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CONSTRUCTION OF DEFORMED STOCHASTIC BASES OF
THE 2ND KIND

IGOR PAVLOV*, INNA TSVETKOVA*, TATYANA VOLOSATOVA*

ABSTRACT. Deformations (special two-parameter families of probability mea-
sures) {Q7,0 < k < n < oo} and the corresponding deformed stochastic bases
of the 1st and 2nd kind with discrete time were axiomatically determined by
the first author in 2008. Subsequently, he and O.V. Nazarko laid the founda-
tions of a stochastic analysis on these structures. The present work continues
this topic. The main result of the paper is the theorem, which proves the
formula for representing measures {Q7,0 < k < n < oo} by the measures
{Qﬁ,O < i < oo}. This construction is important for the development of
the theory of deflators on deformed structures. The paper also gives the
most general definition of a deformed stochastic basis of the second kind with
continuous time. Some important properties of this object are given.

1. Introduction

Let (82, (F1)$2,) be a filtered space with continuous (or discrete) time. Denote
by Foo the least o-field containing all F;. If (2, F, P) is a probability space and
G is a sub-o-field of the o-field F, then we use the notation

Eg [ = E”[f|G).

Consider a family Q = (Q%, F;){o<s<t<oo} Of probability measures Q% on F;
and generated by them the family of operators E = (Eg){OSKKOO} of conditional
expectation

ELf = B S,
where f is a non-negative F;-measurable random variable (r.v.).

Definition 1.1. A triplet
(2, QE) (1.1)
is called deformed stochastic basis (DSB).

In what follows, we denote the absolute continuity of measures by the symbol
<<, and the equivalence of measures by the symbol ~.
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Definition 1.2. A DSB (1.1) is called deformed stochastic basis of the 2"? kind
(DSB2) if the following conditions are fulfilled:

) V0O<s<r<t<oo Qr <<Q}
2) V0<s<r<t<oo QF<<QLlr;
3) V0 <s<r<t<ooand for any Fi-measurable r.v. f > 0 the equality

Fss

E.f = E{E,f. (1.2)
is satisfied @7 -almost surely (a.s.). If instead of 1) the stronger condition
V)Yo<s<r<t<oo Qilr,=Q.r
is satisfied, then such DSB2 is called regular.

Corollary 1.3. It evidently follows from the property 2) of Definition 1.2 that
V0 <s<r<t<u<oo the relation Q) << QY |, is satisfied.

Corollary 1.4. From the property 3) of Definition 1.2 it follows that V0 < s =
So < 81 < -+ < 8y, =t < 00 and for any non-negative Fi-mesurable r.v. f the
equality

Ef =EJ'E? ... E, | f. (1.3)

1s satisfied Q3 -a.s.
Proposition 1.5. If DSB2 (2, Q, E) is regular, then
a) the equalities (1.2) and (1.3) are satisfied Q' -a.s.;
b)) VO<s=s59<8 < - <s,=t<oo and VA € F;
QUA)=EY E2 . EL I (1.4)

Sn—1

) V0<s<r<t<oo QF=Q!

Fre
Proof. The proof of a) is trivial. Let us prove b). Using (1.3), we have:
t _ Tt _ t Q51 1hsa t
QL(A) = E9E!(I4) = E®E?E> ... E! _ Ia.

Sn—1
Applying regularity condition Q%'|z. = Q%|7. (c.f. Definition 1.2), we obtain
(1.4). The property c) follows from b). O

Proposition 1.6. If DSB (1.1) satisfies the property 2) from Proposition 1.5 and
the equalities

QL(A) = E%ELL, (1.5)
are fulfilled V0 < s <r <t < oo and VA € F;, then (1.1) is a reqular DSB2.

Proof. From (1.5) it follows trivially that V0 < s <r <t < oo Q7 = Qi|x..
Thus, the regularity is proved. Let us prove now the equalities (1.2).
It follows from (1.5) that for any Fi-mesurable r.v. f >0

E9:(f) = EELf. (1.6)

Let A € F,. We have E? [I4Etf] = E?(I14f). On the other hand, using the
equality Q7 = Qt|x,, we obtain £ [[4 BT ELf) = B [[4ELELf] = B9 EL(I4f).
Applying (1.6) to r.v. I f, we get the equality (1.2) Q%-a.s. and hence Q"-a.s. [
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Corollary 1.7. Consider a sequence of probability measures (Qﬁ_l,fs)szl 5
with the property:

Qi << Qst!

F.- (1.7)
Then the formula
s+l g
QL(A) =E9 B} .. Ej_ |4, (1.8)
where s <t and A € F, defines a reqular DSB2 with discrete time.

2. Closable DSB2

Definition 2.1. DSB2 (2, Q, E) is called closable if VO < ¢ < oo there exists on
F; a probability measure Q! (with associated identity operator E} on the set of
non-negative Fy-measurable r.v.) such that the property 2) of Definition 1.2 is
fulfilled VO < s <7 <t < oo (le. Vs <t Q% << Q!|x, and QL << Q}).

Remark 2.2. Tt is obvious that if DSB2 (2, Q, E) is closable, then the properties 1)
and 3) of Definition 1.2 also fulfilled V0 < s < r <t < oo and Vs < ¢ the relations

Q3 << QilF.. (2.1)

are true.

Definition 2.3. DSB2 (2, Q,E) that satisfies the conditions of Definition 1.2
V0 <s<r<t<oois called closed DSB2.

Proposition 2.4. A reguar DSB2 is uniquely closable to a requar closed DSB2.

Proof. 1t is sufficient to put Q% = Q%|r, 0 < s < r < oco. Since (2,Q,E) is
regular, this notation is correct. The rest is trivial. (Il

Example 2.5. Consider a regular closed DSB2 in the case F; = F,Vs > 0. By
Proposition 2.4 we have Q% = Q%, and by Remark 2.2 Q% << Q! (0 < s <t < 00).
Conversely, let (Q%)., be a sequence of probabilities such that for 0 < s <t < 0o

S

Q3 << @Qt. For such s and t we put Q% = Q3. Tt is easy to see that if Q = (Q%,0 <
s <t < 0), then (2,Q,E) is a regular closed DSB2.

Proposition 2.6. Let on the filtered space under consideration a family of prob-
abilities (Q%, Ft) oy satisfyng the condition (2.1) be defined. Put Vs <t Q% = Q!
and Etf = EQ:[f|F,]. DSB (2, Q, E), where Q = (QL, Fe)fo<s<t<oo}, is closed
DSB2 if and only if VO < s < r <t < oo the equality

B9 (B (f|F,]\F, ) = B9 [fIF]. (2:2)
is fulfilled Qr.-a.s.

Proof. Properties 1) and 2) of Definition 1.2 are satisfied trivially. Condition 3)
of this definition is equivalent to the equality (2.2). O

It is clear that if (Q¢, ft):i o is a consistent family of probability measures, then
the conditions of Proposition 2.6 are fulfilled.
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Example 2.7. Realize Proposition 2.6 in the case F, = F,Vs > 0. Let (Q%)o—,
be a sequence of probabilities such that for 0 < s < t < 0o Q% << Q. For such
s and t we put Q% = Q!. It is easy to see that if Q = (Q%,0 < s <t < o), then
(Q,Q,E) is a closed DSB2 but generally not regular. It is regular if and only if

Q:=Q! forall 0 <s<t<oo.

Proposition 2.8. Restriction of DSB2 (resp., closed DSB2) with continuous time
on discrete moments of time gives DSB2 (resp., closed DSB2) with discrete time.

Proof. The proof is trivial. |
Proposition 2.9. DSB2 with discrete time is always closable.

Proof. For any s = 0,1,2,... we put Q% := Q3!|#.. Prove the satisfying the
conditions of Definition 2.1. Really, if s < ¢, then using the property 1) from
Definition 1.2 we get Q3! << Q|7 and hence Q3 = Q5|r << Qilx..
Further, applying the property 2) from Definition 1.2 we obtain Q% << Q?l |7 =
Qt. Other properties follow from here. ([l

Proposition 2.10. DSB2 with discrete time can be extended into closed DSB2
with continuous time.

Proof. By virtue of Proposition 2.9 we can assume that initial DSB2 with discrete
time is closed. From Remark 2.2 it follows that all the properties of Definition
1.2 are satisfied VO < s < r <t < oo, where s,r and ¢ are natural numbers. For
any real 0 < s <t < co we put F := Fpj and QF := Q{i]], where [t] is the integer
part of . Taking arbitrary numbers 0 < s < r < ¢t < oo and writing down the
relations 1), 2) and 3) from Definition 1.2 for natural numbers 0 < [s] < [r] <
[t] < oo, we obtain the satisfaction of Definition 1.2 for obtained (2, Q, E), where
Q= (QZ?ft){0§s§t<oo}' 0

3. General auxiliery results

In this section, we formulate several easy proved general lemmas, which we shall
use in the proof of main theorem of this article.

Lemma 3.1. Let on an measurable space (Q, F) probabilities Q and P be deﬁnegl
such that dQ) = hdP. Let r.v.’s f and f be measurable with respect to F and f = f
Q-a.s. Then fh = fh P-a.s.

Lemma 3.2. Let on a probability space (Q,F,P) a r.v. h > 0 be defined P-a.s.
If H is sub-o-field of o-field F, then the imbedding {h > 0} C {EF[h|H] > 0} is
true P-a.s.

Lemma 3.3. Consider a filtered space (2, (Fpn)22,) with discrete time. Let a prob-
ability Q" be defined on each o-field F,, n = 1,2,.... Denote Q7 = Q""|x,
and suppose thatVn = 1,2,... dQn_y = h,;", . dQr. Then for k < n the following
formula is true:

n 7E+1 ..
dQl = ] EZ hit,dQlx,. (3.1)
1=k+1
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Lemma 3.4. Let (Q,F, P) be a probability space, f be a r.v. on it, and f > 0
P-a.s. Let H C G C F (H,G be o-fields) and let us define on G a probability
measure Q) such that dQ = hdP|g. Then

ESELf = ER[fIH] Q-as.,
where thAe probability measure R on F is defined by the equality dR = hdP and the
density h is defined by the formula:
h 0

h = O 0 1. (3.2)

4. The main theorem

In this section we consider DSB2 only in discrete time. The main purpose of
this paper is to prove the following theorem.

Theorem 4.1. Consider a sequence of probability measures (Q’,ﬁfl,}"}g)k:l 5

Qﬁfl << QZ+1‘}'}€7 (41)
and for any k =0,1,2,... let us put Q’,j = Qﬁ“brk. For k < n let us introduce
the measures QF by the formula dQ} = hj"dQ?, where

n’

with the property

IT mty
n,n i=k+1 L 0
BT = . —o= 1 (4.2)
o Qn:i n—1 i 0
Er i:l;[+1 hises

Then (2, Q, E) , where Q = (QF, Fn){o<k<n<oc}, i5 a closed DSB2.

Proof. We divide the proof into several parts.

1) Tt follows from Lemmas 3.1 and 3.2 that r.v. Ry is well defined and is
non-negative Qp-a.s. Show that @)} is a probability measure. Using the equality
dQr_, = h" dQ" we have:

n—1,n
Qrpn.mn __
E*nhy, =
n-l ) [ )
H hzfl,z | H hzfl,z
— EQZ—l i=k+1 — EQZ:l i=k+1 1
anl n—1 L. anl n—1 L.
n—1 0,0 n—1 i,
E]-'k H hifl,i E]-'k H hifl,i
i=k+1 i=k+1

(the last equality is obtained by taking inside the expectation according to the
measure QZ:} a conditional expectation according to this measure with respect
to o-field Fy).

2) Show now that the properties 1) and 2) from Definition 1.2 are satisfied. If
k < n, then

dQi |5, = B9 [hin | Fi | dQ |z, = dQy5,.

ie.,

Qz‘fk = szl|.7:k' (43)
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Let now k < r < n. Applying (4.3) and (4.1), we have

Q};bﬁc = Q:—l‘]‘—k << QZ—l‘]:k = Q2|f}c’

and the property 1) from Definition 1.2 is established.
Oh the other hand, by the same arguments and the formula dQ} = hy" 1 dQn_4

Qi << Q1 << @p_,4

i.e., the property 2) from Definition 1.2 is fulfilled.
3) For moments k < r < n express dQ}, through dQ?|r.. We have dQj, =
n—1 i+l ..
hyTdQr and dQL = [ E3 hi',.dQITi|z, (cf. Lemma 3.3). With the help
1=r+1
of Bayes theorem (c.f. [1], p.p. 274-275) the last formula can be easily tranformed
to the form:

n—1 n—1 o
aQ; = Bz ( 11 hzil,z) Q=

Fr = Q:}‘J‘—m

n—1
Qnla
7= Eg] ' ( H h;il,i> dQy, 4

Fr
i=r+41 i=r+1
As a result, we get:
Q"71 n—1 N
dQy, = hz’;E}‘:A ( H h:—zlz> dQy |7, - (4.4)
i=r+1
From (4.3) it follows:
Q"il n—1 B
dQy, = hy\ Bz ( I1 h;il,i> dQy| 7, == hdQ7| 7, (4.5)
1=r+1

4) Finally, we show that the relation 3) of Definition 1.2 holds. In order to
apply Lemma 3.4, we use the following notations: H = Fy, G = F., F = Fp,
Q= Qy, P=Q7. Since dQj, = hdQ?| 7. (c.f. formula (4.5)), we put dR = hdQ",
where h is defined by the formula (3.2). By Lemma 3.4 ER = E{E!f. Since
dQy = hyydQy we have dR = ﬁh?;}deL But dQj = h;dQy. It remains to
prove that ﬁhfﬂf = hy, Qp-a.s.(thus, we shell prove teh equality R = QF).

It is clear (c.f. formula (4.3)) that

n— —1
hr,rEQn—} nH hi,i hn’n
ko~ Fr . 1 i—1,7 r,n
i=r-+

n n—1 n—1 .. =
£ (et (1 wt))

i=r+1

rinn
hhrjn =

n
I ntys

i=k+1

Q::l r—1 i QZ} : Q::l n—1 i '
Ex 1< [1 h?l,i) Bz h?l;;E]-' ' [1 hﬁu

i=k+1 i=r+1
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Using (4.3) in the form Q"|z = Q""1|%,, let us transform the second factor in
the denominator:

or o QU1 n—-1 y Qnt Qrt o n—1 i
" 5 n—1 5 _ n—1 n—1 ) ) j—
Ezl | hiEx H hiZy = Eg, Eg hy H hiZy =

i=r+1 1=r+1
ne1 n—1 N
=Ez" <h;: H hzfu) :
1=r+1
Replacing n with r in the formula (4.2) and applying it, we get
i
‘ [T ntys
]A“Lhn’n _ i=k+1 _
o ol iy (e "H i
Ly, IT rtys | Ex (hk},r_ I1 hz”-l,i)
i=k-+1 i=r+1
LR
4 1}11 hiZ1
i= n,n
- = hpn,

n—1 n—1 ..
n—1 1,1
E]-'k H hifl,i

i=k+1

Using Lemma 3.1, it is easy to prove that the resulting equality is fulfilled

Qr-a.s.
Theorem 4.1 is completely proved. (Il

5. Nonuniqueness of the representation of the operator

k41 pk+2

T/ O
It follows from Theorem 4.1 that E}} f = E,?HE,]:LQ ...E}_f,ie., the operator
E’;HE,’;IIQ ... E_, can be representated as a conditional expectation with respect

to o-field Fj and to the probability measure @}, wich density with respect to
measure Q7'_; is defined by the formula (4.2). In this section, we show that the
representative probability measure for a given operator is not unique.

Let (Q, (Frn)$2 ) be a filtered space with discrete time, where each o-field F,
is generated by a decomposition of €2 into finite or countable many atoms. Let the
family of probability measures (Qﬁ_l, fn)zozo be such that Vn =0,1,2,... Q_,
loads all atoms of o-field F,,. Then (Q_;,F,) _ generates (as in Theorem 4.1)
a closed DSB2.

Until the end of this section, we will work on a filtered space equipped with a
filtration of type Fo = {Q,0}, F, = o{A', A% ... A" B,} (we call such filtra-
tion special Haar filtration). Consider on this filtered space a family of prob-
abilities Q = (Qﬁfl, ]-'n)zozo, satisfying the conditions given above. Denote
¢ =Q"_1(A¥) > 0for k =1,2,...,n and ¢, = Q"_,(B,) > 0. Our goal is
to describe all representing probability measures of the operator E?E3 and find
among them the measure Q3.

We carry out the necessary reasoning.
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1) Let a r.v. f be measurable with respect to F3, that is
f= alfAl + CLQIA2 + a3[A3 + bSIB3~
Let us calculate:

1
E3f =aila, +agla, + ——(azqs +b3qz) - Ip,,
2 14A, 24 A2 q§,+q3(33 33) 2

1 q2
E2E3f :allA + |:a2q2 + a3q3+b3q3 :| -IB .
12 1 q§+q2 2 q§,+q3( 3 ) 1

Let now P be any probability measure defined on F3. Denote P(A*) = p¥,
k=1,2,3 and P(Bs) = p3. It is clear that P(B;) = p? + p* + p3. We have:

EF[f|F] = arla, + [a2p2 +azp® + b3p3] .

p* +p® +ps
Thus, the following equivalence is true:
EIEf = EV[f|F] &
-
P> +p°+ps

axqs + (%£+%%ﬂ= {@ﬁ+%ﬁ+%m}

q2
@+ g 4 +qs
0<g@gi+q<1
0<g+qg<1

0<p?+p3+p3<l.

Since the first equality of this equivalence must hold for any F3-measurable f,
the resulting system must have a solution for any as,as,bs. We will give these
parameters different meanings.

a) ag =1, a3 = b3 = 0. Then

1 % P’

o @+e pPPApitps
b) az =b3 :0,a3 = 1. Then

1 P4 P

¢ (@3 +a2)(ad+a3) PP PP ps
¢) azg =a3 =0,b3 =1. Then

1 — 4293 P3

3 (@ +a)(a3+a) PP +ps
Now our system can be written as:

2

P
- — g >1
p? +p3 +p3 1

P 1
S s = o 2>l
PP+pi+ps e

D3 1
S roa . = o >
pe+p°+ps  c3
pPPHpi+ps <1, p2>0, pd>>0ps>0.
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This system is equivalent to the following one:

PP(l—c1)+p*+ps=0
pP*+p*(l—c2) +p3=0
p?+p* +p3s(1—c3)=0
p2+p3—|—p3<1, p2>0, p3>0p3>0.

t t t
The general solution of this system is p? = o pP= "~ p3=—,0<t<l
C2 C3

t t t
Using the equahty——l— —|———1 we obtain P = (1—15 — ,),O<t< 1.
C2  C3 cl co C3

It is a finite open 1nterval in the space R*.
2) Let us calculate the measure Q3. We naturally identify the measures Q"_; with
the vectors of the space R**!. We have:

Q= (03,05, 0), Q3=(45.6.03.03), Q3=1(a3,45, 0 + q3)-

Further:
dQ? 4 % g
hiy =1 =204 + -2la, + IB;
1,2 dQ2 q3 1 CJ3 2 3 34+q 2
BT = Br [ (g 1, =
b2 a7 drdteld U dte '
1 2
b 45 +q2
=-TIla + 55— Ip;
¢ " Gtata
2,2
dQ§:712 = (A M A QQ(Q§+Q§’+Q3) I )ng
E@[h33| ] BBt 7 (Bt )@+ o) ’
5 _ <q1 a3(a3 + a8 +a3) 4203(a3 + a3 +a3) a203(a3 +af + Q3)>
L Y Bt T (B+ae)dta) (B +ae)d+as)
s it
Denoting t = ¢% + ¢5 + g3, we get Q3 = (1—t,61,c2,c3>. It is clear

that the measure Q7 is identified with a point lying inside the interval P =
t t t
(l—t — — > 0<t< 1
C1 C2 C3
6. Conclusion

A detailed study of deformed stochastic bases is necessary not only for the fur-
ther development of generalized stochastic analysis, but also for financial mathe-
matics (deformed financial markets, deflators, etc.). Works [2]-[12] are devoted to
such investigations. The constructions of deformed stochachtic bases of the first
kind with discrete time are devoted to works [6] and [8]. Note that deformed sto-
chastic bases have been little studied in continuous time. The authors hope that
constructions similar to those made in Theorem 4.1 will be realized in this case as
well.
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