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CERTAIN CLASSES OF BI-UNIVALENT FUNCTIONS RELATED
TO PSEUDO STARLIKE AND PSEUDO CONVEX FUNCTIONS
WITH RESPECT TO SYMMETRIC POINTS

JAYARAMAN SIVAPALAN

ABSTRACT. The present work deals with bounds of initial coefficients of
Taylor-Maclaurin series of a unified class of Pseudo starlike and Pseudo con-
vex functions with respect to symmetric points. Also, we discuss related
subclasses of a defined class and point out special cases as corollaries.

1. Introduction

Let A denote the cass of functions of the form

5(§) =&+ al®+--- (1.1)
which are analytic in
A={{:£eCand |{ <1}
We denote S by the class of univalent functions in A. Further, we know that every
univalent function has an inverse s~!, defined by

s(s(©)=¢  (E€A)

and

where
s71C) = ¢ — aaC® + (242 — a3)¢® — (5a3 — bagaz + as)Ct + - .

A function s € A is said to be bi-univalent in A if both s and it’s inverse
s~ ! are univalent in A. Let o denote the class of bi-univalent functions in A
given by (1.1) (see [20]). For more details of bi-univalent functions one may refer
1,3, 4,5 2 7,09,11, 12, 16, 17, 18, 19, 23].

For analytic functions s and j in A, s is said to be subordinate to j if there exists
an analytic function w such that

¢0)=0, [¢(OI<1 and s(&) =j(C(&) (E£€A).
It is denoted by

5 <j (£ eA) that is s(€) <i(&) (e ).
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In particular, when j is univalent in A,
5 <j (€eA) & 50)=j0) and s(A) Cj(A).

Recently, Babalola [6] defined the class Ly (8) of A-pseudo-starlike functions of
order [ as follows:

“Suppose 0 <9 < 1 and p > 1 isreal. A function s € A given by (1.1) belongs
to the class L, (¥) of p-pseudo-starlike functions of order ¥ in the unit disk A if

and only if
£(s(9)" )
R (7 >4 €A).
o(6) el
In 2013, Babalola See [6] defined the above class L, (¢) of p-pseudo-starlike func-
tions of order ¥” [6].

Remark 1.1. (1) “If p = 1, we have the class of starlike functions of order 1,
that is, 1-pseudo-starlike functions of order 9.
(2) If p =2, we have the class Lo (¢) consists of functions s satisfying

1y 88 (5))
§R(§ &) o©) >
which is a product combination of geometric expressions for bounded turn-
ing and starlike functions.
(3) The class Lo (9) is the singleton subclass of S containing the identity map
only.
(4) All pseudo-starlike functions are Bazilevi¢ of type 1 — %, order 97 and
univalent in A.
We get the aforesaid information from” [6]. “Furthermore, in 2018, Magesh
and Bulut [12] considered aforementioned class and discussed certain properties
for functions in the class o” [12].

“A function s € A is said to be starlike with respect to symmetric points, if it

satisfies /
285'(€) )
R (* > 0, Ee ).
50 (-0 ced)
The class of starlike functions with respect to symmetric points is denoted by S%

and was introduced by Sakaguchi” [15].
“A function s € A is said to be convex with respect to symmetric points, if it

satisfies R
R (M) > 0, (& eA).
(s(€) —s(=¢)

The class of convex functions with respect to symmetric points is denoted by K
and was introduced by Das and Singh” [8].

In 1982, Goel and Mehrol [10] used subordination technique and generalized
the aforesaid classes as follow:

“A function s € A of the form (1.1) is in SI¥(A, B), -1 < B < A < 1,if it
satisfies

2¢s'(€) - 14 A

5@ s(9 1rBe N
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A function s € A of the form (1.1) is in C4(A, B), —1 < B < A < 1, if it satisfies

Aes(E) 1+ A€

(5(6) —s(=€)" 1+ B¢

One can refer” [10]. In 2004 Ravichandran [13] unifies the above said classes by
using Ma-Minda method as follow:

“A function s € A is said to be starlike with respect to symmetric points of Ma
- Minda type S (x1), if it satisfies

285'(¢)

A function s € A is said to be convex with respect to symmetric points of
Ma-Minda type Cs(x1), if it satisfies

2(¢5'(8))’
(5(6) —s(—¢)'
Latter, the aforementioned classes are discussed for functions in the class of
bi-univalent functions by many renowned researchers also, the works done by the
references therein” [1, 4, 5, 7, 9, 16, 17].
Recently, Lashin [11] introduced the following class :

“A function s € o of the form (1.1) is in S7(n, x1), 0 < n < 1, if the following
analytical criteria holds for &, w € A

12O, 2E©)

(€A

<xi(§)  (E€d).

5 o8 " (Fale) —s(—gyy X ©
and for j =s~!
3 2¢3'(€) 2(¢'©Q)
=5 550 60 ey <X

5
For x1(6) == ([ oe ) and (O o= (e
Singh [17]. For more details of the subclasses of starlike and convex functions with respect
to symmetric points, bi-starlike and bi-convex functions with respect to symmetric points,
we may refer and its references” [1, 5, 4, 7, 9, 11, 13, 16, 17, 18, 21, 22].

5
) the aforesaid class was studied by

Definition 1.2. Let s € A and the functions x1,x2 : A — C be convex univalent
functions such that

min{R(x1(£)), RO2(6)} >0 (€A

A function s € o is said to be in the class My X2

and x1(0) = x2(0) = 1.

)
(n, p), iffor §, ¢ € A

2659 2 [(¢5'(©)]”
=58 —s(8 T ste) —s(—g)” <X (&)
and for j =s~!
N e i) 2[(¢'(w))']”
=550 50 =iy’ < (A

hold.
Various, results for the special values of the parameters involved given as follows:
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(1) When n =0, we have Mx%;X2(0, p) := S5 ¥t *2(p), if

B e (A eea
and for j =s~!
hold.
(2) In particular, when n = 0 and p = 1, we have M3 X2(0, 1) := S5 Xt X2 if
g en (&), eea

and for j =s~!

% €Ex2(4A), (eA
hold.
(3) When n =1, we have M3 X2(1, p) := CX;*2(p), if
2[(&s"(©)'1”
B —s(-op <1 (8), sea
and for j =s~!
20(Gy ()} R R
B —i (- 8 cf
hold.
(4) When n = p =1, we have M *2(1, 1) := CX1;*2 if
2 (¢5'(9))’

G —s(-g)’ <X (8)  &ea

and for j =s~!

hold.

(5) When p =1, we have MX';*X2(n, 1) := MX;*%(n), if
3 2¢5'(€) 2(¢5' ()

=D 0 "5 —s(-8)

1

/GXl(A)v fGA

and for j = s~

26 2(¢'(€))
=055 T " 6w) (-0

- ex2 (A), (eA
hold.
In order to derive our main result, we have to recall here the following lemma.

Lemma 1.3. “Let the function x1(£) given by
x1) =) x1,&"  (E€A)

n>1
be convex univalent in A. Suppose also that the function h(§) given by

hE) =D ha€"  (E€A)

n>1
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is holomorphic in A. If
h&) <xa(§) (£,
then
N) 7[14].

“In our present section of the estimates for the Taylor-Maclaurin coefficients |a2| and
|aus| for functions in the above-defined general bi-univalent function class MX'; X2 (), p),
which indeed provides a bridge between the classes of bi-starlike with respect to sym-
metric points in A and bi-convex with respect to symmetric points in A. Several related
classes are also considered and connections to earlier known results are made motivated
by Lashin” [11].

The initial estimates for s € MX1;X2(n, p) are discussed in the following theorem.

Theorem 1.4. Let s(§) =&+ >, anf™ be in Mx';X2(n, p). Then

. Ix1"(o)| + |x2'(0)] Ix1"(0) > + |x2’(0)|?
o Smm{\/2(2pz+p— 1) +4n(3p® — 1)’ 8p%(1+n)? } 2
and
b’ 4+ x2"(0) | Ixa'(0)] +[x2'(0)] |
o] < min { DAL LTl O,

[(14+n)(p* = 142p) +n(p + 1)(2p — D]x1'(0)| + plp = 1)(1 + 3n)|x2" ()| }
(Bp —1)(1+20)[(2p* + p— 1) + 20(3p% — 1)] '

(1.3)
Proof. Let s € MX';X?(n, p). From Definition 1.2, we thus have
_ o XEer | 2[Es©)r] or a
(1 ")s(f)—s(—g)+"(s(g)—s(—g)) _ex1(A) forall £€A
and for j = s, we have
S Co) A H(9) or a
(1 n)i(C)—j(—C)+"(j(<)—j(—c)) - ex2 (A) forall ¢ €A.
Setting
iy X 2[(es'(€)]"
PO =00 e(-8) T ete) — (-8 44
and
T {(9) 2[(¢i' )"
WO = =355 50 =0 (:5)

We deduce so that
plo) =x1(0)=1,  p(§) ex1(A) ((eA)

and
a0) =x200) =1, a(@ex2(A) (Ce€A).
Therefore, from Definition (1.2), we have
P <xil§)  (£€i)

and

q(¢) < x2(§) (€€ A).
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“According to Lemma 1.3, we obtain
and

Next, we suppose that
P& =14pi&- +pal” £
and
Q) =1+ aC+-+aqul" +---.
On the other hand, we find from (1.4) and (1.5) that

2p(1 +n)az = p1, (1.6)
20(p — 1)(1 + 3n)a + (3p — 1)(1 + 2n)as = p2, (1.7)
—2p(1+n)az = q (1.8)
and
[2(0® +2p — 1) + 2n(3p° + 3p — 2)]a3 — (3p — (1 + 2n)as = qa. (1.9)
From (1.6) and (1.8), we get
p1=-—q (1.10)
and
8p°(1+ n)as = p? +qi. (1.11)
From (1.7) and (1.9), we obtain
2(2p° + p — 1) + 4n(3p° — D)]a3 = p2 + qo. (1.12)
Therefore, we find from (1.11) and (1.12) that
2., 2
2 PTt+4q1
= 1.1
TR (13
and
ol = P2 + 92 (1.14)

2202 +p—1)+4n(3p2 — 1)
From (1.13) and (1.14) we have

and

respectively. So, we get the desired estimates on |az| as asserted in ((1.2)).
Next, in order to find the bound on |as|, by subtracting (1.9) from (1.7), we get

2(3p — 1)(1 + 2n)as — 2(3p — 1)(1 +2n)ad = pz — gs. (1.15)
Upon substituting the values of a3 from (1.13) and (1.14) into (1.15), we have
g = P2 — g2 pi + ai

S 2Bp-1D(1+2n)  8p2(1+n)?
and
_ P2 —q2 4 P2 + g2
2Bp—1)(1+2n) 220> +p—1) +4n(3p*> — 1)
[(L+n)(p* —142p) +n(p — Dlp2 + plp — 1)(1 + 3n)q2
(Bp =11 +20)[(20% +p— 1) + 2n(3p? — 1)]

as
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respectively. We thus find that

and
[(L+m)(p* =1 +2p) +1(p+1)(2p — D]Ixa"(0)] + plp = V(L + 3n)[x2"(0)]|
(Bp = 1)(1+20)[(20% +p — 1) + 2n(3p? — 1)]
This completes the proof of Theorem 1.4. O

Now we state the following corollaries as a special cases of the aforementioned Theorem
1.4.

Corollary 1.5. Let s(&) =&+ > and”™ bein Sy X X2(p). Then

n>2

2
laa| < min { /220 |+|X2 |X1 )+ x|
2202 +p—-1)

i’ ()] +x2"(0)] | xa’(0)” + Ix2"(0)*
2(3p — 1) 8p? ’

[(p* = 14 2p)][x1" (0)| + p(p — 1)|x2"(0)] }
Bp—1)(2p2+p—1) '

Corollary 1.6. Let s(§) =&+ aa€? + -+ be in Sy X1X2. Then

|Ozz|<mm{\/|x1 |2+|X2 \/|X1 |+|X2 (o )|}

and

|aus]| §min{ +

and
/ 2 / 2 / / /
o] < min { YL 'O | o'(0)l + he'(@)] b’ (@)

8 4 2

Corollary 1.7. Lets(&) =&+ > anl”™ be in CX13%2(p). Then

n>2
onl < min | [P @EF T @F b+ her(0)
- 32p2 ’ 16p% +2p — 6 ’

and

b’ (0) +x2"(0)] | (o) + Ix2'(0)*,
6(3p— 1) 322 ’

[4p” +5p — 3]1x1" ()| + 4p(p — 1)[x2"(0)] } .
3Bp—1)(8p*+p—3)
Corollary 1.8. Let s(§) =&+ 37,5, an” be in C51;X*. Then

2
mﬂ<mm{¢m1 o)l + Do ¢m1 %Hm(ﬂ}7

X1 ()7 + [x2"(0)1* | [xa'(0)| + [x2"(0)] . [xa"(0)]
32 + 12 6 }

las] < min{

and

las] < min{
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Corollary 1.9. Let s(§) =&+ > an&™ be in MX1;X2(n). Then

n>2

|z < min [x1’(0)2 + |x2' (0 [x1’(0)] + |x2’(0)]
8(1 4 n)? 4(1 4 2n) ’

Ix1’(0)| + [x2"(0)] n X1 (0> + Ix2"(0)1* . [xa'(0)] }
4(1 + 2n) 8(1+n)? "2(1+42n)

We note that, for the different choices of the functions x1 and x2, we get interesting
known or new subclasses of the analytic function class o. For example, if we set

xlos)—(}—fg)ﬂ and xxo—(%)ﬂ 0<

Corollary 1.10. Lets(§) =&+ Y, anl”™ bein SS; o(p, ¥). Then
n>2

and

las] < min{

|a2| < min v v and |as| < m'n{ 20 + L 20 }
ing —, {\|z5——— <ming -——+ —; m/—= ¢ -
2= P\ 207 +p—1 ’ 3p—1  p*" (3p—1)

Corollary 1.11. Lets(§) =&+ Y. anl" bein SS; (). Then

n>2

|ca| §min{19, \/g}, and |aus| §min{19_|.192; I},

Corollary 1.12. Lets(§) =&+ Y. anf" be in SCX';X2(p, ). Then

n>2
|a2| < min 19 __W
8p2+p—3
and
|as| < min 2 —|—19—2' 2
o= 3B8p—1) ' 4p2” 3(3p—1)

Corollary 1.13. Lets(§) =&+ Y an€” be in SCX';*2(9). Then

n>2

2
|a2|§min{g, g} and |a3|§min{§+%; g}

Corollary 1.14. Lets(§) =&+ Y an€™ be in SMX;*%(n, p, ¥). Then

n>2

|az2| < min v , 3 20 )
p(L+mn)" \ 2n(3p> = 1) +2p* + p—1

and

2
las| < min { 20 W 20 }

Go-D 120  P2A+0E Bo-1(+20)
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Corollary 1.15. Lets(§) =&+ Y an&” be in SMX;*%(n, 9). Then

n>2

2
|a2| < min L, v and |a3|§min{ v + v ; v }
1+n 1+2n 1+2n  (1+n)? 1+2n

Similarly, if we let

14+(1—-29
xi(§) = (lfg)ﬁ and (€A,
Corollary 1.16. Lets(§) =&+ Y. anf” bein Sy s(p, 9). Then
n>2
. J1-9 1-9 L [20=9) Q-9 2(1-9)
< < ; .
|a2|_m1n{ s 2p2+p—1} and |a3|_m1n{ 31 + 2 Bp—1)
Corollary 1.17. Lets(§) =&+ Y an&” be in S; (V). Then
n>2
. 1-9 . 2
|az] <ming 1 — ¥, 5 and los| <min {1 -9+ (1 -9)% 1-9}.

Corollary 1.18. Lets(§) =&+ Y anl™ be in CX1;%%(p, ¥). Then

n>2

|a2|§min{12—pﬁ, 21— 9) } and |a3|§min{2(1_ﬁ) +(1—19) 2(1-9) }

8p2+p—3 3(3p—1) 4p2 7 3(3p—1)

Corollary 1.19. Lets(§) =&+ Y an€” be in CX';X2(9). Then

n>2

— _ _ _ 2 _

3 4 3

Corollary 1.20. Lets(§) =&+ Y an€™ be in MX';*X2(n, p, 9). Then

n>2

o] < min -9 2(1 — )
p(L+mn)" \ 2n(3p> —=1) +2p* + p—1

and

lag| < min{

2(1 —9) (1-9)% 2(1 —9) }
Bp—=1(A+2n)  p2(1+n)?" Bp-1)1+2n) )"

Corollary 1.21. Lets(§) =&+ Y anf™ be in M3 *2(n, 9). Then

n>2

1w 1-9 C[1=9  (1-9)? 1—19}
az| <min{¢ ——, and as| < min + ; .
jorz] < mi {1+n 1+2n} javs] < mi {1+2n (1+n)2 142y
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