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BOUNDS ON NUMBER OF CUTVERTICES AND BLOCKS OF
A GRAPH

SUREKHA RAVISHANKAR BHAT, R. S. BHAT, AND SMITHA GANESH BHAT*

ABSTRACT. In this paper it is observed that blocks behave like an edge of a
graph with multiple vertices. This intutive notion of analogy between blocks
and edges of a graph motivated to define block paths in a graph. It is observed
that every graph is a block tree (B-Tree). Varieties of block-degrees and ex-
pressions for sum of block degrees are obtained. New graphs, semitotal-block-
cutvertex graph, total-block-cutvertex graph and semitotal block-vertex-edge
graph arising from the given graph are defined and expressions for the num-
ber of edges in the new graphs are derived. Several bounds for number of
blocks and cutvertices in a graph are obtained. A new class of graphs called
block regular graphs are introduced and their properties are studied.

1. Introduction

Throughout the discussion in this paper by a graph G, we mean a finite, undi-
rected, simple connected graph with vertex set V(G) and edge set E(G). The
terminologies not presented here can be found in [6]. A vertex v € V is a cutvertex
if G — v is disconnected and such an edge is a bridge. G is separable if it has a
cutvertex otherwise it is nonseparable. A maximal connected nonseparable sub-
graph is a block of G. A maximal complete subgraph is a cliqgue. Let B(G) and
C(G) denote the set of all blocks and cutvertices of G respectively. All through
the discussion, we consider |V (G)| = p and |E(G)| = ¢ called the order and size
of the graph, while |B(G)| = m and |C(G)| = n. If a block b € B(G) contains a
cutvertex ¢ € C(G) then we say that b and ¢ incident to each other. Two blocks
in G are adjacent if there is a common cutvertex incident on them. On the other
hand, two cutvertices are adjacent if there is a common block incident on them. A
block-graph B¢ (G) is a graph with vertex set B(G) and any two vertices in Bg(G)
are adjacent if and only if the corresponding blocks are adjacent in G. Similarly, a
cutvertex graph Cg(G) is defined. Further, a block- cutvertex graph BC(G) is a
tree with vertex set B(G)UC(G) and a cutvertex ¢ € C(G) and a block b € B(G)
are adjacent in BC(QG) if and only if ¢ is incident on the block b. A block-vertex
tree b,(G) as defined by V.R.Kulli [11] is a tree with vertex set B(G) U V(G) and
a vertex v € V(@) and a block b € B(G) are adjacent in b,(G) if and only if v is
incident on the block b. It is observed that Bg(Bg(G)) = Co(G). A graph G is
a block-graph of some graph if and only if every block is a clique in G. A similar
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characterization is true for a cutvertex graph also. We have observed that a block
behaves like an edge of a graph with multiple vertices. This intuitive notion lead
us to define block paths in a graph.

2. Block degree and cutvertex degree

Two vertices u,w € V, are vv-adjacent if they incident on the same block.
Then vv-degree of u = d,,(u), is the number of vertices vv-adjacent to w. Simi-
larly, vb-degree (vertex-block degree) d,p(u) of a vertex u, is the number of blocks
incident on w. For any noncutvertex w € V,dy,(w) = 1 and for any cutvertex
¢ € C(Q),dw(c) > 2. bv-degree (block vertex-degree) of a block f,dy,(f) is the
number of vertices in the block f and be-degree (block edge- degree) of a block
fydpe(f) is the number of edges in the block f. bb-degree (block block-degree) of
a block h, dpp(h) is the number of blocks adjacent to h. Finally, cutvertex degree
of a block b,d.(b) is the number of cutvertices incident on b. Let A,,(G) and
dvu(G) denote the maximum and minimum vv-degrees of G respectively. Then
Avb(G)a 51)b(G)7 Abv(G)a (;bv (G)a Abe(c;)v 5be(G)a A1)!;((;’)7 6bb(G)7 A(’(C;’) and 5(‘(G)
are similarly defined. A block b is a pendant block if d.(b) = 1. One can also
find several new degree concepts in graphs defined and studied in [3, 8, 9]. The
following results appear in [5, 7]. Those results in our terminologies read as follows.

Proposition 2.1. For any graph G with m blocks and n cutvertices,

Z(dvb(u) —1)=m-1 Harary [8] (2.1)
ueV

> (de(h)=1)=n—1 Gallai [6] (2.2)
heB(G)

Corollary 2.2. For any graph G with p vertices,
Y () =1)=p-1 (2.3)
heB(G)

Proof. Infact, dp,(h) = d.(h)+ number of noncutvertices of h. Noting that there
are p — n noncutvertices in any graph, we have }_, ¢ 5 (dow(h) — 1)
=Y hene)(de(h) =1)+p—n=n—1+p—n=p—1 using equation (2.2).

O

It is interesting to see that sum of vb-degree of all cutvertices and sum of
cutvertex degree of all blocks are equal.

Theorem 2.3. For any graph G with m blocks and n cutvertices,

Y dw(e)= > de(h)=m+n-1 (2.4)

ceC(G) heB(G)
S dw(u)= Y dp(h)=p+m-—1 (2.5)
weV(QG) heB(G)

21



BOUNDS ON NUMBER OF CUTVERTICES AND BLOCKS OF A GRAPH

Proof. For each noncutvertex u, d,,(u) = 1. Therefore noncutvertices contribute
null to the sum in (2.1) and hence equation (2.1) can be written as m — 1 =
>cec(e)(du(c) —1). This yields 3 c o g dos(c) = m+n — 1. Now from Gallai’s
result (2.2), we have n —1 = 37, ) de(h) —m. Hence 3, p(g) de(h) = m +
n — 1. Thus the result (2.4) is proved. Again from (2.1), 3 oy (dwp(u) — 1) =
Y wey dop(u) =p = m —1. Then ) . dup(u) = p+m — 1. Also from (2.3),
Ynen@) (do(h) =1) =32 cp(g) dow(h) —m = p—1. Therefore 3, 5q) dou(h) =
p+ m — 1 which yeilds the equation (2.5).

O

Corollary 2.4. Let Bp(G) and Byp(G) denote the set of all pendant and non-
pendant blocks of G respectively. Let m, = |Bp(G)| and myp = |Bnp(G)|, so
that m = my, + myp. Then,

> do(h)=myp+n—1 (2.6)
hGBNp(G)

Proof. Since each pendant block has only one cutvertex, each pendant block con-
tributes one to the sum in (2.4). Therefore 3,5y de(h) = Xpepyp(q) de(h) +
my, =m+n—1. Thisyields 3>, () de(h) = (m=—my)+n—1=myp+n—-1. O

In the next result we get a lower bound for sum of the squares of vb-degree of
all cutvertices using well known Cauchy-Schwarz inequality,

S laibi] < /> lail?/> o |bi]? where a; and b; are integers.

Proposition 2.5. For any graph G with m blocks and n cutvertices,

m n — 2
> (dup(0)? > mtn-1)7 (2.7)

n
ceC(GQ)

(p+m—1)°
m

S (dn(h)?

heB(G)

(2.8)

Further, these bounds are sharp.

Proof. Taking a; = dyp(c;) and b; = 1 in the above Cauchy-schwarz inequality,
we get (D1 dup(c))? < ndoi (dw(c))?. The equation (2.7) now follows from
equation (2.4). The bound is attained for any B-path and B-complete graph. The
equation can (2.8) be proved similarly and hence we omit the proof.

O

The line graph L(G) of a graph G is a graph with vertex set as edges of G and
any two vertices in L(G) are adjacent if and only if the corresponding edges are
adjacent in G. It is well known (see [1]) that the sum of edge degrees of all edges
of a graph G is given by >, ) d(z) = 241 Zuev(g)([d(u)}z) — 2q, where qr, is
the number of edges in L(G). Analogusly, we obtain an expression for the sum of
bb-degree of all blocks in a graph.
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Theorem 2.6. Let G be any graph and q, and q. denote the number of edges in
the block graph Bg(G) and cutvertex graph Ca(G). Then,

D dw(h)=2q= Y [du(e)) —(m+n-1) (2.9)

heB(G) ceC(G)

2q. = Z [dc(h)]2 - (m +n— 1) (210)
heB(G)

Proof. Since vertices of Bg(G) are blocks of G, bb-degree of a block is the de-
gree of the corresponding vertex in Bg(G). Hence 2q, = X, ey (py(q) du) =
> hen(c) w(h). As every block in Bg(G) is a clique, each cutvertex in G yield
(*3'7) edges in Ba(G). Then gy = Zoco)(*3'”) = 3 Teecio (@) -
dup(c)] = %[ZceC(G) [dup(c)]? — (m + n — 1)] using equation (2.4). Then the re-
sult (2.9) follows. The proof of (2.10) is similar and hence we omit the proof. [

Remark 2.7. As the edges of G can be partitioned in to blocks of G, it is immediate
that 3 hepa) dve(h) = q.

2.1. Vertex graph and sum of vv-degree. Similar to cutvertex graph, we
define vertex graph Pg(G) of a graph, whose vertex set is V(G) and any two
vertices in Pg(G) are adjacent if and only if they are vv-adjacent in G. We
observe that Pg(Pg(G)) = Pa(G). Interestingly, a vertex graph also admits same
characterization as that of cutvertex graph. A graph G is a vertex graph of some
graph if and only if every block of G is a clique in G. Also Ps(G) = G if and only
if every block of G is a clique in G.

Theorem 2.8. Let G be any graph and q, denote the number of edges in the vertex
graph Pg(G). Then,

S du(w) =2q,= > [dw(R)]* - (p+m—1) (2.11)
ueV(G) heB(G)

Proof. Since vv-degree of a vertex is the degree of the corresponding vertex in

Pe(G), we have 3, cy gy doo(1) = 2 uev(po(a) AW) = 2gp. As every block in

P(G) is a clique, each block in G yield (dbé“(h)) edges in Pg(G). Then g, =
i (h

Shen (™) = 3 Thene)ldn (1) = du(B)] = §[Y e (W) — (0 +

m — 1)] using equation (2.5). Thus the equation (2.11) follows. O

The following result provides a lower bound for sum of bb-degree of all blocks
when number of blocks and cutvertices are known.

Proposition 2.9. For any graph G with m blocks and n cutvertices,

3 dw(h) > (m = 1)(7Z+n_ D (2.12)
heB(G)
ueV(G)

Further, these bounds are sharp.
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Proof. From Proposition 2.5 and Theorem 2.6, we have
(m+n—1)>2
S ; () > 1)

n
heB(G

m24+n2+14+2mn—2n—2m—mn—n?+n

(m—1)% +n(m—1) _ (m—-1)(m+n-1)

n n

The bound is sharp is evident from the fact that any B-path and B-complete
graph attain the bound. The result (2.13) can be proved similarly. O

2.2. Bounds on number of blocks and cutvertices in a graph. If G has
atleast one cutvertex then there exist at least two pendant blocks and hence 0.(G)
is always equal to 1. For such a graph, if u is a noncutvertex, then d,(u) = 1.
Therefore §,,(G) is always equal to 1. Hence we introduce two parameters defined
as Ocub(G) = mincec(@){du(c)} and dnpc(G) = minpep, p(@)1de(h)}-

It is well known that % <qg< %. Along these lines, the next results provide
bounds for number of blocks and cutvertices.

Theorem 2.10. For any graph G, with m blocks, myp nonpendant blocks and n
cutvertices,

Aqbe <m< 5% (2.14)
AZ;,_—ll <m< 5];_—11 (2.15)
XC__I <mnyp < % (2.16)
Aﬂj}b_—ll sns g:vb_j (2.17)

Further, these bounds are sharp.

Proof. By Remark 2.7, ZheB(G) dpe(h) = q. Then mdp, < ZhGB(G) dpe(h) = q <
mAbe Hence

A= <m < 5L follows. Again from Theorem 2.3, we have mdy, < EheB @) dpy(h) =
P + m—1 < mAbv This yields equation (2.15). Similarly from Corollary 2.4, we
have (myp)(dnpe) < ZbEBNP(G) de(b) =mpyp+n—1< (myp)A. which yields
equation (2.16) .
Finally, from Theorem 2.3, we have md..p, < ZceC(G) dyp(c) =m+n—1<nAy.
This yields equation (2.17).

For any tree T with p vertices m = q¢=p—1,8, = Apy, = 2 and pe = Ape = 1.
Hence any tree attain both upper and lower bounds in (2.14) and (2.15). For any
B-path BP,, with m blocks A, = dxpe = 2, Aup = Oeopy = 2, myp = m — 2 and
n =m — 1. Now one can verify that any B-path attains upper and lower bounds
n (2.16) and (2.17). Thus the bounds are sharp.

O
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3. Semitotal-block-cutvertex graph and Total-block-cutvertex graph

Semitotal graphs and Total graphs are well studied in [2, 12]. Further, semitotal
block graph and total block graph are defined by V.R.Kulli [10]. On the similar
lines, we define two new graphs arising from the given graph. The blocks and
cutvertices of a graph are called its members. Semitotal block-cutvertex graph
Tye(G) of a graph G is a graph with vertex set B(G) U C(G) and any two vertices
in Tp.(G) are adjacent if and only if the corresponding cutvertices are adjacent
or the corresponding members are incident. It is easy to note that Tp.(G) =
BC(G)UCg(G). The total block cutvertex graph Trc(G) of a graph G is a graph
with vertex set B(G) U C(G) and any two vertices in Tpc(G) are adjacent if and
only if the corresponding members are adjacent or incident. Again we note that
Tpc(G) = BC(G) U Ce(G) U Bg(G).

We are now ready to detrmine the number of edges in the above newly defined
graphs. In what follows by ¢(G) we mean the number of edges in the corresponding
graph G.

Theorem 3.1. Let G be a graph with m blocks and n cutvertices. Let qy. and qpc
denote the number of edges in Ty.(G) and Tpc(G) respectively. Then,

e = 3l0ntn =1+ Y (de()? (31)
heB(G)

ase =31 30 (@) + Y ([du(0)? (32)
heB(G) ceC(G)

Proof. We first prove the following
Claim : For any graph G,

h€Bnp(G) heB(G)

The proof of the claim follows from the fact that, for any pendant block

fyde(f) = 1 and hence all pendant blocks contribute null to the sum on the
right hand side of equation (3.3).
To prove (3.1). Since every cutvertex yields d,s(c) edges in BC(G), the number
of edges in BC(G) = }_ .cc(q) du(c) = m+n—1. Further, all the cutvertices inci-
dent to a nonpendant block are mutually adjacent, every nonpendant block h yields
(d‘é(h)) edges in Cg(G). Hence the number of edges in Cq(G) = 3 _ycpyp (o) (d°£h)).
Then,
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ae = ¢(BC(G)) + q(Ca(G))
(Since Tye(G) = BC(G) U Ce(Q))

_ de(h)
=m+n-—1+ Z ( 9 )
heBnp(G)
1 2
=m+n—1+ 5 Z [(dc(h)) _dc(h>]
heBnp(G)
1 9 1
=min=1+g Y ([dh)’ =5 D dlh)
hEBNP(G) hEBNp(G)
1 1
:m+n—1—§(mNp+n—1)+§ Z (de(h))?

heBnp(G)
(using Corollary 2.4)

1 1
:5(2m—mNp+n—1)+§ Z (de(h))?
heBnp(G)

1
= glm+mp+n—1)+ > (de(h)?
h€Bnp(G)
(since m —muyp = mp).

:%[(mmqw > [(de(h)?) + mep)

he€Bnp(G)
- %[(m -1+ Y (de(h))?).
heB(G)

To prove (3.2).

qsc =q(BC(G)) + q(Ca(G)) + ¢(Ba(G))

=mtn—1+ > (di}h)wé[ 3" [dus(@)?] — (m+n —1)]

h€Bnp(G) ceC(G)
(using Theorem 2.6)
1
=mtn—1+] D [(de(h)? = de(h)]+ Y [dup(e))* = (m+n—1)]
heB(G) ceC(G)
(using eqation (3.3))
1 2 2
:m+n—1+§[ Z [de(W)])*—(m+n—-1)+ Z [dop(c)]” — (m+n—1)]
heB(Q) ceC(@)
(using Theorem 2.3)

LY wmr s Y e

heB(G) ceC(G)
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O

3.1. Semitotal-block-vertex graph and total block-vertex graph.

In the above graphs if we replace C(G) by V(G) we get two different graphs.
The blocks and vertices of a graph are called its members. Semitotal block-vertex
graph Ty,(G) is a graph with vertex set V(G) U B(G) and any two vertices in
Typ(G) are adjacent if and only if corresponding vertices are vv-adjacent or the
corresponding members are incident. In this case Tp,(G) = b,(G) U Pa(G). The
total block-vertex graph Tpp(G) is a graph with vertex set V(G) U B(G) and any
two vertices in Tpp(G) are adjacent if and only if the corresponding members are
vv-adjacent or adjacent or incident to each other. Further, Tpp(G) = b,(G) U
Pc(G) U Bg(G). Expressions for the number of edges in these graphs are derived
in the next theorem.

Theorem 3.2. Let G be a (p,q) graph with m blocks and n cutvertices. Let qpp
and ggp denote the number of edges in Ty,(G) and Tep(G) respectively. Then,

aw =l +m—1)+ Y ()] (3.4
heB(G)
aso=glp—nt 3 Mu®P+ Y M) (35)
heB(G) c€C(Q)

Proof. Result (3.4) can be proved in a similar way as in Theorem 3.1. Therefore
we prove (3.5) only. Since every block h yields dp,(h) edges in b,(G), we have the
number of edges in

bp(G)= Y dp(h)=p+m—1
heB(G)

Therefore
qsc =q(by(G)) + ¢(Pa(G)) + ¢(Ba(G))

:p+m—1—|—;[ Z [dbv(h)]2—(p—|—m—l)]

heB(G)
+ % [ Z [dop(c)]? — (m+n — 1)] (using Theorem 2.4 and Theorem 2.6)
ceC(Q)
1
=St Y [P+ Y [l
heB(G) ceC(q)

O

3.2. Semitotal-block-vertex-edge graph and total block-vertex- edge
graph.

We now define the most generalized total graphs. The blocks, vertices and edges
of a graph are called its members. Semitotal block-vertez-edge graph Type(G) is a
graph with vertex set V(G) U B(G) U E(G) and any two vertices in Ty, (G) are
adjacent if and only if corresponding vertices are vv-adjacent or the corresponding
members are incident. A vertex edge graph V.(G) is a bigraph with vertex set as
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V(G)U E(G) and a vertex v € V and an edge = € E(G) are adjacent in V,(G)
if and only if v is incident on the edge x. A block edge graph b.(G) is a bigraph
with vertex set B(G) U E(G) and a block b € B(G) are adjacent if and only if
the edge z is incident on the block b. we observe that Tppe = Pg(G) Ub.(G) U
Ve(G)Ub,(G). The total block-vertex-edge graph Trpr(G) is a graph with vertex
set V(G) U B(G) U E(G) and any two vertices in Tppg(G) are adjacent if and
only if the corresponding members are vv-adjacent or adjacent or incident to each
other. It is not hard to see that Tppr(G) = Tppe(G)UBg(G)UL(G). We now aim
at getting expressions for the number of edges in these generalized total graphs.

Theorem 3.3. Let G be a (p,q) graph with m blocks and n cutvertices. Let qppe
and ggpg denote the number of edges in Type (G) and Tepr(G) respectively. Then,

Gope — %[Gq tptm-D+ Y b)) (3.6)
heB(G)

apo=glatp-m+ Y AP+ Y P+ Y ] 37)

ueV(G) ceC(Q) heB(G)

Proof. To prove (3.6). Since each edge is incident on two vertices, there are 2¢
edges in V. (G). As every edge is incident on a unique block, there are ¢ edges in
be(G). Then

Gpe = 4(Pa (@) + q(be(G)) + ¢(Ve(G)) + q(by(G))

3| oo m- ] a2k em -
heB(G)

;[6q+(p+m—l)+ > [(dbv(h))Q]]

heB(G)

To prove (3.7).

4BPE = Qvpe + q(Ba(G)) + q(L(G))

o AR SIS B D SR
heB(G) ceC(G)
—(m-l—n—l)}—ké[ > (d(u))Q—Qq}
ueV(G)

sl e-m st X @Rt Y @a@?+ X Y]

ueV(Q) ceC(Q) heB(G)

O
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FIGURE 1. The Cactus K (4)

4. B-regular graphs

The new degree concepts paved the way to define varieties of block regular
graphs. A graph G is said to be BVk- regular if dy,(h) = k for every h € B(G).
A graph G is BEk- regular if dp.(h) = k for every h € B(G). Similarly if
dyp(c) = k for every cutvertex ¢ € C(G), then G is a VBk- regular graph. If
dpy(h) = k for every block h € B(G) then G is a BBk- regular graph. On
the other hand, if d.(f) = k for every nonpendant block f, then G is a Ck -
regular (cutvertex k regular) graph. Finally, if d,,(c) = k for every cutvertex
¢ € C(GQ), then G is a VVk-regular graph. Any path P, is a BE1, BV2,C2,V B2
and VV2-regular graph. Any B-path BP,, in which every block has k vertices
and r edges is a BEr, BVk,C2 and VB2 and VV(2k — 2) regular graph. Any
tree T is a BV2 and BE1 regular graph.The cactus K (i) for i € N, has vertex
set V(K(i)) = {aklk = 1,2,...... i+ 1 {bild = 1,2, ... ,2i} and the edge set
E(K(Z)) = {akb2k717ak+1b2k,1|k = ].,2, ...... ,i}; {akbgk,ak+1b2k|k = 172, ...... ,i}.
The Cactus K(4) shown in Figure 1 is a BE4, BV4, C2,VB2 and VV6 regular
graph. We observe that, in general any Cactus K (i) is a B-path with ¢ blocks and
all the blocks being the cycle C;. Hence K (i) is a BEi, BV2, C2,VB2 and VV(2i-2)
regular graph.

Proposition 4.1. If G is a connected BVk- reqular graph with k > 3 and m blocks,
then
p=m(k—1)+1 (4.1)

k(k—1)

mk < ¢ < m (4.2)

Proof. If G is a connected BVk- regular graph with k > 3, then every block of G
has exactly k vertices. Then mk =3, c () dbo(h) = p+m—1 from Theorem 2.3.
Therefore p = m(k — 1) + 1 and the result (4.1) follows. A block with k vertices
with minimum number of edges is the cycle C, and every cycle Cj has k edges
and hence mk < ¢. Similarly, a block with k£ vertices with maximum number of
edges is a complete graph K}, which has (%) edges, and thus we have ¢ < m(}).
Then the result (4.2) follows. O

In the next proposition we characterize the BVk - regular graphs attaining
q=mkand g = w The result being straight forward from the above proof.

Proposition 4.2. If G is a connected BVk- reqular graph with k > 3 and m blocks,
then
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(i) ¢ =mk if and only if every block of G is a cycle C.
(i) ¢= W if and only if every block of G is a clique Qy,

Proposition 4.3. Let G be a connected BEk- regular graph with m blocks, then
(i) g=mk
(i) mr-1)+1<p<mk—-1)+1

where 1 is a least positive integer such that the clique Q, has k edges.

Proof. Since G is BEk -regular graph, every block of G contains k edges. A
block containing k edges with minimum number of vertices must be a clique @,
in G. If every block of G contains atleast r vertices then mr < ZhEB(G) dpy =
p + m — 1 which yields lower bound in (ii). Simlarly, a block containing k edges
with maximum number of vertices is the cycle Cy in G. If every block of G contains
atmost k vertices, then mk > ZheB(G) dpy = p+m — 1 which yields upper bound
in (ii). O
Proposition 4.4. Let G be a BEk- reqular graph with m blocks, then

(i) p=m(r—1)+1 if and only if every block of G is a clique @, where r is a least
positive integer such that the clique Q, has k edges.

(ii) p=m(k — 1) + 1 if and only if every block of G is a cycle Cy,

Proof. The result follows from the fact that a block containing k edges with mini-
mum number of vertices must be a clique @), and a block containing k edges with
maximum number of vertices is a cycle Cy. O

Conclusion: B-regular graph structures are important in the study of biotechnol-
ogy to get unique type of group cell structures. It finds its application in the study
of regular structure of hydrocarbons in organic chemistry and crystal structure in
crystallography. Recently, mixed block domination parameters are studied and
using the maximum block degree, several bounds for mixed block domination are
obtained in [4, 13]. The following problems are kept open.

Open Problem 1. Characterize all VBE reqular graphs

Open Problem 2. Characterize all VVE regular graphs
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