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OPTIMAL CONTROL OF SOLUTIONS TO SHOWALTER -
SIDOROV PROBLEM FOR A BOUSSINESQ — LOVE EQUATION
WITH ADDITIVE ”NOISE”

ALYONA A. ZAMYSHLYAEVA AND OLGA N. TSYPLENKOVA

ABSTRACT. In this paper, the problem of optimal control of solutions to the
Showalter — Sidorov problem for a high-order Sobolev type equation with
additive "noise” is investigated. The existence and uniqueness of a strong
solution to the Showalter — Sidorov problem for this equation are proved.
Sufficient conditions for the existence and uniqueness of an optimal control
of such solutions are obtained. For this, we built the space of "noises”. For
the differentiation of additive ”noise”, we use the derivative of a stochastic
process in the sense of Nelson — Gliklikh. The article also discusses the
stochastic Boussinesq — Love model.

Introduction

Recently, research on Sobolev type equations has expanded considerably. The
complete Sobolev type equation

Av™ =B, 0" 4.+ B+ f (0.1)

with the assumption kerA # {0} has been studied in different aspects for n > 1 [1
— 6]. Here the operators A, B,,_1, ..., By are linear and continuous, acting from
Banach space U to Banach space &, absolute term f = f(¢) models the external
force.

The lack of equation (0.1) with the deterministic absolute term is that, in
natural experiments, the system is subject to random perturbation, for example
in the form of white noise. Currently, stochastic ordinary differential equations
with various additive random processes are being actively studied [7].

The first results concerning stochastic Sobolev type equations of the first order
can be found in [8]. They are based on the extension of the Ito — Stratonovich —
Skorokhod method to partial differential equations [9]. In [10] there was studied
a stochastic Sobolev type equation of higher order

o(n) o(n—1)
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where w is the stochastic process. It is required to find the random process n(t),
satisfying (in some sense) equation (0.2) and the initial conditions
o(m)
n  0)=&mn, m=0,1,....n—1, (0.3)
where &, are given random variables.

At first, w was understood as white noise, which is a generalized derivative of
the Wiener process. Later, a new approach to the investigation of equation (0.2)
appeared [11] and is being actively developed [12, 13], where ”white noise” means
the Nelson — Gliklikh derivative of the Wiener process.

Of particular interest is the optimal control problem. Consider the stochastic
Sobolev type equation

o(n) o(n—1)
An =B,_11 +...4+ Bon + w + Cu, (0.4)

where n = n(t) is a stochastic process, 7 is the Nelson — Gliklikh derivative [14] of
process 1, w = w(t) is a stochastic process that responds for external influence; u
is unknown control function from the Hilbert space il of controls.

Supply (0.4) with initial Showalter — Sidorov condition

P(ﬁ(m) (0) —gm) =0, m=0,..,n— L (0.5)

We investigate the optimal control problem consisting searching a pair (7, @), where
7 is a solution to problem (0.4), (0.5), and the control @ belongs to .4 C Y, and
satisfies the relation
J (7, @) = ming, ,yJ (0, u). (0.6)

Here J(n,u) is some specially constructed penalty functional and 4,4 is a closed
convex set in the Hilbert space 41 of controls.

Let D C R™ be a bounded domain with C'*° boundary dD. In the cylinder
D x R consider the Boussinesq — Love equation

A=A)zy =a(A=XN)a, +BA- Nz +u+w (0.7)
with the boundary condition
x(s,t) =0, (s,t) € 9D x 7. (0.8)

Equation (0.7) describes longitudinal vibrations of an elastic rod subjected to an
external load with inertia taken into account; the negative values of the parameter
A do not contradict the physical meaning of the problem.

1. The spaces of ”noises”. Stochastic K-processes. Phase Space

Let Q = (2, A,P) be a complete probability space, R be the set of real
numbers endowed with the Borel o-algebra. A measurable mapping £ : Q@ — R
is called a random wvariable. The set of random variables having zero expectation
(E¢ = 0) and finite variance forms a Hilbert space Lo with inner product (£, &) =
E& . Let Ag be a o-subalgebra of o-algebra A. Construct subspace LY C La of
random variables measurable with respect to Ag. Denote the orthoprojector by
IT: Ly — LY. Let £ € La, then TI¢ is called a conditional expectation of the
random variable &, and is denoted by E(&|Ay).
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Consider a set J C R and the following two mappings. The first one, f :
J — La, associates to each t € J the random variable £ € Ly. The second one,
g : L2 x  — R, associates to each pair ({,w) the point £(w) € R. The mapping
n:RxQ — R given by n = n(t,w) = g(f(t),w), where f and g are defined
earlier, is called a stochastic process. Therefore, the stochastic process n = n(t,-)
is a random variable for each fixed t € J, i.e. n(t,-) € Lg, and n = n(-,w) is
called a (sample) path for each fixed w € Q. The stochastic process n is called
continuous, if all its paths are almost sure continuous (i.e. for almost all w € Q
the paths (-, w) are continuous). The set of continuous stochastic processes forms
a Banach space, which is denoted by C(J,L2). Fix n € C(J,Lz) and ¢t € J, and
denote by N the o-algebra generated by the random variable 7(t). For brevity,
E! = B(A]).

Definition 1.1. Let n € C(J,L2). A random variable

%:1( lim EJ (77<f+At~>—n(t,->)+ . EZ(n(tf)—n(t—At,-)))

2 \ At—0+ At At—0+ At

is called a Nelson—Gliklikh derivative ;)7 of the stochastic process n at point t € 7,
if the limits exist in the sense of the uniform metric on R.

Let C! (3, Ls), I € N, be a space of stochastic processes almost sure differentiable
in the sense of the Nelson—Gliklikh derivative on J up to order [ inclusively. The
spaces C!(J, Ly) are called the spaces of differentiable “noises”. Let 3 = {0} UR,,
then a well-known example [15, 16] of a vector in the space C'(J, L) is given by a
stochastic process that describes the Brownian motion in Einstein—Smoluchowski
model

ka sm (2k + 1)t + &ot,

where the independent random Varlables & € Lo are such that the variances

D& = [E(2k + 1)]72, k € {0} UN. As shown in [14], 3 (t) = 22 t e R

Now let U be a real separable Hilbert space with orthonormal bablb {or}-
Denote by UkLs the Hilbert space, which is a completion of the linear span of
random variables

n= E V Ak P
k=1
by the norm

Il = ZAkka-

Here the sequence K = {\;} C R} is such that Z A < +oo, {&} C Lo is a

sequence of random variables. The elements of SUKLQ will be called random K-
variables. Note that for existence of a random K-variable n € UkLs it is enough
to consider a sequence of random variables {£;} C Lo having uniformly bounded
variances, i.e. D&, < const, k € N.
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Next, consider interval J = (¢,7) C R. Mapping 7 : (¢,7) — UkLs given by
(oo}
NOED PRV A
k=1

where the sequence {&,} C C(J, La), is called a Y-valued continuous stochastic K-
process, if the series on the right-hand side converges uniformly on any compact
in J in the norm || - ||, and paths of process n = n(t) are almost sure continuous.
Continuous stochastic K-process n = n(t) is called continuously Nelson—Gliklikh
differentiable on 7, if the series

0 (1) =3 VA & (D
k=1

converges uniformly on any compact in J in the norm || - ||, and paths of process

=1 (t) are almost sure continuous. Let C(J,UkLz) be a space of continuous
stochastic K-processes, and C!(J, Uk Lz) be a space of continuously differentiable
up to order [ € N stochastic K-processes. An example of a stochastic K-process,
which is continuously differentiable up to any order [ € N inclusively, is a Wiener
K-process [15, 16]

Wk (t) = Z \/Eﬂk (t)@ka
k=1

where {8x} C C!(J,Ls) is a sequence of Brownian motions on Ry. Similarly,
if & is a real separable Hilbert space with orthonormal basis {pr}, the spaces
C(7,6kLs) and CY(J,6kLs), | € N, are constructed. Note also that spaces
C!(3, L), CY(3,VkLs) and C(J, &k Ly), | € N, are called the spaces of differen-
tiable K- “noises” [15].

2. Stochastic Sobolev type equations of high order with relatively
p-bounded operators

By B denote the pencil formed by operators B,_1,...Bg. The sets

pA(g) = {u eC:(uA—pu" B, 1—...—uB; —By)'e E(@KLZ,‘BKLz)}
and 0 (B) = C\p*(B) are called an A-resolvent set and an A-spectrum of pencil of
operators B. The operator-function Ri (B) = (u" A—p" ' By, _1—...—puB1—Bg) ™!

with the domain p* (é) is called an A-resolvent of pencil B.

Definition 2.1. The pencil Bis called polynomially bounded with respect to oper-
ator A (or polynomially A-bounded) if there exists a constant a € R such that for

each 11 € C the inequality |u| > a implies the inclusion RZ‘ (B) € L(GkLa, UkLsy).
Introduce an additional condition

/ pFRY(B)dp=0, k=0,n-2. (2.1)
.

Construct the set 072 (B) = {u € C: " € 0*(B)}; it is compact in C due to the
compactness of the A-spectrum UA(E) of pencil B. If the pencil B is polynomially
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A-bounded, and condition (A) is satisfied, then the following operators

p- % J" I RA(B) Adp € L(BkLo), Q = %/p”‘lAR;‘(B)d,u € £(BKLy)

8! B!
are projectors. Here, v = {u € C : |u| = r,r™ > a}. Put VL Lo(ViLo) =
ker P(im P), 8% Lo (&% La) = ker Q(im Q). Thus, the spaces Uk Ly and Ly can
be decomposed into direct sums Vg Lo =% Lo P Vi Lo and S Lo=6% Lo P &1 Lo,
whereas % Lo D ker A. By A¥(BE)) define the restriction of operator A(B,,) onto
Uy Lo, m=0,n—1,k=0,1.

Lemma 2.2. The operators A¥(BE) € L(V¥ La; 6% La),k = 0,1,m = 0,n — 1;
moreover, there exist the operators (B§)™! € L(B%La;V%La) and (A')~! €
L(GkLa; Ty Lo).
Construct the operators Hy = (BY) "' Ao, Hy,, = (BY) By ™" € L(VgLa), m =
T,n—1, 8, =(AY"1Bl € L(VkL2),m=1,n— L.
Definition 2.3. Introduce the family of operators {qu, Kg, ey Kg‘} as follows:
K;=0,s#n,K§ =1,
Kl=Hy, K2= —Hy1,...,K{ = —Hpi1—s,..., K = —H,
Kl =K! Hy, K2=K}! | —KI \Hy1,...,K;=K;"{ —K!' \Hyy1s,...,
Kl =K}7' =K \Hi,q=2,3,...

Definition 2.4. The point oo is called:

(i) a removable singular point of the A-resolvent of pencil é, if Ki = K =
...=K!=0;

(ii) a pole of order p € N of the A-resolvent of pencil E, if K, # O, for some
s, but K ; =0 for any s = 1,n;

(iii) an essentially singular point of the A-resolvent of pencil B , if K # O for
any p € N.

Consider the linear stochastic Sobolev type equation of higher order (0.2), where
the absolute term w will be indicated later. Supplement (0.2) with the initial
Showalter — Sidorov condition (0.5) which is the generalization of the condition
(0.3) [3] and has advantages over the Cauchy condition in the case of Sobolev type
equations. In addition to (0.5), we will consider the weakened (in the sense of S.G.
Krein) Showalter — Sidorov condition

o(m)

tgrél+P(ﬂ (t)—€m> =0, m=0,..,n—1. (2.2)

The K-random process n € C"(J, Bk Lo) is called a classical solution of equa-
tion (0.2), if a.s. all its trajectories satisfy equation (0.2) for some K-random
process w € C(J,®kL2). The solution nn = n(t) of (0.2) is called the classical
solution of problem (0.2), (2.2) if a.s. condition (2.2) is also fulfilled. The classical
solutions of problems (0.2), (0.5) and (0.2), (0.3) are defined analogously.

Consider firstly problem (0.3) for the homogeneous equation

o(n) o(n—1)
AN =DB,_1" + ...+ Bon. (23)
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In this case (and only in this case) consider J = R.

Definition 2.5. The mapping V* € C®(R; L(UkLz2)) is called a propagator of
equation (2.3), if for all v € UkLa the vector-function n(t) = V(¢)v is a solution
of (2.3).

Theorem 2.6. Let the pencil B be polynomially (A, p)-bounded, and condition
(A) be satisfied. Then, the family of operators

1

Vnlt) = 55

/Rf}(B?)(/L”_m_lA—u"_m_QBn,l—...—Bmﬂ)e“tdu7 m=0,n—1,
Bl

define the propagators of equation (2.3).

Lemma 2.7. V,, € C®(R; L(VkLa; Uk L2)), (Vm(t))gl) . O form #1 and
t=

(Vi )™

Definition 2.8. The set 8 C VkLs is called the phase space of equation (2.3) if
(i) a.s. every trajectory of the solution n = n(¢) lies in 3 pointwise, i.e. n(t) € P
a.s. for all t € R;
(ii) for all random variables &,, € La(2;8), m =0,1,...,n — 1, there exists a
unique solution n € C™(J, Yk Lz) of (0.3), (2.3).

= P, where P is the projector in LUxLa on %%{Lz along W%Lz.
t=0

Theorem 2.9. If the pencil B is polynomially A-bounded, condition (A) is satis-
fied and oo is a pole of order p € {0} UN of A-resolvent, then the phase space of
equation (2.3) coincides with the image of projector P.

Corollary 2.10. Under the conditions of theorem 2.9 the solution of (0.3), (2.3)
is the Gaussian K-random process if the random variables &,,, m =0,1,...,n—1,
are Gaussian.

Lemma 2.11. Let the pencil B be polynomially (A, p)-bounded, and condition
(A) be satisfied. Then for all independent random variables &, € UxLa, m =
0,1,...,n—1, there exists a.s. a unique solution n € C™(J,VkLz2) of (0.5), (2.3),

n—1

represented in the form n(t) = > Vi(t)&m, t € R. If in addition &,, m =
m=0

0,1,...,n—1 take values only in ‘B%(Lz, then this solution is a unique solution of

(0.3), (2.3).

Go back to equation (0.2) and notice that now J = [0,7). Let the K-random
process w = w(t),t € [0,7) be such that

(I-Q)w € CP™™(3,8%Ls,) and Qu € C(J, Bk Lo), (2.4)

then the K-random process

nt) = =S KB 6 (1) + / Vo it — ) (AN Qu(s)ds  (2.5)
0

q=0

is a unique classical solution of (0.5), (0.2) with &, € Y% L2, m =0,...,n — 1.
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Theorem 2.12. Let the pencil B be polynomially (A, p)-bounded, and condition
(A) be satisfied. For any K-random process w = w(t) satisfying (2.4), and for all
independent random variables &, € VYxLa, m =0,1,...,n — 1, independent with
w, there exists a.s. a unique solutionn € C™(J, Bk L2) of (0.2), (0.5), represented
in the form

n—1 j2 t

00 = 3 Vi — SOKI(BY 6 (1) + / Vi (t — 5)(A) 1 Qui(s)ds.

m=0 q=0 0
(2.6)

However, ”white noise” w(t) =Tk (t) = (2t)"'Wg(t) does not satisfy con-
dition (2.4), so it cannot stand on the right-hand side of (0.2). One approach
to solving this problem is proposed in [8, 17]. To use this approach, convert the
second term on the right-hand side of (2.5) as follows:

an,l(t —s)(AH7LQ Wi (s)ds = —Vy,_1(t — &) (AH) " LQWi (e)+

+ft%Vn—1(t — $)(AY Wi (s)ds = Vo1 (t —e)(A) QWi (e)+  (2.7)

where V,,_o(t) = — f,uRﬁ‘ (B)Aer dy. This integration by parts makes sense for
v

any € € (0,t),t € Ry due to definition of the Nelson — Gliklikh derivative. Letting
e — 0in (2.7) we get

/Vn,l(t —s5)(AH7'Q V?/K (s)ds = /Vn,g(t — 5)(AN) T Wik (s)ds. (2.8)
0 0

Corollary 2.13. Let the pencil B be polynomially (A, p)-bounded, and condition
(A) be satisfied, Wi, € C(J,6%Lo). Let 3 C Ry. For all independent random
variables &, € VLo, m=0,1,...,n—1, independent from Wy, there exists a.s.
a unique solution n € C™(J,BkLs) of the problem (0.5) for the equation

o(n)

AN = Bu_g" '+ ...+ Bt W, (2.9)
given by
n—1 &
n(t) = Z Vin()&m + / Voot — 8)(AY) 7T QWi (s)ds.
m=0 0

Theorem 2.14. Let the pencil B be polynomially (A, p)-bounded, and condition
(A) be satisfied. For all random wvariables &, € UVxLa, independent from W,
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there exists a.s. unique solution n = n(t) of (2.2), (2.8) given by

n—1 t

n@z}jm@m+/m4wﬁmw*mm@@f
m=0 0
CSRNBY - Q) W
q=0

3. Strong solutions

Let Lo(J; VL) be a space of stochastic processes whose paths are square-
integrable on J.

Definition 3.1. A vector function

o(n)
ne Hn(%KLz) = {77 S LQ(j,%KLz) o€ Lz(j,mKLz)}

is called a strong solution of equation (0.2), if it a.s. turns the equation to identity
almost everywhere on interval (0, 7). A strong solution n = 7(t) of equation (0.2)
is called a strong solution to problem (0.2), (0.5) if condition (0.5) a.s. holds.

This is well defined by virtue of the continuity of the embedding H"(UkL2) <
C’"‘l(j; Uk L2). The term “strong solution” has been introduced to distinguish
a solution of equation (0.2) in this sense from the solution (2.6), which is usually
said to be “classical”. Note that the classical solution (2.6) is also a strong solution
to problem (0.2), (0.5).

Let us construct the spaces

o(p+n)
HP (B La) = {v € Ly(3;6xLa) : 0 € La(J; 6xLa),p € {0} UN}.

The space HPT"(&kLy) is a Hilbert space with inner product

p+n  r
[v,w] = ;/0 <U(Q),w(Q)>®KL2 dt.

Let w € HPT"(&kL2). Introduce the operators
P n 0\ —1 o (q)
= )@ Q)i (o)

Alw(t) = —

Asw(t) = [V 1(t — 5)(AY) " 1Quw(s)ds,t € (0,7)

o &

and the function )
k() = Vin(t)ém-
m=0

Lemma 3.2. Let the operator B be (A,p)-bounded, p € {0} UN. Then
(i) Ay € L(HPT"(GkLa); H" (U L2));
(1) for arbitrary &, € kLo, m = 0,n — 1 the vector function k € C™([0,7); Bk L2);
(ZZZ) As € E(HP—HL(@KLz),Hn(wKLz))
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Theorem 3.3. Let the operator B be (A,p)-bounded, p € {0} UN. For any K-
random process w = w(t) satisfying (2.4), and for all independent random variables
&m € VLo, m =0,1,...,n — 1, independent from w, there exists a.s. a unique
strong solution to problem (0.2), (0.5).

4. Optimal control

Let 4 be a real separable Hilbert space with orthonormal basis {¢x}.
Consider the Showalter — Sidorov problem (0.5) for linear inhomogeneous Sobolev
type equation with additive "noise” (0.4).

Introduce the control space

o P+

H (W) ={ue Ly0,7;80) : uP™ € Ly(0,7;80),u?(0) = 0,¢g = 0, p},
p € {0} UN. It is a Hilbert space with inner product

p+n

_ "o @ @\ g
[v, W] qz_%/o <v W >udt

o p+n opt+n
In the space H  (4) we single out a closed convex subset Hy  (4), which will

be called the set of admissible controls.

o ptn
Definition 4.1. A vector function & € H, (Y1) is called an optimal control of
solutions to problem (0.4), (0.5), if relation (0.6) holds.

optn
We need to prove the existence of a unique control 4 € Hy (i), minimizing

the penalty functional

p+n

L N ) 1)) T 0@ (@)
s =i [ 5 e+ v S [ (36
q=0"0 g=0"0 st

Here p,v >0, u+v =1, Ny € L(U), ¢ =0, 1, ..., p+n, are self-adjoint positively
defined operators, and 7)(t) is the target state of the system.

Theorem 4.2. Let the operator B be (A,p)-bounded, p € {0} UN. Then for
arbitrary w € HPT"(&kLs) there exists a unique optimal control of solutions to
problem (0.4), (0.5).

Proof. By Theorem 5, for arbitrary w € HPY"(SkLs), &, € YkLa, and
u € HPT(4) there exists a unique strong solution 1 € H"(&kLs) to problem
(0.4), (0.5), given by

n(t) = (A1 + Az)(w + Cu)(t) + k(t), (4.2)

where the operators A;, A; and the vector function k are defined in Lemma 3.2.
Fix w € HPT(6kLs) and &, € Yk Lz, and consider function (4.2) as a map-
ping D : u — n(u). The mapping D : HPT"(4) — H"(SkLs) is continuous.
Therefore, the penalty functional depends only on w : J(n,u) = J(u).
We write out the functional (4.1) in the form

2
J(u) = pln(t, u) - 77HH'n(mKL2) + vfv, ],

33



ALYONA A. ZAMYSHLYAEVA AND OLGA N. TSYPLENKOVA

where v(@(t) = N,ul?(t), ¢ =0,...,p+n. Hence it follows that

J(w) = m(u, u) = 2M(u) + |7 = 1(t, 0) [ (e -
where
w(u,u) = plln(t,w) = n(t 0| m(wyery) + VIvs Ul

is a bilinear continuous coercive form on HP*"(4) and
)‘(u) =M <77/ - 77(t7 O)a 77(757 u) - n(ta 0)>H”(‘BKL2)

is a linear continuous form on HP*" (). Therefore, the assumptions of theorem in
[18, p. 13, Theorem 1.1] are satisfied. The proof of the theorem is complete.

5. The Boussinesq — Love Equation

Consider the Boussinesq — Love equation (0.7) with the boundary condition
(0.8). To reduce problem (0.7), (0.8) to equation

0(2) 0
AN =B N+Byn+w+Cu (5.1)

put

U= {xecW*D):z(s)=0,s € dD}, & =WLD),
where Wi(D) is the Sobolev space. Define the operators A, By and By by the
formulas A = A — A, By = a(A = X), Bp = B(A = )X’), and C = 1. For each
le {0} U N, A, B1, By € E(QJKL2, ®KL2)

By {A\:}(= o(A)) denote the eigenvalues of the Dirichlet problem for the
Laplace operator A numbered in nonascending order with multiplicities, and
by {¢x} denote the corresponding eigenfunctions orthonormal in L?(D). Since
{pr} € C*(D), we have

pPA—pByr— By =Y [(A= M)’ +a(N = XM)u+ BN = )] < ¢k, > or,

k=1
where < -, - > is the inner product on L?(D).
The following assertion was proved in [19].

Lemma 5.1. Let one of the following conditions be satisfied:
(i) A& o(A);
(ii) (A € o(A)) A (A £ X);
(1ii) A€ a(A)AAN=N)ANA#N).
Then the pencil B is polynomially A-bounded.
In cases (i), (iii) the pencil B is (A,0)-bounded. In case (ii) oo is essentially

singular point. Therefore we exclude thus case from further considerations.
Consider the Showalter — Sidorov theorem

D <erk(s,0)=Co(s) > =0, D> <or,&(5,0) = &u(s) > o = 0. (5.2)

P AEAR

By Theorem 3.3, we have the following assertion.
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Theorem 5.2. Let one of assumptions (i) and (iii) of Lemma 5.1 be satisfied.
Then for arbitrary &,&1 € VkLe and w € H?(VkLz), there evists a unique
strong solution of problem (0.8), (5.2) for the equation

(A= A) €= a(A = N) & +B(A — N')E +w,

which can be represented in the form

Z = o ><Pk+

BV =)
p,k)\ )\k)—l—a()\—)\k) Ly M%(A—)\k)—&-a()\’—)\k) 2,
+ et 4 FEM D < op, €0 > ort
2. { D) DAl © ] S

kY — e/"'k eﬂk(t T) — e/“‘k( T)

ell«
+Z ) < Pr, €1 > SDkJFZ / N — ) < ok, w(T) > prdr,

te (_Tv T)7
where the prime on the sums indicates the absence of terms with indices k such
that A = \g.

Let us proceed to the optimal control problem. We fix 0 < 7 < T and introduce
the control space

H2(4) = {u € Ly(0,7;4) : ii € Lo(0,7;80)}.

In the space H?(4), we single out a closed convex subset H3(4l), which will be
the set of admissible controls.

Theorem 5.3. Let the assumptions of Theorem 5.2 be satisfied. Then for arbitrary
£0,61 € VkLy there exists a unique optimal control 4 € Hg(il) of solutions of
problem (0.8), (5.2) for Eq. (0.7) minimizing the functional (4.1).
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