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ON DOMINATION OF SIERPINSKI GRAPHS

M. NANJUNDASWAMY, PUTTASWAMY, NAYAKA S. R,,
M. PAVITHRA, AND P. SIVA KOTA REDDY*

ABSTRACT. In this article, we determine the exact values of the double Ital-
ian and perfect double Italian domination number of generalized Sierpinski
graphs S(G,t), when ¢t = 2. In particular, when G = C}, or a graph having
exactly one universal vertex or a graph having at least two universal vertices.

1. Introduction

In this paper we study the Roman-{3} domination or double Italian domi-
nation number and the perfect double Italian domination number of the gener-
alised Sierpiniski graph S(G,t). Let us begin with some required terminology.
Let G = (V, E) be a graph of order n with vertex set V = V(G) and edge set
E = E(G). Let Cy,, P, and K, be respectively the cycle, path and complete graph
on n vertices. A tree is a connected graph with no cycles. The open neighbourhood
of a vertex v € V(G) is the set N(v) = {u : uv € E(G)}. The closed neighborhood
of avertex v € V(G) is N[v] = N(v)U{v}. |N(v)|is called the degree of the vertex
v € G and is denoted by d(v). The maximum degree of a vertex in G is denoted
by A(G). A vertex of degree 0 is known as an isolated vertex of G. A vertex of
degree 1 is called a leaf vertex. A vertex of degree m — 1 is a universal vertex,
where n = |V(G)|. If S is a non-empty subset of the vertex set V' of the graph G
then the sub-graph induced by S is defined as the graph having vertex set S and
edge set consisting of edges of G having both ends in S. All graphs considered
here are simple and undirected. For any graph theoretic terminology, definition or
notation not mentioned in this article, the readers may refer to [4, 3, 5, 6, 9].

In [9], Mojdeh and Volkmann introduced the concept of double Italian domina-
tion, which is a variant of Roman domination. The origin of Roman domination
was motivated by the defense strategies used to defend the Roman Empire dur-
ing the reign of the Great, Emperor Constantine. Double Italian domination is
an optimization of a stronger version of the Roman domination. In [4], Hao et
al. initiated the study of perfect double Italian domination. They evaluated the
’yg} of some standard graphs and examined the corresponding ~y4;. In [10], the
Roman domination number of generalized Sierpinski graph S(G,t) is studied and
general upper bound is found and its tightness observed. In [12], the exact Italian
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domination, perfect Italian domination and double Roman domination number of
generalized Sierpinski graph S(G,2) are obtained, where G can be C,,, n > 4,
Ki 4 or K3 4,9 > 2 and a bistar By, ,, m,n > 3. In [1, 2], a bound for the double
Roman domination number of generalized Sierpinski graph is obtained and exact
value of v4g (S (Kp,2)) is found precisely.

Definition 1.1. For a graph G, a Roman{3}-dominating function or double Ital-
ian dominating function (abbreviated DIDF) is a function f : V' — {0,1, 2,3} hav-
ing the property that for every vertex w € V, if f(u) € {0,1}, then f(Nu]) > 3.
Formally, a Roman {3}-dominating function f: V — {0, 1,2, 3} has the property
that for every vertex v € V, with f(v) = 0, there exist at least either three vertices
in V3 N N(v) or one vertex in V; N N(v) and one in Vo N N(v) or two vertices in
Vo N N(v) or one vertex in V3 N N(v) and for every vertex v € V, with f(v) =1,
there exist at least either two vertices in V4NN (v) or one vertex in (Vo U V3)NN(v).

The weight of a Roman {3} dominating function or double Italian dominating
function (See [9]) is the sum w; = Y,cv(g)f(v) and the minimum weight of
a Roman {3}-dominating function f is the Roman {3}-domination number or
double Ttalian domination number, denoted by vr3(G) or v4r(G) and we can write
= Vo, V1,Va,V3), where V; = {v € V(G) : f(v) =i} fori=0,1,2,3.

Definition 1.2. A perfect double Italian dominating function (abbreviated, PDIDF
or PDID function) is a function f : V — {0, 1, 2, 3} having the property that,

(1) For any vertex v € V(G), if f(v) = 0, then v is either adjacent to at least
3 and at most 4 vertices in V; and no vertex in V5 U V3, or is adjacent to
at least 1 vertex and at most 2 vertices in V3 and exactly one vertex in Vs
and no vertex in V3, or is adjacent to at most one vertex in V; and exactly
one vertex in V3 and no vertex in V5, or is adjacent to two vertices in V5
and no vertex in V; U V3.

(2) If f(v) = 1,then v either is adjacent to at least 2 vertices and at most 3
vertices in V7 and no vertex in Vo U V3, or is adjacent to at most one vertex
of V7 and exactly one vertex in V5 and no vertex in V3, or is adjacent
to exactly one vertex in V3 and no vertex in V3 U V3. The weight of a
perfect double Italian dominating function f is the sum wy = f(V) =
Yyeva)f(v) ie, we have, for v € Vo U Vy,8 < Xyenpwf(u) < 4.And
the minimum weight of a perfect double Italian dominating function on
G is the perfect double Italian domination number (abbreviated, PDID or
PDID number ) of G, denoted by vZ(G) [4].

Definition 1.3. Let G = (V, E) be a non-empty graph of order n > 2, and
t a positive integer.Let V! denote the set of words of length ¢ on alphabet V.
The letters of a word u of length ¢ are denoted by ujus ... u;. In [9] Klavzar and
Milutinovié¢ introduced the graph S (K,,,t),t > 1, S(t,n) in their notation whose
vertex set is V!, where {u, v} is an edge if and only if there exists i € {1,2,...,t}
such that

(1) Uj:’()j,ifj<i

(iil) u; = v; and v; = u; if j > @.
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Later, those graphs were called Sierpiniski graphs in [3].

This construction was generalized for any graph G = (V, E), by defining the ¢-
th generalized Sierpinski graph of G, denoted by S(G, t), as the graph with vertex
set V* and edge set

{{wuiujr*l,wujuf*]} Au,u;} € Evi#jired{l,2,...,thwe Vt_r} .
Vertices of the form zz ...z are called extreme vertices of S(G, t). Note that for
any graph G of order n and any integer ¢t > 2, S(G,t) has n extreme vertices

and, if x has degree d(z) in G, then the extreme vertex zz ...z of S(G, t) also has
degree d(z) [, 12, 7, 10]. Figure 1, gives S (Cs,1) and S (Cs, 2).

FIGURE 1. S (Cg,t), when t = 1, 2.

See that S(G,1) is G itself. If V. ={1,2,...,n} is the vertex set of G, then V;
={y:5=1,2,...,n} induces a copy of G in S(G,2) for each i € {1,2,...,n}.
The sub-graph induced by V; is denoted by GY, for i € {1,2,...,n} [12]. The
following theorem and observations are useful in this paper.

Theorem 1.4. For any tree T,vq41(T) = var(T)..

Observation 1.1: [9] For any graph G,v41(G) < v4r(G) ie, by definition every
double Roman dominating function is a double Italian dominating. In fact, double
Italian domination is a variant of double Roman domination.

Observation 1.2: [9] If G is a graph of order n > 2, then v4;(G) > 3, with
equality if and only if G has at least one universal vertex.

Observation 1.3: [9, 4] Let n > 1. Then

n if n = 0(mod3)

n+1 otherwise

Yar (Pn) = vy (Pn) = {

Observation 1.4: [9, 4] For a cycle C,,, we have vqr (Cy,) = 747 (Cp) = n.
Observation 1.5: [1]. For any graph G,v4r(G) < v17(G) by the definition.
Observation 1.6: [9, 12, 11] For any tree T' and any positive integer ¢, S(T,1)
is a tree. Then the double Italian domination number of generalised Sierpinski
graph S (Bm.n,2) 18 Yar (S (Bmn,2)) =6(m+n+1),m,n > 3.
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2. Double Italian and Perfect Double Italian Domination number of

S(Cp,2)

In this section, we obtain the exact double Italian and perfect double Italian
domination number of S (Cy,2).

Theorem 2.1. The double Italian domination number of generalized Sierpinski
graph S (Cp,,2) ,var (S (Cp,2)) =n(n—1) forn > 3.

Proof. Let V (Cy,) = {v1,vz,...,v}. Then S (Cy,2) has the vertex set
{viv; 14,7 €{1,2,...,n}}
and edge set {(v;v;, v;vg) : vjug € E(Cp)} U{(vivj,vv:)} vv; € E(Cy)}. Now,
consider the function,
1 ie€{1,2,3,...n},j =1+ 1(modn)
flov;) =<2 ie{1,2,3,...n},j =4+ 1+ 2l(modn),l =1,2,3,...n—4
0 otherwise

Clearly, this is a DIDF on S (Cy,,2). So, f(S(Cn,2)) <n+2n+2(253)n =
n(n— 1). Conversely, in each C? v;v; is the extreme vertex and v;v;_1,v;v;41 are
the only vertices adjacent to other copies of C,. The remaining vertices (other
than v;v;_1,v;v;,v;v;41 ) form a path on n — 3 vertices, say Pf;fg. Let f be
a DIDF of S(C,,2). Note that the extreme vertices v;v; and adjacent vertices
V01, V;0;41 of all n copies of C,, form a cycle C of length 3n.

If f(vivic1) + f(vivig1) = 0. Then f(vivi1) = f(vivig1) = 0 such that
f (viv;) > 2, the remaining vertices form a path of length n — 3 = 0(mod3) and
f( ;73) >n-—3. So,f(Cﬁ) >n—38+2=n-—1.

If f (v;vi—1)+f (viviy1) = 1. For definiteness let f (v;v;—1) = 0 and f (v;v41) =
1 then clearly f (v;v;) > 2 and f (P};_S — (vivﬂ_g)) >n—4+1=n-—23. So,
f(Cyzn—8+2+1=n.

If f (vivi—1) + f (vivig1) = 2, let f (v;v;—1) = 0 and f (v;v;41) = 2 for definite-
ness then, f (vv;) > 1. Also, f (Pi_5 — (vjviz2)) = n — 3 hence f (Cf) = n or
consider the case when f (v;v;—1) = 1 and f (v;v;1) = 1 then f (v;v;) > 1 and if
f (Ui—lvi> = 27f(1)i+11)2‘) = 2 then f (P'riL—S’ — (Uivi+2) 3 (1}7;’01'_2)) 2 n—54+1=
n—4. SO,f(CT"L) >n—4+38=n—1.

If f (vivi—1) + f (viviy1) = 3. Then either f (v;v;—1) =0 and f (v;v;41) = 3 or
vice versa or f (v;v;—1) = 1 and f (v;v;11) = 2 or vice versa. For let, f (v;v;—1) =0
and f (v;v;41) = 3 then, f (v;v;) = 0.

Again f (Pi_g — (vivit2)) 2n—4+1=n-3. S0, f (Ci) =2n—3+3 =nlf
J(vivic1) = 1 and f (vvip1) = 2 then, f(viv;) = 0, f (sz_g - (U¢Ui+2)) zn—3
and f(C}) > n. Here consider the particular case when f (v;—1v;) = 2 and
F(Pi_s— (vivize), (vivi—g)) 2n—5+1=n—4. Hence, f (C}) > n—4+3 =
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n—1.

If f (vivie1) + f (vivig1) = 4. Then f (PE_g — (vivigo), (vivi—g)) 2 n—5+1 =
n—4. So,f(Cﬁ) >n—4+4=n.

Thus in all cases, f (Cf) > n — 1Vi. So, f(S(Cpn,2)) = n(n —1). Hence,
f(S(Cn,2)) =n(n—1). O

Corollary 2.2. The perfect double Italian domination number of generalised Sierpirski
graph S (Cy,,2) is v57 (S (Cp,2)) = n(n — 1) forn > 3.

Proof. Consider the function,
1 i€{1,2,3,...n},j =i+ 1(modn)
fvv)) =<2 i€{1,2,3,...n},j =i+ 1+ 2l(modn),l =1,2,3,...n—4
0 otherwise

in Theorem 2.1, it is a PDIDF on S (C,,2) as well.So, 717 (S (Cy,2)) < n+ 2n+
2(%52) n =n(n—1) and v47 (S (Cn,2)) < 4 (S (Cy,2)).Hence by Theorem 2.1,
n(n—1) <yE (S (Cy, 2)).So, 2 (S (Cn,y2)) = n(n — 1). O

Remark 2.3. In [12], yar ( S (Cp, 2)) is found and we get var ( S (Cp, 2)) <
Yar ( S (Cy, 2)) for n # 3k+1,k > 1. Note that we have used the same technique
to prove so.

3. Double Italian domination number and perfect double Italian
domination number of S(G,2) with certain conditions

Fir,stly we obtain, the double Italian domination number of S(G, 2) where G has
a universal vertex followed by determining the perfect double Italian domination
number of S(G,2) where G has exactly one universal vertex and then the perfect
double Ttalian domination number of S(G,2) where G has at least two universal
vertices.

Theorem 2.3. If a graph G has a universal vertez,then ~vq4r(S(G,2)) = 3n — 1.

Proof. The case when n = 1,2 can be proved through inspection.Let V =

{vs,va,...v,} be the vertex set of G having a universal vertex vi. Then let
{v1v1, V901, ... v,v1 } be the corresponding vertices on each copy of G, say G*,i =
1,2,3,... € S(G,2).Then G' contains the extreme vertex vjv;.Now consider a

DIDF function f such that f (v;v;) = & for all ¢« # 1 and f (v;v;) = 2.So,
va1(S(G,2)) < 3(n — 1) +2 = 3n — 1. Conversely, let f be a v4s - function and to
double Italian dominate the extreme vertex v;v; in G°, either f (viv;) = 2,83 or if
f(viv;) € {0, 1} then, f (N [v;v;]) > 8 and f (G*) > 3. We know var(S(G,2)) <
3n—1 and f (Gi) > 3Vi except possibly when f (v;v;) = 2 = f (G’) So, in the
latter case, to double Italian dominate v;v;, j # %, v;v; must be adjacent to all v;v;
indicating that v; is a universal vertex in the base graph say, v; = v;. To double
Italian dominate v1v;,j # 1, vjv; must have weight at least 1.If v;v; has weight
1 then G7 contains at least one more vertex with weight at least 2 and if v;v1 has
weight 2 then G contains at least one more vertex with weight at least 1 if not
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v;v; cannot be double Italian dominated.Therefore, f (G7) > 3 Vj # 1. Hence,
va1(S(G,2)) = 3(n —1) 4+ 2 =3n— 1. So, 741(S(G,2)) = 3n — 1. O

Remark 3.2. Clearly v41(S(G,2)) = var(S(G, 2)) = 3n—1 because if there exists
a 7yqr - function f such that f(v) = 1 for no v € V(G) then v4;(G) = v4r(G). In
particular vqr (S (K,,2)) = 3n — 1 and 41 (S (K1,4,2)) = 3¢+ 2. Note that for
a graph G with no edges and n vertices, v41(G) = 75 (G) = 2n.

Remark 3.3. Note that if G contains no universal vertex v4;(S(G,2)) > 3n — 1.
The motivation for the above proof is from [1, 2].

Theorem 2.4. The perfect double Italian domination number of the generalised
Sierpiniski graph S(G,2) is given by

in—-1 Geg
3n otherwise

'Yzfl(s(G? 2)) = {

where, G is the class of graphs with exactly one universal vertex and all other
vertices of degree n — 2 where n = 1(mod4), forn > 3.

Proof. Consider S(G,2). Let V = {v;, vg,...v,} be the vertex set of G having ex-
actly one universal vertex v1. Then let {vjv1,vov1,...v,v1} be the corresponding
vertices on each copy of G, say G*,i =1,2,3,...n. in S(G,2). Then G' contains
the extreme vertex vyv;. Consider the function

3 wivr €4{2,3,...n},u = vv; for some j # 1
flu) = .
0 otherwise

Clearly, this function is a PDIDF of S(G,2). So, 71, S(G, 2) < 3n. Now con-
versely, var(S(G,2)) < 75 (S(G,2)). So, by Theorem 3.1, 3n — 1 < v5(S(G, 2)).
If possible let f be a vZ; - function such that f(S(G,2)) = 9n — 1, then G
has a universal vertex by Remark 3.3. Since G has exactly one universal vertex
vy, f(vgvg) = 2 = f(Gl) by Theorem 3.1. If f(vjv;) = 3 for some j # I,
then f (N [vjv;]) = 5. To perfect double italian dominate we must have 3 <
f (N [vjv7]) < 4. Hence 1 < f(vjvy) < 2 and f (G7) = 3, for j # 1. There arise
two cases.

Case 1. For some j,f (vjv;) # 0 If f(vju;) = 1, either f(vjv;) = 1 and
f(vjvg) = 1 such that v;v, and vjv; are adjacent in G or f(vjv;) = 2. 1If
f (vjus) = 2, then f (vjv;) = 1. Consider G7, since there exists only one universal
vertex in the base graph which corresponds to vjv; in G7 there exists at least
one vertex v;vs perfect double italian dominated by vsv;, s # 1,7,k. ie, vjvs is
adjacent to v;jv;.This is true for all such S. Then v;v;,j # 1 is adjacent to all
other vertices in G7, a contradiction.

Case 2. f(vjv;) = 0 for all j. If f (v;u;) = 0 then either f(vjv;) = I and
f (v;vg) = 2 or vice versa such that vjv, and v;v; are adjacent in G7. For defi-
niteness let f (v;u;) = 1 for any j. First let us prove the following Claim A.

Claim A: 5 (S(G,2)) = 3n—1 for G € G where, G is the class of graphs with ex-
actly one universal vertex and all other vertices of degree n —2 and n = 1(mod4),
for n > 3.
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Suppose there exists at least one vertex with degree at most n — 3, say v; in
G. If there exists no G¥, k # I, such that v;vy is perfect double Italian dominated
by v ie, in G* all vertices vjvy, for all k, is perfect double Italian dominated
by G! alone, a contradiction as base graph G has exactly one universalvertex. So,
there exists a G*,k # [, such that vjvy is perfect double Italian dominated by
vgvy de, f (vgvy) = 2 because f (vjv;) = 1 and f (vyv;) = 1 then, there exists at
least two vertices vxv; and v,v; not perfect double Italian dominated by viv; in
G*,i,j # k,l and i # j - So,f (vjuy) = 2 and f (v;v;) = 2. Again in G’ and G?
there exists at least one vertex v;v, (correspondingly v;v, ) perfect double Italian
dominated by vsv; (correspondingly vsv;).We have f (vsv;) = 2 and f (vsv;) = 2
in G®, s #1i,7. So, f (G*®) > 3, a contradiction. So, all vertices in G are of degree
greater than or equal to n — 2 and exactly one of which is a universal vertex. Now
to prove G € G, the number of edges in G will be @, which is a positive integer
and so n is odd. Due to the symmetry in G, let us assume that v, is not adjacent
to vs,v4 not adjacent to vs and so on. We have f (vgvg) = 0 and f (vevy) = 1,
then we let f (vov;) = 2 for some j # 3, then there exists some k such that vavy
is perfect double Italian dominated by vyvs (as vy is not adjacent to v; in base
graph G) that is, f (vev,) = 0 if and only if f (vgve) = 2, then f (vgvs) = 0 if and
only if f (vsvx) = 2 (as v is not adjacent to v in base graph G) and that forces
f (vsv;) = 0 if and only if f (vjvs) = 2 then eventually f (vjve) = 0 if and only
if f (vev;) = 2 which is true. This assignment perfect double Italian dominates
vertices in four distinct copies G2, G3, G7 and G* together with G'. Now consider
G*, s # 1,2,3,7,k and repeat the process above, then we will get another four
distinct copies of G perfect double Italian dominated and so on. So, m must be
such that n = 1(mod4) (See Figure 2).

Figure 2. S(G,t), when t = 1,2 and G € G.

In Figure 2, the majenta colour vertices represent those vertices with weight 2
and cyan colour vertices represent those with weight 1 and all other vertices are
of weight 0 and it represents the vJ; - function given below. If n = 3(mod4) the
above process of perfect double Italian domination cannot be done for the last
remaining two distinct copies of G in S(G,2). Now consider the function,
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1 ie{2,3,..n}j=1

2 i€{2,3,4,6,7,8,...n—1},j=1i+1or
i€{5,9,13..n},j=i—3ori=j=1

0 otherwise

Clearly, this is a PDIDF with f(S(G,2)) = (n — 1)+ 2n = 3n — 1. So,

v (S(G,2)) < 3n — 1 for G € G alone, leading to v4,(S(G,2)) = 3n — 1 for

G € G. This proves the Claim A. Then v;(S(G,2)) > 3n — 1 for G ¢ G. Hence

v (S(G,2)) = 3n. So, v, S(G, 2) = 3n otherwise. O

f(vivy) =

Remark 3.5. In particular, 757 (S (K1,4,2)) = 3(q + 1).

Theorem 2.5. The perfect double Italian domination number of generalised Sier-
pinski graph S(G,2) such that G has at least two universal vertices is v, (S(G,2))
=3n—1.

Proof. Consider S(G,2). Let V = {vs,ve,...v,} be the vertex set of G hav-
ing atleast two universal vertices say, v; and vy. Then let {vivy,v9v1,...v01}
and {v1vg, V209, ...v,v2} be the corresponding vertices on each copy of G, say
G i=1,2,3,.... in S(G,2). Since var( S(G,2)) < 75 (S(G,2)),9n — 1 <
v ((S(G, 2)). Now conversely, consider the function,

1 ie€{2,3,4,..n},j=1
fluv;) =<2 1€{2,3,4,...n},7 =2, and vyv;
0  otherwise

Clearly f is a PDIDF of S(G,2) such that f(S(G,2))=1(n—1)+1+ 2(n—
1)+2=3n—1.So, v ( S(G,2)) < 3n—1. Hencevf( S(G,2))=8n—-1. O

Conclusion

In this paper, we computed the exact value of double Italian and perfect double
Italian domination numbers of generalised Sierpiriski graph S(G, 2) and found that
Yar ( S (Crn, 2)) =n(n—1),v41(S(G, 2)) = 8n— 1 where G has a universal vertex,

3n—-1, Geg
3n, otherwise

741(8(G,2)) = {

where G is the class of graphs with exactly one universal vertex and all other
vertices of degree n— 2 and n = 1(mod 4), for n > 8 and v2,( S(G, 2)) = 9n— 1
if G has at least 2 universal vertices.
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