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Abstract. In the present investigation, using general continued fraction
identity of Ramanujan the q-continued fractions of various orders are es-
tablished. Further, we obtain the vanishing coe�cients for the continued
fractions of order twenty two and forty four and its reciprocals.

1. Introduction

For any complex numbers δ and q, de�ne the q-product (δ; q)∞ as

(δ; q)∞ :=

∞∏
t=0

(1− δqt), |q| < 1. (1.1)

For simplicity, we often write

(δ1; q)∞(δ2; q)∞...(δm; q)∞ = (δ1, δ2, ..., δm; q)∞.

The Ramanujan's general theta function f(x, y) [4, pp. 34] is de�ned as

f(x, y) =

∞∑
y=−∞

xn(n+1)/2yn(n−1)/2, |xy| < 1. (1.2)

Jacobi's triple product identity [4, pp. 35, Entry 19] in terms of f(x, y), can be
stated as

f(x, y) = (−x;xy)∞(−y;xy)∞(xy;xy)∞ = (−x,−y, xy;xy)∞. (1.3)

The special cases of f(x, y) are the theta-functions ϕ(q) and f(−q) [4, pp. 36,
Entry 22 (i)-(iii)] are given by

ϕ(q) := f(q, q) =

∞∑
t=−∞

qt
2

=
(−q;−q)∞
(q;−q)∞

, (1.4)

f(−q) := f(−q,−q2) =
∞∑

t=−∞
(−1)tqt(3t−1)/2 = (q; q)∞. (1.5)

One of the notable contributions of Ramanujan is found in the �eld of q-continued
fractions. He recorded a variety of continued fractions in his notebooks, among
which the most famous is the Rogers-Ramanujan continued fraction of order 5. In
2017, M. S. Surekha [12], established modular relations and dissections pertaining
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to continued fractions of order sixteen analogous to Rogers-Ramanujan continued
fraction. Subsequently, N. Saikia and S. Rajkhowa [8, 9] further advanced the
study by developing continued fractions of various orders that are analogous to the
Rogers-Ramanujan continued fractions, along with formulating modular identities
for these fractions.
Now we consider the Rogers-Ramanujan continued fraction R(q) [5] of order 5
de�ned by

R(q) := q1/5
(q, q4; q5)∞
(q2, q3; q5)∞

= q1/5
f(−q,−q4)
f(−q2,−q3)

=
q1/5

1 +
q

1 +
q2

1 +
q3

1 + ...

, |q| < 1.

(1.6)
The function R(q) was initially presented by L. J. Rogers [11] in 1894 and later
rediscovered by Ramanujan in 1912. As an illustration, Ramanujan documented
the subsequent general identity [4, pp. 24, Entry 12] related to continued fractions.
Suppose that l, n and q are complex numbers with |ln| < 1 and |q| < 1, or that
l = n2m+1 for some integer m. Then,

(l2q3; q4)∞(n2q3; q4)∞
(l2q; q4)∞(n2q; q4)∞

=
1

(1− ln) +
(l − nq)(n− lq)

(1− ln)(q2 + 1) +
(l − nq3)(n− lq3)

(1− ln)(q4 + 1) + ...

.

(1.7)
By de�ning the values of l and n, and selecting an appropriate value for q, it is
possible to derive a q-continued fraction of a speci�c order that adheres to theta
function identities similar to those associated with R(q). The continued fractions
of orders twenty-two and forty-four, which are obtained from the general continued
fraction, are presented as follows. For t = 0, 1, 2, 3 and 5, we have

Kt(q) =q
(2t+2)/4 f(−q5−t,−q17+t)

f(−q6+t,−q16−t)

=
q(2t+2)/4(1− q5−t)

(1− q11/2) +
q11/2(1− q(2t+1)/2)(1− q(21−2t)/2)

(1− q11/2)(1 + q11) + ...

and

Pt(q) =q
5−t f(−q2t+1,−q43−2t)

f(−q21−2t,−q23+2t)

=
q5(1− q2t+1)

(1− q11) +
q11(1− q10−2t)(1− q12+2t)

(1− q11)(1 + q22) + ...

.
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In 1978, B. Richmond and G. Szekeres [10] established the Hardy-Ramanujan
expansions for the quotients of speci�c in�nite products that emerged in the con-
tinued fraction expansions of the Rogers-Ramanujan type. And also they have
proved that, if

∞∑
n=0

δnq
n =

(q3, q5; q8)∞
(q, q7; q8)∞

and

∞∑
n=0

ζnq
n =

(q, q7; q8)∞
(q3, q5; q8)∞

,

then the coe�cients δ4n+3 and ζ4n+2 always vanishes. The occurrence of coe�-
cients that diminish within a category of in�nite products was initially investigated
by M. D. Hirschhorn and subsequently by D. Tang [13], as well as N. D. Baruah
and M. Kaur [3]. The results of K. Alladi and B. Gordon [1], M. C. Laughing
[7] on vanishing coe�cient used Ramanujan's well known 1ψ1 summation formula.
Hirschhorn[6] presented a novel category of in�nite q-products in his paper, char-
acterized by the property that when the product is expressed as a series in q, the
coe�cients in one or more arithmetic progressions are equal to zero. One can see
[3] and [6] for more details. The purpose of the paper is to prove some vanishing
coe�cient results for the continued fraction of order twenty two and forty four and
their reciprocals which are obtained in the arithmetic progression of q series.

2. Vanishing coe�cients in the series expansion

Theorem 2.1. If

1

K∗
1 (q)

= q−1/4K1(q) =
(q6, q16; q22)∞
(q5, q17; q22)∞

=

∞∑
n=0

ξ
′

nq
n,

then we have,

ξ
′

11n+7 = 0.

Proof. Andrews and Bressoud [2] stated the following p-dissection formula

(qu, qu, qv+x, qu−v−x; qu)∞
(qx, qu−x, qv, qu−v; qu)∞

=

p−1∑
j=0

qjv
(qpu, qpu, qpv+x+ju, q(p−j)u−pv−x; qpu)∞
(qju+x, q(p−j)u−x, qpv, q(u−v)p; qpu)∞

(2.1)
where all of the powers of q in each of the in�nite products on the right hand
side must be multiples of p and the integer v must satisfy gcd(v, p) = 1. Now, by
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substituting u = 22, x = 11, v = 5 and p = 11 into (2.1), we obtain

(q22, q22, q16, q6; q22)∞
(q11, q11, q5, q17; q22)∞

=
(q242, q242, q66, q176; q242)∞
(q11, q231, q55, q187; q242)∞

+ q5
(q242, q242, q88, q154; q242)∞
(q33, q209, q55, q187; q242)∞

+ q10
(q242, q242, q132, q110; q242)∞
(q55, q187, q55, q187; q242)∞

+ q15
(q242, q242, q132, q110; q242)∞
(q77, q165, q55, q187; q242)∞

+ q20
(q242, q242, q154, q88; q242)∞
(q99, q143, q55, q187; q242)∞

+ q25
(q242, q242, q176, q66; q242)∞
(q121, q121, q55, q187; q242)∞

+ q30
(q242, q242, q198, q44; q242)∞
(q143, q99, q55, q187; q242)∞

+ q35
(q242, q242, q220, q22; q22)∞
(q165, q77, q187, q165; q242)∞

+ q40
(q242, q242, q242, q0; q242)∞
(q187, q55, q55, q187; q242)∞

+ q45
(q242, q242, q264, q−22; q242)∞
(q209, q33, q55, q187; q242)∞

+ q50
(q242, q242, q286, q−44; q242)∞
(q231, q11, q55, q187; q242)∞

.

Multiplying both sides by (q11; q22)2∞/(q
22; q22)2∞ and then simplifying, we obtain

∞∑
n=0

ξnq
n =

(q11, q55, q187, q231; q242)∞(q33, q77, q99q121, q143, q165, q209; q242)2∞
(q66, q176; q242)∞(q22, q44, q88, q110, q132, q154, q198, q220; q242)2∞

+ q5
(q33, q55, q187, q209; q242)∞(q11, q77, q99q121, q143, q165, q231; q242)2∞
(q88, q154; q242)∞(q22, q44, q66, q110, q132, q176, q198, q220; q242)2∞

+ q10
(q11, q33, q77q99, q121, q143, q165, q209, q231; q242)2∞

(q110, q132; q242)∞(q22, q44, q66, q88, q154, q176, q198, q220; q242)2∞

+ q15
(q55, q77, q165, q187; q242)(q11, q33, q99, q121, q143, q209, q231; q242)2∞
(q88, q154; q242)∞(q22, q44, q66, q110, q132, q176, q198, q220; q242)2∞

+ q20
(q55, q99, q143, q187; q242)∞(q11, q33i, q77q121, q165, q209, q231; q242)2∞
(q88, q154; q242)∞(q22, q44, q66, q110, q132, q176, q198, q220; q242)2∞

+ q25
(q55, q187; q242)∞(q11, q33, q77, q99, q121, q143, q165, q209, q231; q242)2∞
(q66, q176; q242)∞(q22, q44, q88, q110, q132, q154, q198, q220; q242)2∞

+ q30
(q55, q99, q143, q187; q242)∞(q11, q33, q77q121, q165, q209, q231; q242)2∞

(q44, q198; q242)∞(q22, q66, q88, q110, q132, q176, q220, ; q242)2∞

+ q35
(q55, q77, q165, q187; q242)∞(q11, q33, q99q121, q143, q209, q231; q242)2∞
(q22, q220; q242)∞(q44, q66, q88, q110, q132, q154, q176, q198; q242)2∞

+ q45
(q−22, q33, q55, q187, q209; q242)∞(q11, q77, q99, q121, q143, q165, q231; q242)2∞

(q22, q44, q66, q88, q110, q132, q154, q176, q198, q220; q242)2∞

+ q50
(q−44, q11, q55, q187, q231; q242)∞(q33, q77, q99, q121, q143, q165, q209; q242)2∞

(q22, q44, q66, q88, q110, q132, q154, q176, q198, q220; q242)2∞
.

where we used the result f(−1, a) = 0 from [4, pp. 34, Entry 8(iii)]. Since the
right hand side of the above equation does not contain any term involving q11n+7.
So extracting the terms involving q11n+7, we arrive at the result. □
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Theorem 2.2. If

P ∗
1 (q) = q−5P1(q) =

(q, q43; q44)

(q21, q23; q44)
=

∞∑
n=0

δnq
n

then we have,

δ22n+11 = 0.

Proof. Now, setting u = 44, x = 22, v = 21 and p = 22 in (2.1) , we obtain

(q44, q44, q43, q; q44)∞
(q22, q22, q21, q23; q44)∞

=
(q968, q968, q484, q484; q968)∞
(q22, q946, q462, q506; q968)∞

+ q21
(q968, q968, q528, q440; q968)∞
(q66, q902, q462, q506; q968)∞

+ q42
(q968, q968, q572, q396; q968)∞
(q110, q858, q462, q506; q968)∞

+ q63
(q968, q968, q616, q352; q968)∞
(q154, q814, q462, q506; q968)∞

+ q84
(q968, q968, q660, q308; q968)∞
(q198, q770, q462, q506; q968)∞

+ q105
(q968, q968, q704, q264; q968)∞
(q242, q726, q462, q506; q968)∞

+ q126
(q968, q968, q748, q220; q968)∞
(q286, q682, q462, q506; q968)∞

+ q147
(q968, q968, q792, q176; q22)∞
(q330, q638, q506, q165; q968)∞

+ q168
(q968, q968, q836, q132; q968)∞
(q374, q594, q462, q506; q968)∞

+ q189
(q968, q968, q880, q88; q968)∞
(q418, q550, q462, q506; q968)∞

+ q210
(q968, q968, q924, q44; q968)∞
(q462, q506, q462, q506; q968)∞

+ q231
(q968, q968, q968, q0; q968)∞
(q462, q506, q462, q506; q968)∞

+ q252
(q968, q968, q1012, q−44; q968)∞
(q550, q418, q462, q506; q968)∞

+ q273
(q968, q968, q1056, q−88; q968)∞
(q594, q374, q462, q506; q968)∞

+ q294
(q968, q968, q1100, q−132; q968)∞
(q638, q330, q462, q506; q968)∞

+ q315
(q968, q968, q1144, q−176; q968)∞
(q682, q286, q462, q506; q968)∞

+ q336
(q968, q968, q1188, q−220; q968)∞
(q726, q242, q462, q506; q968)∞

+ q357
(q968, q968, q1232, q−264; q968)∞
(q770, q198, q462, q506; q968)∞

+ q378
(q968, q968, q1276, q−308; q968)∞
(q814, q154, q462, q506; q968)∞

+ q399
(q968, q968, q1320, q−352; q968)∞
(q858, q110, q462, q506; q968)∞

+ q420
(q968, q968, q1364, q−396; q968)∞
(q906, q66, q462, q506; q968)∞

.

Multiplying (q22; q44)2∞/(q
44; q44)2∞ on both sides and using f(−1, a) = 0, then

extracting the terms involving q22n+11, we arrive at the result. □

Remark The following table represent the remaining vanishing coe�cients in q-
series for the continued fraction.

q-series/continued fractions vanishing coe�cients

K∗
2 (q) = q−3/4K2(q) =

(q4,q18;q22)
(q7,q15;q22) =

∞∑
n=0

ϱnq
n ϱ11n+5 = 0
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1

K∗
3 (q)

= q−5/4K3(q) =
(q8,q14;q22)
(q3,q19;q22) =

∞∑
n=0

Ω
′

nq
n Ω

′

11n+5 = 0

K∗
4 (q) = q−7/4K4(q) =

(q2,q20;q22)
(q9,q13;q22) =

∞∑
n=0

νnq
n ν11n+10 = 0

1

K∗
5 (q)

= q−9/4K5(q) =
(q,q21;q22)

(q10,q12;q22) =
∞∑

n=0
ς
′

nq
n ς

′

11n+10 = 0

1

P ∗
1 (q)

=
∞∑

n=0
ξ
′

nq
n ξ

′

22n+21 = 0

P ∗
2 (q) = q−4P2(q) =

(q3,q41;q44)
(q19,q25;q44) =

∑∞
n=0 ωnq

n ω22n+8 = 0
1

P ∗
2 (q)

=
∞∑

n=0
ω

′

nq
n ω

′

22n+16 = 0

P ∗
3 (q) = q−3P2(q) =

(q5,q39;q44)
(q17,q27;q44) =

∞∑
n=0

αnq
n α22n+1 = 0

1

P ∗
3 (q)

=
∞∑

n=0
α

′

nq
n α

′

22n+7 = 0

P ∗
4 (q) = q−2P4(q) =

(q7,q37;q44)
(q15,q29;q44) =

∞∑
n=0

ηnq
n η22n+12 = 0

1

P ∗
4 (q)

=
∞∑

n=0
η

′

nq
n η

′

22n+16 = 0

P ∗
5 (q) = q−1P5(q) =

(q9,q35;q44)
(q13,q31;q44) =

∞∑
n=0

δnq
n δ22n+19 = 0

1

P ∗
5 (q)

=
∞∑

n=0
δ
′

nq
n δ

′

22n+21 = 0

Conclusion Andrews and Bressoud [2] in their paper de�ned, consider integers i
and k such that 1 ≤ i < j, where i and j are coprime with opposite parity and

(qi, q2j−i; q2j)∞
(qj−i, qj+i; q2j)∞

=

∞∑
m=0

ϕnq
n, (2.2)

then ϕjn+i(j−i+1)/2 = 0. The results mentioned in this paper can also be obtained
using (2.2).
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