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LYAPUNOV FUNCTION AND STABILITY OF SOLUTIONS OF STOCHASTIC
DIFFERENTIAL EQUATIONS WITH FRACTIONAL-LIKE DERIVATIVES

MAMADSHO ILOLOV, KHOLIKNAZAR KUCHAKSHOEV, JAMSHED SH. RAHMATOV

ABSTRACT. The paper is devoted to the analysis of questions related to the stability of fractional-
like stochastic differential equations. Stochastic stability and asymptotically stochastic stability
is considered with the use of Lyapunov function. Almost sure exponential stability is established
on the Ito formula of the fractional-like derivatives.

1. Introduction

Over the past decades, various variants of fractional derivatives have been widely used in the
study of memory properties for complex systems in different areas (see, for example, [1,2]). In [3,4] a
new concept, a fractional-like derivative, was introduced and in [5,6] systems of differential equations
with these derivatives were considered. In [7] new results are presented for neural networks with
fractional discrete time. On the other hand, in recent years, the theory of stability of fractional
stochastic differential equations and its applications has been developed. And this is not surprising,
since stochasticity is the most important property of the real world, and stability is the highest
priority for applied complex systems.

Analysis of the stability of stochastic systems becomes necessary both in theoretical and applied
aspects. The mathematical theory of stability of solutions of stochastic differential equations con-
sists of two main directions. These are the direct (second) Lyapunov method [8-10] and Burton’s
fixed point method [11-13]. The questions of existence, uniqueness and stability of solutions of
stochastic partial differential equations were the subject of analysis in [14-16]. New results were
also obtained for stochastic integro-differential equations [17-21].

This paper is devoted to the development of Lyapunov-type functions for stochastic differential
equations with fractional-like derivatives of the form

AW (¢)
dt

to X (1) = b(t, X (1)) + o(t, X (1))

o ,t>0,0<a<1 (1.1)
X(0) = Xy (1.2)
where D¢ is a fractional-like derivative b,0 : [0,+00) x R — R are measurable functions, and
{W(t),t € [0,400)} are scalar Brownian motion defined in the complete probability space (2, §, F =
{S}i20, P) such that W(0) = 0, B{W (1)} = 0, E(W(t) — EW (6))(W(s) — EW(s))) = t — 5.
For each t € [0,+00)} we denote £, = L?(2,F, P) as the space of all §; measurable, square-
integrable functions u : Q@ — R such that |Ju||? = E{|ul?}.
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The limit X : [0, 4+00) — £, is said to be §- adapted, if X (¢) € £;,t € [0, +00).

In [22], in the case of the Caputo fractional derivative, the existence and uniqueness theorem for
equation (1.1) was established by the method of contraction mappings. In this case, the functions
b and ¢ are required to satisfy the Lipschitz conditions.

The article is structured as follows. Section 2 presents the definition of a fractional-like derivative
and studies the properties of this derivative. Section 3 is devoted to the concept of a fractional-like
derivative of Lyapunov-type functions. It is shown that for some simple Lyapunov functions the
fractional-like derivative is majorant for the Caputo fractional derivative of these functions. Section
4 contains a fractional-like version of Ito’s formula. In Section 5, sufficient conditions for stochastic
stability (or stability in probability), asymptotic stochastic stability, and exponential stability are
indicated. Finally, section 6 provides concluding remarks.

2. Fractional-like derivatives
Let a € (0,1], Ry = [0,00),t9 € Ry and f(¢) : [tg,00) = R is a given continuous function.
Definition 2.1. ([3]) For any o € (0, 1] fractional-like derivative D¢ (f(t)) of order 0 < o < 1 of
the function f(t) is defined by the equality

D f(t) = lim{f(t + 6l - t;)m) — /0 60— 0}

If to = 0, then D¢ (f(t)) will take the form

02 (7(1)) = lim{ LY :) =10 4oy,

For the case tg = 0 we use the notation

D5 (f(1) =D(F (1)
If ®* exists in (0,b) then

D°(f(0)) = ln D°(f (1))

If a fractional-like derivative of a function f(¢) of order « exists and is finite on (tg, 00), then we
say that f(¢) is differentiable on (¢, c0).

Remark 2.2. Definition 2.1 does not satisfy all the conditions that are true for the Riemann-
Liouville, Caputo, and other derivatives (see for ex. [5] and the bibliography there).

The following statement holds.

Lemma 2.3. (see.[5]) Let o € (0,1], f(t),g(t) are a - differentiable functions at the point t > 0
Then the equalities hold:
1) D¢ (af(t) +bg(t) = a-DF (f(t)) +b- D¢ (g9(t)) with all a,b € R;
2) D& (tP) = p(t — to) =P~ with all p € R;
ft)g(t)) = FO)D5 (9(t)) + g(t)DF (f(1));
g(®)DF (f()—f()Dg (9(t)) |
g% () ’
=0 for any function f(t) = ¢, where ¢ is an arbitrary constant.
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Remark 2.4. Equalities 1) -5) from Lemma 2.3 are similar to the classical results of mathematical
analysis for integer orders of derivatives. These statements do not hold for the Riemann-Liouville
and other fractional derivatives (See [5]). Part 5) holds for the fractional Caputo derivative.

Lemma 2.5. (See. [5]). Let 0 < a < 1 and function h(t) = m(g(t)) is differentiable with respect
to g(t) for all t € Ry and function g(t) — « is differentiable for t # ty and g(t) # 0, then

D7 9(t) = m/(g(t))D, (9(t))-
A fractional-like integral of order 0 < o < 1 is introduced using the formula

t

I8 () = /(s 1) f(s)ds, t > to.
to
Lemma 2.6. (See. [5]). Let f(t) : (tg,00) = R — « be differentiable for 0 < q < 1.Then for all
t > tg the following ratio is true:

I35 (D5, 1 (1) = f(t) — f(to).
3. Lyapunov function and its fractional-like derivative

An important method for studying the stability of various classes of deterministic and stochastic
systems is the second Lyapunov method (see [8]). As a research tool, the second (direct) method
uses some special functions called Lapunov functions. The real continuously differentiable function
V : T + B, — R, which satisfies the condition V (¢,0) = 0, is said to be a Lyapunov function.Here
B, denotes the ball of radius r centered at the origin in the Euclidean space R™ with the norm

n
lz] = (32 22)'/2, and T denotes the interval of real number line 7' = {a < t < 0o}, where a is —oo

i=1
or some finite number. We call the derivative V' of the function V' (¢, x) by virtue of the equations

z(t) = b(t,x(t)), b,z € R" (3.1)
x(tg) = z0,b(t,0) =0 (3.2)
the value
LV ROV oV
V= e + 2 oz, bi(t,z) = B + (VV,b(t,x)). (3.3)

If 2 = x(t) is the solution of (3.1), then V represents the total derivative of complex function
V (t,z(t)) with respect to time. It should be noted that for calculating V' there is no need to find
the actual solution z(t).

Further, by K we denote the class of functions w;(u),u > 0,i = 0,1,2,... - scalar continuous
non-decreasing functions such that w;(0) = 0 and w;(u) > 0 for u > 0.

The essence of the classical Lyapunov method lies in the validity of the following three theorems.
Theorem 3.1. ([8]) Let there exist a function V(t,x) such that

wl(m) < V(t,x),V(t,x) <0.

Then the trivial solution is Lyapunov stable.
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Theorem 3.2. (/8]). If wi(|z]) < V(t,z) < ws(|z]), V(t, z) < —ws(|z|), then the trivial solution is
asymptotically stable in the sense of Lyapunov.

Theorem 3.3. (Chetaev’s theorem, [8]). If in the domain V(t,x) > O the inequality V (t,z) >
wy(|z|) holds, then the trivial solution is unstable.

The purpose of this paper is to extend the above statements to the case of problem (1.1) - (1.2).
In this regard, note that instead of the usual derivative in Theorems 3.1-3.3, we have to use the
following Dini derivative for the Lyapunov function

DV(t,a) = lim %[V(t + )bt @) — V(L 7). (3.4)

In [6], the concept of a fractional-like derivative introduced the same way for an equation of the
form

iy (x(1)) = b(t, z(1)), (3-5)

z(to) = o, (3.6)
where z € R",b € C(Ry x R™",R™),tg > 0.
Definition 3.4. Let V be continuous and « differentiable function, V' : Ry x B, — R™ x(t, o, zo)

is the solution of problem (3.5)-(3.6).
Then for (¢t,x) € Ry x B, the expression

V(t+0(t—to) >zt +0(t—t) = t,x)) — V(t,z)
0
is the upper right fractional-like derivative of the Lyapunov function.

TRV (L, x) = limsup{ ,0—0+}  (3.7)

The lower-right, upper-left, and lower-left fractional-like derivatives of the Lyapunov function
are determined accordingly.

Lemma 3.5. Let V(t,z) be continuous, o - differentiable and locally lipschizable function with
respect to the second variable x on Ry X B,. Then the fractional-like derivative of the function
V(t, ) with respect to the solution x(t,to,xo) is defined as

DRV (t, @) =

V(t+0(t—to) =%z +0(t—t) =, b(t,x)) — V(t,x)
0

limsup{ ,0 — 0+} (3.8)

where (t,z) € Ry X By.

IfV(t,z(t) =V(x(t)),0 < a <1, function V differentiable with respect to z, and function x(t)
« - diferentiable with respect to ¢ for ¢ > tg, then

+©§“0 V(t,x) =V'(x@t)V(t )|

In [6], examples of Lyapunov functions Vi(z) = 22(t),z € R,Va(z) = 2Tz,2 € R* Vi3(z) =
xTPx,x € R™ are given and their fractional-like derivatives are calculated, where P is (n x n)
matrix.

The following statement was established.
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Lemma 3.6. Let x € R,y € R™ and P is a constant matriz of order n x n. Then for functions
Vi =a22(t), Va = yT (t)y(t) Vz =yl (t)Py(t) the following estimates hold:

1) £ D§(a()) <+ D2 (22(1)) for « € R;

2) 5, D (y" (ty(t)) <* D (T (H)y(t)) for y € R¥;

3) 6, D¢ (y" (1) Py(t)) <t D (y" (1) Py(t)) for y € R™;

It follows from Lemma 3.6 that the fractional-like derivative of the Lyapunov function is an
upper bound (majorant) for the fractional Caputo derivative of the same Lyapunov functions.

4. Tto’s formula for functions with fractional-like derivative
First, we give the definition of the solution to the problem (1,1), (1,2).
Definition 4.1. For every X;, € £y § - adapted random process X is said to be the solution of
problem (1.1), (1.2), if the following equality holds for tg € [0, 00):
X(t) = X(t,to, Xt,) =
t t
=Xy, + /(s —t0)* tb(s, X (s))ds + /(5 —t0)* to(s, X(s))dW (s). (4.1)
to tO

We make the following assumptions:
(A1) There is a constant L > 0 such that for all

X, X eR,t€0,400)

b(t, X) = b(t, )| + |o(t, X) — o(t, X)| < L|X — K.
(A2) The o(-,0) function is essentially bounded, i.e.

[o(t,0)lloc =ess sup |o(t,0)] < +o0,
t€[0,400)

and o(-,0) Lo integrable, i.e.

+oo
/ |lo(t,0)2dt < 4-o0.
0

Lemma 4.2. Suppose that (A1) and (A2) are satisfied. Then for a € (0,1) problem (1), (2) has
the unique solution X € £, := L2(Q, §¢, P) given in the form (4.1).

Next, we present a new version of Ito’s formula for functions with fractional-like derivatives.
This formula defines the rule for differentiating functions of stochastic processes with fractional-
like derivatives. Let W(t),¢ > 0 be a standard scalar Brownian motion (see introduction) and let
Y € CY2(R;x R, R) denote the family of all real-valued functions Y (-, Z(+)) defined and continuously
differentiable with respect to Z R; X R.

Let Z(t),t > to be Ito process for

dz(t) = b(t) + &(t)dW (1),

where b € LY(R;,R) & € L*(Ry,R).
Let us recall the standard one-dimensional Ito formula.
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Lemma 4.3. Let Y(-) =Y (-, Z(-)) € C**(Ry x R, R). Then Y (t),t > 0 is an Ito process given by
the equality

4 (1) = Wh(t, Z(0) + Y (6, ZOW(0) + 5Vt 2(0)]de+

+Yz(t, Z(t))a(t)dW (t) almost surely (a.s.)
Let now T > 0. Suppose that X (t) is an Ito process for the equation

i AW (¢)

DjX = b(t) + o(t) = to € [0.7),0 < a < 1 (4.2)
with initial conditions
X(to) = Xy, (4.3)
Lemma 4.2 and (4.2), (4.3) imply that there exists a unique solution for ¢y € [0,T] of the form
¢ ¢
X(t) = Xy, + /(s —t0)*b(s)ds + /(s —19)* Lo (s)dW (s).
to tO

Note that when to € [0,T], (4.2) is equivalent to the equation

dX(t) = X' (t)dt =

t t
=(a— 1)[/(8 —t0)*'b(s)ds + /(s —19)* 20 (s)dW (s)], (4.4)
to to
where (- — t9)*72b(-) € L*[0,T] and (- — to)*20(-) € L2[0,T).
We are now ready to present a fractional-like version of Ito’s formula.

Theorem 4.4. Let Y () =Y (-, X(-)) € CY2(Ry x R, R). Then Y (-) is an Ito process given in the
form of the following formula

dY (t, X (t)) = Yi(t, X (t))dt+

t

Ha— )Y (t, X)) / (5 — o) 2b(s)dsdt+
o= DY (t, X (1)) / (5 — 1)~ 20(s)dW (s)dt.

Proof.
From Lemma 4.3, by virtue of (4.4), we obtain the relation

dy (t, X(t)) = aY(téf(t)) + aY(g;f(t))dX(tH

92



LYAPUNOV FUNCTION AND STABILITY OF SOLUTIONS OF STOCHASTIC DIFFERENTIAL EQUATIONS

13Y2(t,~)~((t))

X (1) =

=Yi(t, X ())dt + (o — )Y (t, X (1)) /(s — 1) 2b(s)dsdt+
0

Ha— 1Y (t, X (1)) / (5 — t0)°~20(s)dW (s)dt.

The theorem is proved.

5. Stochastic stability

It is well known that the question of the stability of some solution of equation (1.1) by means of
a change of variables can be reduced to an investigation of the question of the stability of a trivial
solution. Therefore, we will assume that

b(t,0) = 0,0(t,0) = 0,¢ > 0. (5.1)

Under condition (5.1), equation (1.1) has a trivial solution z(¢) = 0. The stability of a trivial
solution of equation (1.1) is understood as its property changes little with a small change in the
initial conditions. Depending on the specific understanding of the expression ”small change in
solution”, different definitions of stability are possible.

Here are some of them.

Definition 5.1. A trivial solution to equation (1.1) is called stochastically stable or stable in
probability if for each pair € € (0,1) I > 0 exist d(e,1,0) > 0 such that P{|X ()| <} >1—¢£,t>0
whenever | Xg| < 6.

Otherwise, such a solution is called stochastically unstable.

Definition 5.2. A trivial solution (1.1) is called asymptotically stochastically stable if it is stochas-
tically stable, and moreover, for each € € (0,1) exist §o = do(g) > 0 such that P{tligl X(t)=0} >

1 — &, whenever |Xo| < do.

Definition 5.3. A trivial solution (1.1) is called exponentially stable almost surely (a.s.) if

. 1
tilgrnoc sup;ln|X(t)| <0 as.

for all g € R.

5.1. Lyapunov stability and asymptotic stability. Let £ > 0 be an arbitrary number. We
denote by Sy the sets of functions Sy, = {X(:) € R, |X(-)| < k}, by a A b minimum of a and b, by
a'\/ b maximum of a and b and by Iy - indicator function.

Let the following condition (V1) be satisfied.

(V1): There is a positive-definite function V' € C12?(R,; [0, +00)) x Sk, such that for all (¢, X (t) €
[0,4+00)) x Sk, € (0,1)
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LoV, X (1) == Vi(t, X (1)) + (a — 1)V (¢, X (1)) /(s — t0)*"2b(s, X (s))ds (5.2)

It follows from the definition of the Lyapunov function that V'(¢,0) = 0.
Moreover, there is a continuous non-decreasing function u € K, such that

V(t, X(t) = p(|X(#)])
for all (¢, X(t)) € [0, +00) X S.
The following statement is true.

Theorem 5.4. Suppose that conditions (A1), (A2) and (V1) are satisfied and 0 < o < 1. Then
the trivial solution of equation (1.1) is stochastically stable.

Proof. Let € € (0,1) [ > 0 an arbitrary number such that | < k. By the continuity of V" and the
condition V' (tg,0) = 0 there exist § = d(g, 1) such that

2 sup V(1. X (1)) < 1) (5.3)

Obviously, § < I. We fix X;, € S5 and let 7 the time of the first exit of X (¢) Sy, i.e.

n=inf{t >t: X(t) € S}
By Theorem 4.4, for any ¢ > ¢y we have

Vi \t.X(n \ 1) = V(to, Xs,)+

nAt nAt s
+ Vi(r, X(7))dr + (a — 1) /VxTX /VXsftoazb(sX( ))dsdr+
to to to
nAt S

(a—1) / Vx (1, X (1 /VX s —t9)* 20(s, X(8))dW (s)dr =
nAt
=V (to, Xt,) + / LV (1, X (7))drdt+

to

nAt S
Fa—1) / VX(T,X<T))/(S—t0>a—20(s,X(s)>dW(s)dr. (5.4)

Taking the expected value of (5.4) and taking into account that L*V < 0 we obtain for any
t>thand 0<a<1

nAt S
@-1E [ Viir / (s — t0)* 20 (s, X (3))dW (s)dr| <
to

to
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nAt S
<@-DIE [ ValrX(0) (5 t0) o5, X(5)dW (s)ir] <0

Taking into account (5.3), we have

P{n<t}<e.

Let t — 400, i.e. P{n <400} <e.

Then we have P{|X(t)] <r} > 1—¢ for all t > 0. By Definition 5.1, the trivial solution (1.1) is
stochastically stable.

The theorem is proved.

Now let the following condition (V2) be satisfied.

(V2): There is a positive-definite decreasing function V' € C12([0,+00) x Si; Ry) such that
L*V < 0,a € (0,1), where L*V defined in (5.2).

From (V2) it follows that V(¢,0) = 0. In addition, there are continuous non-decreasing functions
141, b2, pg such that

p(IX(@0)]) < V([ X(1) < pa(IX(0)]),

LOV(t, X (1) < —ps(IX(®)])
for all (¢, X(t)) € [0, +00) X S.

Theorem 5.5. Let conditions (A1), (A2) and (V2) be satisfied. Then the trivial solution (1.1) is
asymptotically stochastically stable.

Proof. By Theorem 5.5, the trivial solution of equation (1.1) is stochastically stable. Further, it
can be shown that there exists o = dg(€) > 0 such that

P(lim X(t)=0)>1—-¢

t—+oo

for |X0| < dg,€ € (O, 1)

Based on Definition 5.2, we see that the trivial solution (1.1) is asymptotically stochastically
stable.

The theorem is proved.

5.2. Exponential stability almost surely. Now let the following condition (V3) be satisfied.
(V3):
V e C%%(]0,4+00) x R; Ry ) and there are constants ¢; > 1,c2 € R, 3 > 0 such that
(1) | X()] < V(2 X(1)),
(2) LoV (t, X (¢)) < cQV(t X(¢)),

(3) [Vx(t, X (1) f|a (t, X(1))(s — 7)°22dr > e3V2(t, X (1)) for all X(¢) # 0,a € (0,1) and

t>0.
The following statement is true
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Theorem 5.6. Let conditions (A1), (A2) and (V2) be satisfied. Then
lim_sup ol X(0)] <~ (1 - a)(ez + ) )
dm  supin S i Ll te) as .

In particular, if ca + cg > 0, then the trivial solution (1.1) is exponentially stable almost surely

Proof. We fix any X # 0. From Theorem 5.5 and (V3)(2), (3) for a € (0,1) we have

[ (Vals, X(5))
InV(t,X(t) =InV(ty, Xt,) + | ———-ds+
0/ V(s, X(s))
/tVX(s,X(s))gb(s,X(s))(s — 1) 2dr
+(a—1) ds+
J Vs X0
¢ VX(s,X(S))ga(&X(s))(s — 1) 2dW (1)
Ha-y [ Vo, X)) b=
0

t

< InV(0, X (0)) + / LVi(s, X (s))
0

(s, X()) “F

t Vx(s,X(8)) [o(r, X (7))(s — 7)*"2dW (1)
oo ”0/ Vi, X)) o

We introduce the notation

C—un

M(t) = /Vx(S7X(S))(/O'(T,X(T))(S — 1) 2dW (1) /V (s, X (5)))ds.
0 0

Then let n = 1,2, .... For an arbitrary ¢ € (0,1) using (V3) (3) we can get

t
L V2 (s, X(s)) [ lo(m, X(7))(s — 7)*722dr
P M(t 0
fze, MO* / V25, X(9)
Using the Borel-Cantelli theorem (see eg [8]), we obtain almost surely

ds| > est} <e

S

V(s X () ] 9(r X (7)) (s )72 P

x

M(t) < cat — 50/ ) ds = (1 — &)est. (5.6)

Thus, using (V3) (3) and (5.6), we have

InV(t, X)) <InV(0,X(0)) — (1 — a)[cza + (1 — €)cs]t.
Then we get
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InV (0, X (0))

%an(LX(t)) <—(1—-a)fea+ (1 —e)es] + ;

Thus

lim sup— an(t X)) <—(1—-a)ca+ (1 —¢€)es].

t——+oo

Using now (V3) (1) we obtain
li 1l X< 1 1thXt< 1 1 <
Jm supsinei| X (@) < lim sup—inV (¢, X (1) < —(1 - a)fez + (1 —€)es] <

oty s [ ELEX0

to

dr+

S
+i-a /VX X (r / 5 — 10)°20(s, X (s))dW (s)/V (5, X (s))dr.

Let us introduce the notatlon

t S

M (t) = /VX(T,X(T)) /(5 — to)a72()’(87X(S))dW(S)/V(S,X(S))dT.

0 io
Let n = 1,2,... For arbitrary € € (0,1) using (V3) (3) we obtain

t V3(r, X (1 f| s —10)* 20(s, X(s))|?ds

P{Ozltlgn |My(t) + € V2(r, X (1))

to
Using the properties of the o -algebra §, we obtain the inequality

dr| > est} <e

L VE(r X(r fl (s — to)* 20 (s, X (5))[2ds
Mi(t) sf:gt—s/

to

Thus, using (V3) (3) and (5.7), we have

V23(r, X (7))

InV(t, X(t)) <inV(ty, Xy,) — (1 — a)ca + (1 — €)cst].
Then we get

InV(to, Xt,)

%an(t,X(t)) < —(1—a)[ea+ (1 —e)est] + ;

Thus

lim fan(t X)) <—(1—a)ca+ (1 —¢€)cs]

t—+o0

Using now (V3) (1) we obtain

97
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1 1
i - < 1li - <
lim suptlncl|X(t)\ < tlg-noo tan(t,X(t)) <

t——+o0

(1—a)[ea+ (1 —¢e)es).
Finally, we get

1 1
t_l)lg_noO suptln|X(t)\ S (1—a)[ea+ (1 —e)cs).

Since € is arbitrary, we obtain the estimate 5.5
Note that ¢; > 1. Then if ¢3 + ¢35 > 0, we will obtain

1
—— (1 — .
ln61( 0&)((32 + 03) <0

By Definition 5.3, the trivial solution (1.1) is exponentially stable almost surely.

6. Conclusion

For deterministic and stochastic systems of differential equations with fractional derivatives of
Riemann-Liouville, Caputo, Grunwald-Letnikov, definitions of Lyapunov functions with fractional
orders of derivatives are given in [5,6].

However, the practical calculation of these derivatives is associated with great difficulties due to
the absence of a chain rule for them. In this paper, the direct Lyapunov method is carried over to
scalar stochastic differential equations with fractional-like derivatives for which the chain rule for
differentiating complex functions is satisfied. For this purpose, a new fractional-like version of the
Ito formula is introduced. It is important that the fractional-like derivatives are majorants for the
Caputo derivatives.
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