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STOCHASTIC PROCESSES ASSOCIATED WITH NONLINEAR
PDE SYSTEMS WITH CROSS-DIFFUSION

YANA BELOPOLSKAYA

ABSTRACT. We construct a stochastic model underlying a system of nonlin-
ear parabolic equations with cross diffusion similar to the SKT system. This
model is presented as a system of stochastic differential equations with coef-
ficients depending on distributions of the SDE solution functionals. We state
conditions of existence and uniqueness of the derived SDE system and the
original PDE system and study their solutions. We discuss as well stability
and instability of stationary solutions of the Cauchy problem for the SKT
type system.

Introduction

Stochastic nature of nonlinear parabolic equations attracted the attention of
various authors [1], [2], [3] and others since the seminal paper by McKean [4]. See
the recent monograph [5] for a number of references.

On the other hand, in spite of the fact that systems of nonlinear parabolic
equations with cross-diffusion arise in various fields such as physics, chemistry,
population dynamics and so on, they attracted mainly the attention of people
working in PDE theory (see [6], [7] and references there). Though terminology of
these works includes such terms as diffusion and cross-diffusion there are not so
many results concerning stochastic diffusion processes underlying these systems.
Let us mention papers [8], [9], where the authors describe stochastic dynamics
of a population composed of M competitive types of individuals, assuming that
each type has its own spatial and ecological dynamics depending on the spatial
and genetic characteristics of the whole population. Assuming that the motion
of each individual (of a given type) is driven by a diffusion process on R% whose
coefficients depend on different individuals around they show that when a size
of population goes to infinity, the dynamics of the population is described by a
system of non-local parabolic equations with cross diffusion. The limiting system
is called a mean-field type model. Thus, the stochastic dynamics of a population
is described by an individual-based system.

In contrast to this approach we are interested in stochastic model for the limit-
ing parabolic system itself or in stochastic model underlying a mean field model.
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Stochastic models underlying a number of systems with cross-diffusion and systems
of the reaction-diffusion type were constructed in our previous papers [10]-[12].

In this paper we derive a suitable stochastic model associated with the SKT sys-
tem [13] in one dimensional space, study a solution of this system and investigate
effect of the cross diffusion on instability of the stochastic model.

1. Stochastic counterparts of a PDE system with cross-diffusion

Consider a population consisting of individuals belonging to two distinct species
(or two classes in the same species) of individuals which interact through diffusion
and competition.

A system to describe a dynamics of this kind was proposed by Shigesada,
Kawasaki, and Teramoto [13], to study spatial segregation of interacting species.

We are looking for concentrations (number density) wu,(t,y) > 0 of individuals
of two competing species, m = 1,2, y € R,t € [0, T].

The dynamics of the population is described by the the Cauchy problem for a
system of parabolic equations

ouy, 1 02

ot 2042 [Mz(y,u)um] + e (Y W, Um(0,y) = wom(y), (1.1)

where
2
M (y,u) = o + Qi + aomotia >0, G (Y, u) = Cm — Cmattn — Cmatia

and apm,, Cmg, Cm,s Cmg, M, ¢ = 1,2, are positive constants.

Our aim is to construct a weak and a mild solutions of the Cauchy problem
(1.1) in terms of a stochastic model associated with this system.

To this end we interpret this system as a system of nonlinear forward Kol-
mogorov equations for densities of some Markov processes and derive SDEs for
these Markov processes.

Let us mention that a specific feature of systems of this type is the following.
Although we interpret a solution of this system as a family of densities of some
Borel probability measures on R the nonlinearity of the system prevents to write
immediately the system of PDEs for required measures themselves. Equations of
the type (1.1) are called singular equations. We consider here the Cauchy problem
for a system of regular equations of the form

opy, 10%
5 = 5372[Mm[y,u]um] + e[y, Wpm, im0, dy) = pom(dy), (1.2)

where M7, [y, u] = au, + 2321 Jr Cmap(y — x)pg(dx),  Cmqgly, 1] = cm—
— 22:1 Jr Emap(y — x)pug(dx) and p is a mollifier.

To state the problem strictly we need a number of functional spaces. Let Cp(R)
be the space of bounded continuous real functions on R and Cy(R), C§°(R) be the
spaces continuous and infinitely differentiable real functions on R? with compact
supports respectively. Let W™P(R) be the Sobolev space of order r , where r, p are
integers. For Euclidian space X we denote by S(X) Schwartz space consists of C*°
- functions whose derivatives (including the function itself) decay at infinity faster
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SDES AND PDES WITH CROSS-DIFFUSION

than any power and by S’(X) its dual called the space of tempered distributions.
Recall that D(X) = C§°(X) C S(X).

We say that bounded Borel measures p,,,m = 1,2 are weak solutions of the
Cauchy problem (1.2), if for any h € S([0,T) x R), t € [0,T] integral equalities

[t [P0 g0} 2o st (9

4 / /R i (5, dy ) (5, )y, 1(5)) s + /R (0, dy)(y)

hold.

Our aim is to construct stochastic models for solutions of the Cauchy problem
(1.2). To this end we fix a probability space (2, F, P) and denote by w,,(t) €
R,m = 1,2 independent Wiener processes defined on this probability space. Next
we consider a system of stochastic equations

where &y, are independent random variables with distribution P(&y,, € dy) =
tom (dy) which do not depend on w,, (t).

Since u,(t,y) are unknown functions we have to find additional relations to
derive a closed system. A natural way is to use the Feynman-Kac formula that is
add to (1.4) a relation

/ h(ym(t,dy):E[h(fmu))exp{ / tcm@m(s),u(s,sm<s>>>dsﬂ, (15)

where fim (¢, dy) = upm(, y)dy.

In contrast to the case of backward Kolmogorov equations we require that (1.5)
would be valid for any test function h € Cy(R).

To justify this approach assume that (1.5) is valid for any h € Cy(R),t € [0,T]
and let ¢;,(z,u) be bounded. Then for each m = 1,2 and ¢ the right hand side
of (1.5) is a bounded linear functional on the space Cp(R) and hence by the Riesz
theorem it defines a unique measure i, (¢, dy).

Assume that there exist Markov processes &, (t),m = 1,2, satisfying (1.4),
denote by P (0,z,t,dy) = P{{m(t) € dy|&n(0) = z} their transition probabilities
and set i (t, dy) = P{&n(t) € dy} = um(t, y)dy.

We say that functions w,,(t,-) define a mild solution of (1.1), if for any h €
Cy(R), t € [0,T] and m = 1, 2. integral identities

/ ()t (1 )y = /R h(y) /R o (2)d P2 (0, 7, £, dy) +

/ / (/ (s,2,1 dy)) Cm (2,u($, 2))Um (s, 2))dzds (1.6)
hold.

As a result we may consider a closed system (1.4), (1.6).

To make the problem more tractable we consider a mollification of the system
(1.1) that is the system (1.2). To this end we choose a mollifier p : R — R, that is
a compactly supported smooth function on R such that |’ r P(z)dr =1 such that
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lime_>o pe( ) = limey0 € ?p(2) = o(x) and set [p*ul(t,y) = [, ply — =)u(t, dz) =
Jrpy u(t, z)dz provided that the measure u(t, dy) has a den51ty u(t Y).
Next we conblder a system
dgm(t) = Mm(gm(t)a ’U(t, gm(t)))dwm(t)a fm(o) = Som, (17)

with P{&,,(0) € dy} = pom(dy), and

vmlty) = B p(y—fm(t))exp{ / t cm@m(s),v(s,sm<s>>>ds}]. (18)

If we assume that there exists a solution to (1.7), (1.8), then we can verify that
functions v,, are connected with a weak solution u,, of the Cauchy problem
Oup, 1 0?2
ot 20y2
by a relation v, (t,y) = p* um(t,y) = [ p(y — z)um(t,)de, m=1,2.
Note that (1.9) can be treated a a system for densities of bounded Borel mea-
sures (¢, dy) satisfying the Cauchy problem

Opirn 1 02

[an[ya p* u}um] + Cm[ya p* u]uma um(oa y) = uOm(y)7 (19)

o " 2057 [M2[y, p* plpm] +emly, prul) i, pm (0, dy) = pom (dy),m = 1,2.
(1.10)
To investigate the system (1.7), (1.8) introduce some additional notations. De-
note by ¢ = C([0,T); R) the space of continuous real-valued functions on [0, 7]
and consider the process &, (t,w) satisfying (1.7) as a value wy,(t) of wy, € C at
t € [0,T]. We denote by F and F; 0 <t < T the smallest o-algebras generated by
{&n(7),0 <7 < T} and {&n(7),0 < 7 < t} respectively. In addition we denote by
Km(dw) a probability measure on C generated by the canonical process &, (t,w).
Let P,(C) denote the space of Borel probability measures on C with finite mo-
ment of order » = 1,2 and

W (p, ) = inf { ( | - y|w<dx,dy>)'”

where 1L, (z,y) = 2,11, (z,y) = y for all 2,y € R and |ull, = [[, ly|” w(dy)] .
Consider the space B, = B([0, c0); P,) of all P, -valued Borel measurable func-
tions p(-) satisfying an estimate sup,¢ o 77 [|14(f)[» < oo for all T' < ooc.
Now we may consider (1.9) and relations

i t) = B oty - ent)esn { [ t enlén(uelasf] )

as a closed system of equations, where k., is a distribution of the canonical process

|H;7 = VlaH;;rY = VQ}a

Em(t).
Applying the Ito formula we can verify that if &, (¢ ),uﬁ{” (t7y) satisfy (1.7),
(1.11) then the functions vy, (t,y) = [p * um|(t,y) = [ p(y — T)um(t, z)dz satisfy

the Cauchy problem for a system

Ov(t,y) 1 02

o1 T 20,2 (M2, (t,y, [ * 0))om) + em (Y, [p % V) vm,  vm(0,y) = vom.

12



SDES AND PDES WITH CROSS-DIFFUSION

Formally, if we choose p = ¢ in (1.11) and consider a solution (&, ufm(¢,y)) of
(1.7), (1.11), we can verify that ufm satisfy (1.1). To this end we apply the Ito
formula to the function ¢(x) and the process &,,(t) and verify that the functions
uf"m | which are the densities of the measures p,,, defined in (1.5) satisfy (1.1) in

the weak sense.
To investigate (1.7), (1.11). we rewrite (1.11) in the form

i) = | p(y—wma))exp{ /Otcm[as),v]ds}dnm(wm), (1.12)

Cm
where k., is the law of the process &, (+) on the canonical space C,,, = C. Note that
(1.12) describe the links between the probability measures x,, on the canonical
spaces C,, and the functions vfim defined on [0, 7] x R. Sometimes to make notations
more short we omit upper index K,.

When e[y, u] = em(y) — 2321 Cmqlys ) = 0 we deduce from (1.12) that
O (t,y) = [z Py — ) (t, dx) = [p* p(t, y), where g, (t) is the marginal law of
the process £(t) = (£1(t),&2(t)) € Rx R . In a general case we consider the system
of equations

Em(t) = Som +/O M (&m (), u"™ (5, Em (s)))dwnm (s), (1.13)

UZ@m (t7 y) = /C p(y - fm(tvw))G(tv gm(w))7 ul{)“m(dw)’ ‘C(gm) = KEm, (114>

where G(t, & (w), 1) = exp {fg Cm[&m(s,w), u”]ds} and &, are the canonical pro-
cesses &, 1 C — C defined by &, (t, wm) = wm(t), t > 0,w,, € C and Ky, (dw) =

L(&m)-
Along with (1.13),(1.14) we consider equations

Emn(t) = Eom + / M€ (3), p* "] dwn(s), (1.15)
0
where p ™ is defined by
/ Byt (1, dy) = / D (1,0)) Gt Em (@), [0 * 1] (), (1.16)
R C

for all ¢ € Cp(R) and L(&,) = Km.-
Let us verify that equations (1.15), (1.16) and (1.13), (1.14) are equivalent.

Theorem 1.1. Assume that functions i, Cmi are smooth functions of polyno-
mial growth. The ezistence of a solution to the system (1.15), (1.16) is equivalent
to the existence of a solution to (1.13),(1.14). In other words, given a solution
(&m, pl) of (1.15), (1.16) we define a couple (Em,ul) satisfying (1.13), (1.14),
where ul, = px k. On the other hand given (&, ul) satisfying (1.13), (1.14)
there exist measures pl, such that (&, pr) solve (1.15), (1.16).

Proof. Assume that there exists a couple (&, (t), us, (¢, y)) satisfying (1.15), (1.16)
and v’ (t,y) is bounded for ¢ € [0,T]. As far as p € L1 (R), the Fourier transform
F(uf)(t, z) of the function u? has the form

Fup,)(t,2) = F(p)(2)gp(t, 2), (1.17)
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where

%@@:/KMWWJW%WWWWWMMW
C

By Lebesgue dominated convergence theorem we deduce that the functions g% (¢, z)
are continuous in z for ¢ € [0, T]. In addition ¢, (u1,us) are bounded for bounded
Um, m = 1,2. Remind that given a sequence of complex numbers §; and a sequence
x = (x1,...2),2x € R one has for all y € R and any integer n

n n n n d
Z Zﬂkgqefiz[mkqu] — <Z Bkeiwk) (Z By e—iz~mq> _ |Z o2 Tk ‘2’
q=1 k=1

k=1qg=1 k=1

and thus ¢ is nonnegative definite. Then by the Bochner theorem there exists a
unique measure (i, (t) on R such that

1 ,
m(t,z) = — Y E (t, dy). 1.1
7(t.2) = 5o [ ey (1.15)

The finite non-negative Borel measure p!%, (¢,dy) can be treated as an element of
the tempered Schwartz distribution space S’(R) such that F~1(g%)(t) = pf,(t)
and for any ¢ € S(R) the estimate | [}, ¢(y) sy, (£, dy)| < [|@]|oop(t, R) < 0o holds.

As a result we get from (1.17) and (1.18) that F(u)(t,-) = F(p)F(uf,(t)) and
hence

W (8) = px i (1): (1.19)

To verify that (1.18) yields (1.16) we consider (¢, pum (t)) = [ ¢(y)pm(t, dy), ¢ €
S(R) and note that

(&, 1 () = (&, F 7 (gm)) = (F71(@), i) =

_ / F)(2) ( / o iEm (t0) Cm(Efﬁ(S’w)’u)dsnm(dw)) L.
R C

Next applying the Fubini theorem we have

(Gt = [

( / Fl(@(z)eizsm(t,w)dz) i e (€5, (s pmlds (1)
C R

and finally taking into account (1.18) we obtain

<@mﬁ»=éw@mwwﬁ%mwmmw%mmm

which coincides with (1.16).

To prove that (1.16) yields (1.14) assume that (&, (%), 1m) satisfy (1.15), (1.16)
and set uf (t,y) = [p* p](t,y). Since uf is finite, we deduce that (1.14) holds
setting in (1.16) ¢ = p(z — -). O
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2. Existence and uniqueness theorem

Consider a system

Oy, 1
o = ALY, ] + emly, pltims  Hom = o (2.1)

One may show that one can treat a system (2.1) as a scalar equation with
respect to a measure p(t) defined on the Borel og-algebra B(R x R) of the space
R x R [14].

Our aim is to construct p(t) € M such that p(t) = (Law(&1(t)), Law(£2(t))),
where &, (t), m = 1,2, satisfy

dém(t) = M[ém(t)v :u(t)]dwm (),  &m(0) = Eom- (2.2)
We say that condition C 2.1 holds if

| My, p]] < Kol + lylll,  lemly, u]l < C.

As above, to make the system closed we add to (2.2) relations

o) = Elply ~&n)esp { [ (), sl .

Assume that we are given a probability measure k € P(C x C) with marginals
Km and consider equations

um(t,y) = /CP(:U — &t w))edo crlm(sholdag (o), (2:3)

We may treat the relations (2.3) as a possibility to associate a probability mea-
sure £ on CxC with marginals k,,, m = 1, 2 to the function u(z, y) = (u1(z), u2(y)).

Lemma 2.1. Given a probability measure k € P2 (CxC) with marginals Ky, (t),m =
1,2 assume that there exists a unique solution u = (u1,us) of (2.4). Then functions
U (t) are bounded over a certain interval [0, T).

Proof. Denote by K@ (t) a function for which an estimate supyegr|um(t,y)| <
K¥(t),m = 1,2, holds and set K"(t) = max(K¥(t), K¥(t)). Consider a process

m

77m(t) .
M (t) =1 +/ (1 (85 &m(8)), u2(s, Em(8)))mm (s)ds
0
and note that

nm ()] < 1+/0 [em + cmilur(s, &m ()] + cmaluz(s; Em(s))[][mm (s)|ds

and by the Gronwall lemma we get

nm ()] < ezp{/o [em + emifur(s, Em(8))] + cmalua(s, Em(s))llds.

This allows to estimate sup,, [un(t,y)| = Ky, (t)

2 2 t
K <K, S ()] < K, 3 expf / [em + e K (8) + e ()] ds.
m=1 0

m=1
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Set C' = max(ci,c2), B = MaXy, 4eq1,2} Cmq and ¥(t) = K{'(t) + K3 (t). Then

t
10 < 28, exp( | €+ r()ds.
0
Note that this integral equation is equivalent to the Cauchy problem

dy(t

DO _ 0 tawho), (0 = 2K,
The solution of this Cauchy problem has the form
2CK et

T C 12K, - 2K,eCt

v(t)

and we can see that if ¢ € [0,71] where T} < &1n (1 + %) then () < K* <
0. (I

Theorem 2.2. Given a probability measure k € P(C) x P(C) there exists a unique
bounded Lipschitz continuous solution u = (uy,us) of (2.3).

Proof. Let us start with a priori estimates of solutions to the system (2.3). Namely,
let us fix a measure s on the space C? = C([0,t]; R) x C([0,t]; R) with marginals
Km and assume that there exists functions u,, satisfying (2.1).

Denote by N = {C 1 [[Clloo,r = Jo suDsefo, 7 1€t w)[[km (dw) < o0} Denote by
N ={C: Cllsor = Jere suPiciory I(E W)l (dw) < oo}

The spaces (N, || - ||,1) are Banach spaces. Consider an equivalent norm
| - 151 in the space Ny, of the form [[Y||X | = B [sups<pe™ 5[|Y (s)|].

We define a map I'm : C — C([0,T] x R; R) by

I (0 () = /C Py — En(t,0)) G (£, ) i (),

with Gy, (¢, () = exp {fot cm(u(s,gm(s,w)))ds} and a map
U 1 C([0,T) X BsR) = Crn - by Wi (f)(t,w) = f(t,wm(?)).
Hence V,, o T'"m : C — C,p,.
Set U = (Vy,¥y) and Yol :C? — C? with ¥,,, 0T, : Cp, — C,, and rewrite
(2.1) in the form
u® =T o W) (u™) with wuy, = (Thm oW,,)(u"). (2.4)

Assume that there exists a fixed point Y~ € C? for ¥ oI'* such that Y,im € C,,.
Then we have ¥ o T'(Y*) = Y. Finally, choosing " = I'*(Y") we obtain
upm = (Thm o W) (u™). (2.5)

Hence u® = (uf*, uy?) satisfies to T*(Y*) =T o W o I'*(Y*) and solves (2.1).

In order to prove the uniqueness of a solution to (2.1) we assume on the contrary
that there exist two solutions u® = (I'*)(Y*) and ¢g" = (I'*)(Z*) of this system
and for Y* = u(t,y), Z% = g(t,y) for any (t,y) € [0,T] x R? we estimate the
difference

Am(t) = [y (Zpm) = o (Yt y) =
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- / Py — Em(t0))[Gon (£ 27 (@) — G (£, Y™ ()i (o).

m

Note that the process n,,(t) = G, (t, Z"(w)) satisfies an equation

¢
Mm(t) =1 +/ [em — em1 (U™ (5,&m(5))) — cma(us™ (s, &m(8)))]nm (s)ds
0
and estimate a difference E||n,,(t) — nk (t)|], where nl (t) = G, (¢, Y™ (w)),
B (t) = i ()] <
t
< Lc/o SB[ Z7 (s) = Y (s)]| + 1257 (s) = Yo (s)ll]le™ " ds
Keeping in mind that sup,cp |p(z)| < K, we deduce that
¢
M) < Ky Lee? [ [ eRe[1 20 (5,0) = Vi s+
cJo
125 (5,) — Y3 (5,0 e~ Ko dsdrim(w) < (26)
¢
< KpLCeK“TE/ e sup e K|y (0) — Z5m(0)||ds <
0

0<t
Kt _ 1

K
HIZ5m = Y3 ] -

(&

< K,efeT L, [1Z5™ — Yy |15 1+

Finally, we obtain that

2
et 1

2
D Alt) S KL, Z7™ =Y s + 125 = Yy lls ] -
m=1

m=1

Next since
(W oI™)(Z")(t) =T"(Z7)(t, (1)), (Lo I™)(Y™)(t) = T (Y")(¢,£(1))

oy 0SE<T

we get
2
E mz::l O;E’T efKtl‘I’m ol'ym (Z")(t) =¥ 0 an(YKm)(t)|‘| =
2
=E Y sup e KT (Z5)(t, &n(t) — T (Yo m)(t, Sm(t))ﬂ =

2
=D I (Z7m) = T (Y™ )|oe1 <

—_

< 2erKuTLc [HZiim — Y/

Katlizgm g

K
E oo,l] .
As a result we get that

2 2
1
Z ”)‘ch{{o,l < erKuTLCR Z ”)‘m”gl
m=1 m=1

and choosing K > K,L. we deduce that ¥ o I'" is a contraction in the product
space (C, || [ 1) x (C,|| - || .1). Hence by Banach fixed point theorem we prove
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the existence a nd uniqueness of a solution to (2.1) under the condition that
measures K,,,m = 1,2, are fixed. Moreover the functions w,,(t,y) are Lipschitz
continuous. This yields that there exists a unique bounded solution & (¢) of the
SDE (2.1). In addition by Burkholder-Davies-Gundy inequality we may verify that
Elsupi<t, |&m()|?] < C[1 + E|&om|*]- Thus the law Ny, (k) = L(&n) belongs to
P2(C). This yields that the process £(t) = (£1(¢),&2(¢)) has the law N (k) = L(§)
which belongs to P2(C x C.) O

Next we consider N as a map acting in Pa(C x C). To prove that N is a
contraction in the Wasserstein metrics consider solutions u” and w** of (1.16)
corresponding to measures k and x!.

Below we need an auxiliary estimate.

Lemma 2.3. Assume C 1 holds and the measures k., are given. Then the esti-
mate

[u(t,y) — u™ (&, y)|1* < Mic, ()[ly — y1ll* + Wr, (N (k), N(x1)) (2.7)
holds.
Proof. Let k € P2(C x C). Then
lu™(t,y) — u™ (t,yn)|* < Br + Ba,
where 57 = 2[[u”(t,y) — u"(t,y1)||*, B3 = 2[lu”(t, y1) — u" (£, y1)||*. Note that
Bt < /C |p(y = Em(t,w)) = p(yr — &m(t,w))PGr (&0 u™ (€m(w))i(dw) <

2 2K, 2
< Lo ly — ™.
To estimate (B2 we apply the Jensen inequality to get

@slwwm—%mmwmmmw%mm»— (2.8)

—p(y1 = &m(t,w1))Gm(t, €5 u™ (Em(wn))) [ (dw, den)
for any € II(k, k1), where II is a set of measures with marginals x and ;. Using
Lipschitz continuity of p and boundedness of w,, and G,, we may verify that there
exists a constant M > 0 such that an estimate

BSSAJLL 3605, 0) — Gl

s<t

+/O [u (s, &m (s, w)) — u“l(s,ﬁm(s,wl))PdS] m(dw, dwy).

Combining the above estimates we get that
n(5) = [ (5 (5,0 = 0 (5, o (50)) Pl don)
cxC

satisfy the estimate

<Mw:KmAc@@+K@u+mL SUD [En (5,) — Em (5,01) [P (oo, dooy)

xC s<t
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for m =1,2,t € [0,T]. Hence by the Gronwall lemma we obtain
Cm (1) < (t 4 2)M K, (1)etK® / | sup &m (8, w) — Em(s,w1)|?m(dw, dwr).  (2.9)
cxC s<t

Summing up the above estimates we deduce (2.7). O

Now we can prove the following statement.

Theorem 2.4. Assume that C 1 holds. Then there ezists a unique solution of
the system (2.4) and u,,(t,y) are bounded Lipschitz continuous functions.

Proof. By definition of the Wasserstein metrics we know that
Wr, (N(x), N(r")) < E[fgg ') — €)1, (2.10)
hence

[u*(t,y) —u™ (ty)|1* < M, ()[lly — il + W, (N (k), N(1)). (211
Applying lemma 2.3 and we may deduce that

Blsup 610~ €01 < Koo | [ Blsuplea(s) = €] e+ [ Wy
t<rt s<t 0
for any 7 < T3 and the constant K. depending on M and c.

Thus from the Gronwall lemma we obtain

T
Esup [&1(t) — £(1)|]°] < Kagee™ T / W2 (K, k1) ds.
t<t 0
Finally, from (2.10) we deduce the estimate

T
Wr, (N (k), N(k1)) < Ky eforeTt / W2(k, k1 )ds.
0

Iterating this estimate we prove that N is a contraction and by the fixed point
theorem we end the proof of existence and uniqueness of a solution to (2.1). Bound-
edness and Lipschitz continuity of u,, (¢, y) were proved above. ([

3. Stability and instability of cross-diffusion system solutions

Let us consider some properties of solutions to (1.1) and in particular their
stability. Let in the absence of diffusion (M,,(u) = 0,m = 1,2,) the system
(1.1) have stable constant solutions. Turing [15] discovered that if M;(u) = My #
Ms(u) = Mo, it’s possible for the system to have a spatially heterogeneous solution.
Thus, diffusion terms, which in many cases are the stabilising factors preventing
pattern formation, in this case become essential to drive pattern formation.

()

Assume that the system (1.1) has a stationary solution u,,” which is a constant

and let u,, (t) = uld + v (t) where v,, (¢) is a small deviation from the stationary

solution. Then v,,(t) satisfy a linear system

ov 1 02

ot 20y 5214+ B, u(0,y) = vo(y), (3.1)

19



YANA BELOPOLSKAYA

in the neighborhood of a stationary point us;i) where

B— c1— 2011u(15) _ ClQ’UéS) clgués) _ <—b11 —b12) (3 2)
021ugs) cog — cmués) - czlugs) —ba1 —b22
and
A2 _ o + 20411u§s) + OZQQU(QS) Oélgués) _ (an alg)
aglués) Qg + 2a22ug8) + aglugs) a1 Qo2
(3.3)
Note that usfb) are also equilibrium solutions of the system
dfm
E :Cm(f)7 fm(07y> :umO(y)7 m=1,2. (34)

Thus we can find them as solutions of the algebraic system
C1 (Ul,’UQ) = C1 —C11U]1 — C12U2 = 0, CQ(’Ul, 'UQ) = C2 — C21U1 — C22U2 = 0. (35)

The system (3.5) has two solutions, namely @(*) = (0,0) and

(s) _ [ C1C22 — C2C12 C2C11 — C1C21 h C = €11 C12
ul®) = where = :
< detC det C €21 C22

Let us examine a linear instability of v,, = uS,i) satisfying (3.1). To this end we

look for a solution to (3.1) of the form

v = <Z;) = (z;) exp(ikx + At), (3.6)

where A € R and k > 0.

To derive conditions for Turing instability we assume that (v{,v)) satisfying
(3.1) is a linearly stable solution of the form (3.6).

We say condition C3.1 holds if

a1 > 0,a09 > 0, det A% = aj1a15 — ajsas; > 0, TrB<0,detB >0.

The system (3.1) has a nontrivial solutions of the form (3.6) if determinant of
the matrix

k*a1; — b — A k%a12 — b
2 _ _ 11 11 12 12
WA+ B =M ( k?ag — b k?ag — baa — )\)

is equal to 0, that is

det(k2A+B—)\I) = (k2a11—)\—bu)(k2a22—)\—b22)—(k2a12—b12)(k2a21—b21) =0
(3.7)
From the last equality deduce a quadratic equation

M +pA+qg=0
with respect to A, where
p=—k*TrA+TrB, q=k'detA+k?m(A, B)+ detB = detLy,

and
m(A, B) = —a11baa + a21b12 + a12b21 — bi1ass.
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If (3.1) is a linearly unstable system, its solution v(¢,y) has to go to infinity as
t — oo. This means that one of roots of (3.7) must have a positive real part or
that one of the eigenvalues of the matrix L, = —k?A4 — B has a positive real part.

—pE/p?—4q
2

Since A2 =
q < 0.

By assumption 7rB < 0, then TrL, = TrB — k*Tr A < 0 is always true since
by assumption a1; > 0 and ags > 0. Hence if Lj has an eigenvalue with a positive
real part then the other eigenvalue has to be a negative real one.

For instability we need an estimate ¢ = detL; < 0 for some k > 0. But the
function det L;, has a minimum value

m?*(A, B)
4det A

, one of A\ should have a positive real part provided

m(A, B)

detB  at critical point k? = ————>.
+ ae at critical pomnt K Sdet A

mkin detLy = — (3.8)
Hence if m(A, B) < 0 and miny, det Ly, < 0, then (u(ls), ués)) is an unstable equilib-

rium of (3.1). Now we can state the following result.

Theorem 3.1. Assume that (ugs), u(;)) are constant equilibrium solutions of (1.1),
matrices B and A are defined by (3.2), (3.3) and det A > 0, TrB <0, a12 =
a1 = 0 and det B > 0. Then there exists an unbounded region G = {ay; >
0, ag2 > 0,a20 = Kay1}, for some k > 0 such that for any (a11,a22) € D the

point (u§s),v(3>) is an unstable equilibrium solution of (3.1). If

m?(A, B)
indet L, = — 2~ 2) 4 gerB .
min det Ly, 1deiA +detB <0 (3.9)
and
A, B)
2 _m(AB) B
© T 2deta (3-10)

then (u(ls), ués)) is unstable equilibrium solution of (3.1) but a stable solution of the

ODE (3.4).

Theorem 3.1 gives a general conditions that imply that adding self- or cross
diffusion to a dynamical system (3.4) yields an instability of the system. It allows
to analyse separately the effect of adding self and cross-diffusion.

We say condition C 3.2 holds if

detA > 0,a11 > 0,a92 > 0, b1 > 0,[)22 <0, TrB < O,detB > 0.
In the absence of cross- diffusion we obtain conditions of classical Turing insta-
bility.
Theorem 3.2. Assume that (ugs),ugs)) is a constant stable equilibrium solution

of (1.1), C 3.2 holds and consider a system

o, 102
ot B 5371/2[0% + amlul]ul +em(ur, u2)tm,  Um(0,y) = umo(y), m = 1,2.
(3.11)

Then there exists an unbounded region G1 = {(a11,a22) : a11 > 0,a22 > 0} for

some 6 > 0, such that (ugs),ugs)) is an unstable equilibrium solution of (3.11).
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Proof. We consider the linearised system associated with (3.11) and deduce from
(3.9) that

(ag2b11 + a11ba2)?

b b
min detLy, = — at k2 = 922011 1 0102
R 2a11a22 2a11022

Set

_ 2 _

Kj(alla 022) = —((Izzbn —+ a11b22) + 4(122&11(b11b22 _ b12b21) _

= 2[det B — bigbar]ariaze — byyal; — a3ebi;

and

B(ai1,az2) = bi1age + ai1bas.

Since C 3.2 holds we deduce that k(a11,a22) < 0 and (a11,a22) > 0. Set 6 = Z—ﬁ,
then

/<;(a11, 1122) =0 iff b§2 — 29[d€tB — blgbgl] + 0217%1 =0 (312)
and
b A
Blair,aze) =0, iff 0= —[92—2 =0. (3.13)
11

Keeping in mind C 3.2 we deduce that roots 6+ of (3.12) have the form

- det B — b12b21 + \/(detB — b11b22)2 — b%1b§2
- b '

+ (3.14)

Since due to C 3.2 we have
(det B — by1bog)? — b3, b3y = det Bldet B — 2b11bas] > 0,

we deduce that 6, > 6> 6_>0. Finally, we have x(a11,a22) > 0 between the
line ase = 61aq1 and the line ase = 0aze and S(aq1,az2) > 0 between the line
az2 = Oay1; and the byo-axis. Hence the region GG; between the line agy = 6a1;
and ago-axis is an unstable region that is for any (ai1,a22) € Gp the solution

(ugs), ugs)) is an unstable equilibrium of (3.11). O

Let us show that Turing instability can arise in a system with cross-diffusion in

the case when in the corresponding system without cross diffusion there was no
such instability.

Theorem 3.3. Let (ugs), ugs)) be a constant equilibrium of (1.1) and C 3.2 holds.
In addition we assume that (ugs)7ugs)) is a stable constant equilibrium of (3.11).
Given G1 defined in theorem 3.2 for fixed ay1,a20 which are not in G there exists

an unbounded region Go = {a21,a12} defined by

GQ = {(agl,alg) c R2 : ((121b11 + a12b22) < agabi1 + a11bea — 2V det AV det B}

(3.15)
such that for any point (as1,a12) € Go the solution (ugs),ués)) is an unstable
equilibrium solution of (1.1).
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Proof. By assumption detA > 0 that yields a11a22 > a12a21. Consider (aq1, ass)
inside a region between two components of the hyperbola ai1ase = aj1a9e and
recall that from theorem 3.1 we know the explicit expression for updet Ly which
is attained at the point k. (see (3.9) and (3.10)). Then keeping in mind C 3.2 we
can verify that (3.9) and (3.10) are equivalent to inequalities

Hl(agl, alg) = 7(&21()11 + &12b22 - l)z + 4det Adet B < 0, (316)

B1 =7 — azabia — a12bz1 >0, v = azebi1 + a11bas. (3.17)

Let us show that the equations kj(az1,a12) = 0 and a12a21 = aj1a20 define an
ellipse and a hyperbola in the plane (a12,a2;) with intersection points a,b which
belong to the line defined by the equation f;(as1,a12) = 0. Set
O—-—R O+ R

,  a1p = .

2y ST

Substituting the derived expressions for a1, as; into equation x1(az1,a12) = 0 we
derive an equation

O = agibia + a125217 R =a21bi2 — a125217 a21 =

det B det B
(1 + ) — 290 — S22 R2 _ dayagydet B+ 42 = 0. (3.18)
b12b21 b12b21

Since det B > 0,b11 > 0,ba2 < 0 we get byabo; < 0. Thus,

det B det B b11b22
<0 and - (14—~ ) =— <0
bi2b21 ( b12b21 ) ba1b12
and we may rewrite (3.18) in the form
b11b22 ( b12b21’7>2 det B 2 2 det B
— — = — + 4aq1a909det B. 3.19
ba1b12 b11b22 b12b21 7 b11b22 e (3.19)

Since the right hand side of (3.18) is positive, the equation &1 (az21,a12) = 0 defines
an ellipse in (b2, ba1 )-plane.

Let agiai2 be a point of the hyperbola asjaia = aj1as2, then £1(ag1,a12) =0
if and only if v — a12b21 — a21b12 = 0. Thus, the hyperbola as1a12 = aq1a99,
the ellipse Hl(agl, alg) = 0 and the line Y — (1121)21 — a21b12 = 0 intersect at two
points. One can easily verify that if a point as1,a12 is outside the ellipse, then
1‘{1(0,21, CL12) < 0. [l

Thus, we have shown that there are cases when Turing instability is the result
of the addition of cross-diffusion. On the other hand if the equilibrium is lost due
to self-diffusion it can be restored by adding the suitable cross-diffusion.

Theorem 3.4. Let a couple (ugs),ugs)) be a stable solution of (1.1), but is an
unstable solution of (3.11) that is Turing unstable. Then for fized (a11,a22) € G1
defined in theorem 3.2 there exists an unbounded region @ in the plane (di2,d21)
defined by

Q = {(a21,a12) € R? : ajzas; < ajjass, ki(az1,a12) >0, PBi(az1,a2) <0},

where k1 and By are given by (3.16), (3.17) such that for any point (az1,a12) € Q

the point (ugs)mg(s)) is a stable equilibrium solution of (1.1).
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The proof of this theorem is similar to the proof of the previous theorem. Note

that the region @ is bounded by the short arc of the ellipse and the adjacent
hyperbola branches and its points are on the upper -left side of the boundary.
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