of Lg

1) L5,1 = L{e24, e1, e2, e3, e4};

2) L5,2 = L{e13 + λe24, e1, e2, e3, e4};

3) L5,3 = L{e12 − e14, e1, e2, e3, e4};

4) L5,4 = L{e13, e24, e1, e3, e2 + e4};

5) L5,5 = L{e12 − e14, e23 + e34 + λe2, e1, e3, e2 − e4};

6) L5,6 = L{e12 − e14, e24 + λe3, e1, e2, e4};

7) L5,7 = L{e12 − e14, e24, e1, e3, e2 − e4};

8) L5,8 = L{e12 − e14, e23 + e34, e24 + λe3, e1, e2 − e4};

9) L5,9 = L{e12 − e14, e23 + e34, e13, e24, e2 − e4}.

6-dimensional subalgebras of Lg

1) L6,1 = L{e12, e13, e23, e14, e24, e34};

2) L6,2 = L{e13, e24, e1, e2, e3, e4};

3) L6,3 = L{e12 − e14, e23 + e34, e1, e2, e3, e4};

4) _6, 4 = L{e12 − e14, e24, e1, e2, e3, e4};

5) L6,5 = L{e12 − e14, e23 + e34, e13 + λe2, e1, e3, e2 − e4};

6) L6,6 = L{e12 − e14, e23 + e34, e24, e1, e3, e2 − e4};

282



7) L6,7 = L{e12 − e14, e23 + e34, e13 + λe24, e1, e3, e2 − e4};

8) L6,8 = L{e12, e13, e23, e1, e2, e3};

9) L6,9 = L{e12, e14, e24, e1, e2, e4}.
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Akad. Nauk Bel. SSR, No. 1, pp. 5–13, 1971.

[10] M. A. Parinov, “Einstein – Maxwell Spaces and Lorentz Equations”, [in
Russian], IvSU, Ivanovo, 2003.

[11] M. A. Parinov, “Classes of Maxwell spaces that admit subgroups of the
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