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Abstract. In this paper we find the geometrical criterion of quasi-correctness
for one class of problems in the membrane theory of convex shells.

1. Introduction

In the membrane theory of convex shells, the least studied problems include the
problem with mixed boundary conditions, the formulation of which originates from
I.N. Vekua [1] and A. L. Goldenweiser [2]. The interest in this problem is due to its
importance from the point of view of applications in the technical theory of shells.
It should also be noted that its geometric counterpart [3] is a generalization of the
boundary-value problem of the theory of infinitesimal bendings of regular convex
surfaces related to the classical problems of ”Geometry in the Large”. The first
results in this direction were obtained by the author in [4]. Further research
on mixed boundary value problems is closely related to the application of Vekua’s
method to the study of the solvability of the modified Riemann–Hilbert problem,
the statement of which is given below.

2. Mathematical statement of the problem

Let S be a simply connected surface with a piecewise-smooth edge L =
n∪

j=1

Lj

and corner points of L pi (i = 1,. . . , n). We assume that S is the inner part
of the surface S0 of strictly positive Gaussian curvature of regularity class W 3,r,
r > 2, and each of the curves Lj belongs to the class C1,ε, 0 < ε < 1. We define
a piecewise continuous vector field r = {α(s), β(s)} on S along L, allowing break
points of the first kind at pj , with tangent and normal components α(s), β(s)
(α2 + β2 = 1, β > 0), where s is a natural parameter, functions α(s), β(s) are
Hölder ones on every curve Lj . The condition β > 0 means that the field r is
admissible ([1]), i.e. the vector r at each point of the smooth curve L is directed
off the surface S.
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2 EVGENIY TYURIKOV

We introduce the following notation: Let J be the map of the surface S0 onto
a complex plane z = x+ iy, determined by the selection of the conformal isometric
parameterization (x, y) on S0; D = J(S) be a simply connected field limited

by the complex surface z with the boundary Γ =
n∪

j=1

J(Lj) and the corner points

qi = J(pi).
Let us consider the following problem (problem R): find the complex-valued

solution w(z) of the equation (the function of the bendings of the surface S)
in the field D

wz̄(z)−B(z)w̄(z) = F (z), z ∈ D, (2.1)

by the given Riemann–Hilbert boundary condition

Re
{
λ(ζ)w(ζ)

}
= γ(ζ), (2.2)

where

λ(ζ) = s(ζ)
[
β(ζ)t(ζ)− α(ζ)s(ζ)

]
, (2.3)

s(ζ) = s1(ζ) + is2(ζ), t(ζ) = t1(ζ) + it2(ζ), i
2 = −1, sj (j = 1, 2) are coordinates

of the unit vector tangent to Γ at the point ζ, tj (j = 1, 2) which is J-image
of the tangent direction on the surface in the point J−1(ζ); the values of the func-
tions α(ζ), β(ζ) coincide with the value of the functions α, β in the correspond-
ing point c = J−1(ζ); function γ(ζ) is Hölder one on every curve Γj = J(Lj),

wz̄ =
1

2
(wx + iwy); B(z), F (z) are functions of the class Lr(D), r > 2 in the field

D. In this case, the W 1,r-regular solutions w(z) are found that are in the field D
and that are continuously extendable to L, with the exception of break points qj , in

the neighborhood of which the following est holds true
∣∣w(z)∣∣ < const ·

∣∣z−qj∣∣−αj
,

0 < αj < 1.
The problem R under the conditions of smoothness of the boundary L and

continuity of the vector function r(M) of the point M ∈ L was posed and investi-
gated by I.N. Vekua [5]. For the arbitrary piecewise continuous vector fields and
a spherical surface S0, the problem R was studied in [6]. The effective formulas
for the index of the boundary condition were found in [7] under certain addi-
tional conditions on the ”geometry” of the boundary and the field of directions
in the vicinity of the corner points. The purpose of the work is to obtain mean-
ingful results on the solvability of problem (2.1)–(2.3), abandoning the condition
of ”local symmetry” (see [5]) at corner points.

3. The problem R for canonical domes

Let p be one of the corner points pi of the boundary L; k1, k2 are the main
directions in this point, k1, k2 are the main curvatures corresponding to them

(k1 > k2), δ =

√
k2
k1

. Then the point p is s-canonical (s = 1, 2) if the direction

of one of the curves converging at this point coincides with the main direction
ks (s = 1, 2). The surface S is the canonical dome K if each corner point p is
s-canonical with its interior angle less than π. The problem R for the canonical
dome K is canonical if the direction of the field r at each point p is the direction
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of the generalized tangent [7] in this point, that is, r1 = r2, where ri (i = 1, 2)
are the unilateral limits of the vector function r in the point p.

4. The notation for the singular nodes of problem R

Let us introduce notation to describe the properties of the boundary condition
of the problem R: σ(k) (k = 1, 2) are unilateral limits in the corner point p
of the tangent singular vector σ to L; ν is the value of the interior angle at the
point p defined by the vectors (−1)kσ(k) (k = 1, 2); T (ν) is the set (sector) of all
directions of the generalized tangent at this point, each of which is given by the

vector r on S, separating the pair (−1)k+1σ(k). Let us also use notation σ
(s)
i

(s = 1, 2) are unilateral limits of the singular vector σ in the corner point pi, νi is
the value of the interior angle, T (νi) is the sector of directions of the generalized
tangent at this point.

Let us describe the singular nodes qj (j = 1,. . . , n) of the boundary condition
(2.2) (N. I. Muskhelishvili [8]). Let us consider vector function ρ = {ρ1(ζ), ρ2(ζ)},
where ρ1(ζ) + iρ2(ζ) = β(ζ)t(ζ)− α(ζ)s(ζ), denoting ρ

(k)
j (k = 1, 2) its unilateral

limits in the point qj . Let s
(k)
j = J

(
σ

(k)
j

)
be k = 1, 2; j = 1,. . . , n; φj and ψj are

the values of the angles between the vectors of the pairs
(
s
(1)
j , s

(2)
j

)
and

(
ρ
(1)
j ,ρ

(2)
j

)
respectively. In such a case 0 < φj < π, 0 < ψj < 2π, and the value ψj depends
on the direction of the vector r in the point pj .

Lemma 4.1 ([6]). The index κ of boundary condition (2.2) in the class of limited
solutions is calculated according to the formula

κ = −4 +

n∑
i=1

κi, (4.1)

where κi =

[
1

π
(φi + ψi)

]
, [a] is an integer part of a, 0 < φi < π, 0 < ψi < 2π.

Thus point qi is a singular node (see [8]), if φi+ψi is equal to one of the numbers
π, 2π.

In order to simplify the notation and formulations, we consider a canonical dome

K with sharp interior angles νi at points pi, respectively
(
0 < νi <

π

2
; i = 1, n

)
,

denoting the class of such domes by K0.
For specification suppose that pi is a 2-canonical point. For convenience, we

denote the point pi and its corresponding values φi, ψj , νi, κi, ρ
(k)
i (k = 1, 2)

by φ, ψ, ν, κ, ρ(k), and also introduce the notation θ for the value of the interior
angle at the corner point q = J(p), 0 < θ < π. Note that any vector r ∈ T (ν)
separates a pair of vectors (−1)k+1σ(k) (k = 1, 2), and the direction of the vector
σ(2) is the main direction k2 on the surface S at the point p.

Lemma 4.2. If the direction of the vector r at the 2-canonical point p coincides
with the direction of the vector σ(1), then the point q = J(p) is a singular node
of the boundary condition (2.2) iff

ν = arccos
1

1 + δ
. (4.2)
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Proof. From lemma, it follows that ρ(1) = −s(1), φ = ν, thereby point q as a
singular node is determined by equality ν + ψ = 2π. Using the well-known prop-
erties [5] of the mapping J and obvious geometric considerations, we write this
equality as follows: 2θ + ν = π or sin 2θ = sin ν. From here, using the known

relation ([5, Ch. 2]) sin θ =

√
K

k1 · ks
· sin ν, where K is the Gaussian curvature

of the surface at the point p, ks is the normal curvature of the surface in the di-
rection of the vector s(1), as well as the Euler formula for normal curvature, after
simple trigonometric transformations, we obtain

(1− δ) cos2 ν + 2
√
δ cos ν − 1 = 0. (4.3)

This implies the statement of the lemma.

Remark 4.3. The statement of lemma 4.2 remains valid if, in the formulation, the
2-canonical point is replaced by the 1-canonical one, the direction σ1 is replaced
by σ2, and the value δ by δ−1.

Remark 4.4. The statement of lemma 4.2 remains valid if the corner point with

an acute interior angle is replaced by a point with an interior angle ν
(π
2
< ν < π

)
,

and the value arccos(1+ δ)−1 by π− arccos(1+ δ)−1. It can be verified by passing
from the equality ν+ψ = π, which defines a singular node, to the equality 2θ+ν =
2π.

5. Index of the canonical problem R

We introduce the notation: δ2i is the ratio of the corresponding principal curva-

tures (0 < δi < 1) at the corner point (i = 1,. . . , n), γ
(s)
i = arccos

(
1 + δ

(−1)s

i

)−1

(s = 1, 2; i = 1,. . . , n). Let m1, m2, m3

(
3∑

k=1

mk = n

)
be the number of corner

points from the set of all corner s-canonical (s = 1 or s = 2) points pi (i = 1,. . . ,
n) which meet the conditions

0 < νik < γ
(s)
ik
, γ

(s)
ir

< νir < π − γ
(s)
ir
, π − γ

(s)
im

< νim < π, (5.1)

(k = 1, . . . ,m1; r = 1, . . . ,m2; m = 1, . . . ,m3; ik ̸= ir ̸= im)

respectively.

Lemma 5.1. The index κ of the boundary condition (2.2)–(2.3) in the class of so-
lutions, admitting the ”integrable infinity” at points pi, is calculated according
to the formula

κ = 3m1 + 2m2 +m3 − 4 (5.2)

and does not depend on the directions of the generalized tangents from the sector
T (νi).

To complete the proof, it suffices to note that, by Lemma 4.2 and Remarks 4.3,
4.4, at the corresponding points κik = 2, κir = 1, κim = 0. It is easy to show
that these equalities are preserved for any directions of the generalized tangent
from the corresponding sectors T (νi). Next we apply formula (4.1), increasing
each summand by one (see [7]).
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Theorem 5.2. The canonical problem R for any dome K under the condition
of stress concentration at the corner points is quasi correct iff 3m1+2m2+m3 > 3.

The proof of the theorem is carried out according to the scheme [1] using the re-
sults of the author [4] and formula (5.1).

Corollary 5.3. If the number n of angular s-canonical points is not more than

two, thereby π − γ
(s)
i < νi < π (i = 1, 2; s = 1 or s = 2), then the problem R

has a unique solution if 3 − n conditions of solvability of the integral type are
fulfilled [5].

6. Solvability of the problem R in the class of limited solutions.

Suppose that the angular s-canonical points pi1 ,. . . , pit (1 6 t 6 n; s = 1 or

s = 2) hold one of the equalities νit = γ
(s)
it

, νit = π− γ(s)it
, and the remaining n− t

points hold the conditions (5.1). According to Lemma 4.2, the point qir = J(pir )
(r = 1,. . . , t) is a singular node of the problem R if the direction of the vector of the
generalized tangent coincides with the direction of the vector defining the interior
angle at this point. Since the solution of the problem R is necessarily limited
in a neighborhood of the singular node [8], when we pose the problem R in the
class of limited solutions, it is possible not to separate the singular and nonsingular
nodes. Replacing the first and second strict inequalities in conditions (5.1) with

the inequalities 0 < νik 6 γ
(s)
ik

, γ
(s)
ir

< νir 6 π − γ
(s)
ir

, we obtain the following
formula for the index κ in the class of solutions limited in the domain D:

κ = 2m1 +m2 − 4. (6.1)

According to [8], the class of such solutions is denoted by H0.
From (5.2) we have:

Theorem 6.1. The canonical problem R for any dome K is quasi correct in the
class H0 iff

2m1 +m2 > 3. (6.2)

From (6.2) we have:

Theorem 6.2. If π − γ
(s)
i < νi < π for each s-canonical point pi (i = 1,. . . , n;

s = 1 or s = 2), then the problem R in the class H0 has a unique solution only if
the three solvability conditions of the integral type are satisfied [5].

Corollary 6.3. If the values of the interior angles at all the corner points of the
canonical dome are sufficiently close to the number π, then the solvability picture
of the problem R coincides with the solvability picture of the static boundary-value
problem by I. N. Vekua [5] for convex shells with a piecewise smooth boundary (see
Theorem 6.2).
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