Global and Stochastic Analysis MUK PUBLICATIONS
Vol. 7 No. 2 (July-December, 2020) Open Access Publisher

SYMMETRIES AND DIFFERENTIAL INVARIANTS FOR
VISCID FLOWS ON A CURVE

ANNA DUYUNOVA, VALENTIN LYCHAGIN, AND SERGEY TYCHKOV

ABSTRACT. In this paper, flows of a viscid fluids on curves are considered.
Symmetry algebras and the corresponding fields of differential invariants are
found. We study their dependence on thermodynamic states of media, and
provide classification of thermodynamic states.

1. Introduction

Consider flow of an viscid medium on an oriented Riemannian manifold (M, g)
in the field of a constant gravitational field. Motion of viscous media are described
by the PDE system consisting of the Navier-Stokes equation, the laws of mass and
energy conservation (see [2], [5] for details):

p(u; + Vyu) —dive —gp =0,

%4_5“ (pQ,) =0, (1.1)
pT (st + Vus) — @+ k(A,T) =0,
where the vector field u is the flow velocity, p, p, s, T are the pressure, density,
specific entropy, temperature of the fluid respectively, k is the thermal conductiv-
ity, which is supposed to be constant, and g is the gravitational acceleration. The
stress tensor o depends on two viscousites, which are alse considered constant.
In this paper, we consider the case, when M is a naturally-parameterized curve
in the three-dimensional Euclidean space

M ={z = f(a), y = g(a), 2 = h(a)}
In this case, vector g is the restriction of the vector field (0,0,g) on M, i.e.,
g =gh'0,.

First of all, we should note that two additional relations involving thermody-
namic quantites are needed to complete the system (1.1). To obtain them, we
apply the method described in the paper [3] in detail. The general idea behind
this method is representation of thermodynamic states with Legendrian, or La-
grangian, manifolds in a contact, or symplectic, space correspondingly.
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So, by the Navier-Stokes system £ we mean the equations (1.1) together with
two equations of the thermodynamic state

L={F(p,p,s,T)=0,G(p,p,s,T)=0} (1.2)
that meet the condition
[F,G]=0 mod {F=0,G =0},
where [F, G] is the Poisson bracket with respect to the symplectic form
Q=dsA\dT + p~2dp A dp.
Moreover, the restriction of the quadratic differential form
k=d(T 1) de—p2d(pT™") - dp

to the manifold of thermodynamic state is negative definite, here € is the specific
internal energy.

The paper is organized as follows.

In Section 2 we study symmetry Lie algebras of the Navier-Stokes system £ and
their dependence on the form of the function h(a). There are six different forms,
besides the general case, of the function A that correspond to different symmetry
algebras.

In Section 3 we consider the case when the thermodynamic state admits a one-
dimensional symmetry algebra and find the corresponding Lie algebras. For such
thermodynamic states, we find an explicit form of Lagrangian surface in terms of
two equations on the thermodynamic quantities p, T', p and s.

In Section 4 we recall the notion of differential invariants and introduce Navier-
Stokes and kinematic invariants. For these types we find the field of differential
invariants.

A space curve can be represented as a lift of a plane curve. Connection between
the function h and a way of lifting curve was discussed in [4].

Most of the computations in this paper were done in Maple with the Differential
Geometry package by I. Anderson and his team [1].

2. Symmetry Lie algebra

Using the standard techniques for calculating of symmetries we find dependence
of symmetry algebra of system & on the function h(a).

To this end, we consider a Lie algebra g of point symmetries of the system (1.1).

Let ¥: g — b be the following Lie algebras homomorphism

9: X > X ()3, + X ()0 + X (p)3, + X(T)r,

where b is a Lie algebra generated by vector fields that act on the thermodynamic
variables p, p, s and T.

The kernel of the homomorphism ¢ is an ideal g, C g, and we call the elements
of gm geometric symmetries.

Let h¢ be a such Lie subalgebra of the algebra h that preserves thermodynamic
state (1.2).

Then the following theorem is true (see for details [3]).
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Theorem 2.1. A Lie algebra gsym of symmetries of the Navier-Stokes system &
coincides with

971 (be).

First of all, consider the general case, when h(a) is an arbitrary function. Then
the Lie algebra g° of point symmetries of the system (1.1) is generated by the
vector fields

X1 =0, Xy = 0, X3 = 0s.

The pure thermodynamic part h° of the system symmetry algebra in this case
is generated by
Y1 =0,, Yy = 0s.

The PDE system £ has the smallest Lie algebra of point symmetries 971(h?),
when the function h(a) is arbitrary.
The special cases of the function h(a) are listed below.

1. h(a) = const
The symmetry Lie algebra g* of sthe system (1.1) is generated by X, X, X3
and by the following vector fields

X4 =0,, Xe=10t+0a0, —p0p — pO0,,
X5 =10, + Oy, X7:a6a+u6u—2p8p+2TaT.
The Lie algebra g* is solvable and the sequence of derived algebras is the fol-
lowing
g = (X1, Xo, ..., X7) D (X1, X2, X3, Xy, X5) D (X4).

The pure thermodynamic part h* of the symmetry algebra is generated by the
vector fields

leap7 Yy = 0, Yg=p5p+p8p, Yzlzpap_TaT~
Hence, the PDE system £ admits a Lie algebra of point symmetries 91 (b).

2. h(a) =Xa, A #0
In this case the Lie algebra g* of point symmetries of the system (1.1) is gen-
erated by Xi, X2, X3 and by the following vector fields

X4 = 0Oy, X6 =10 +2a0, +u0y, —p0y —3p0, + 2107,

Agt?
Xy =t + 0y, Xo =10+ (gT +a) By + Agt Dy — pBy — p,.

The Lie algebra g is solvable and its sequence of derived algebras is
QZ = <X1,X23 s 7X7> D <X17X2,X37X4; X5> D <X4> .

The pure thermodynamic part h* of the symmetry algebra is generated by the
vector fields

leap, YQZaS, Yg :pap—i-pap, Y4=p8p—T8T.
Hence, the PDE system £ admits a Lie algebra of point symmetries 971 (h?).
3. h(a) =Xa*>, N #£0
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In this case the Lie algebra g3 of point symmetries of the system (1.1) is gen-
erated by the vector fields X1, Xo, X3 and, if A < 0, by the vector fields

Xy = sin(y/20gt) 9 + /2 g cos(v/2Xg t) By,
X5 = cos(v/2Ag t) 9a — /2Agsin(y/2Agt) O,
X6 =00, +u0y —2p0,+ 2107
and, if A > 0, by the vector fields

X4 = exp(y/—2)gt) O + v/ —2Xgexp(y/—2)gt) Oy,

X5 = exp(—/—2Xgt) 8, — /=2 g exp(—/—2Agt) Dy,

X6 =00, +u0y —2p0, + 2T0r.

The Lie algebra g3 is solvable and its sequence of derived algebras is

g = (X1, Xo,..., X6) D (X2, X3, Xy, X5) .

The pure thermodynamic part h3 of the symmetry algebra is generated by the
vector fields
leapa }/2:68) Y3:p8p_TaT
Hence, the PDE system £ admits a Lie algebra of point symmetries 971 ().

4. h(a) = )\10,/\27 )\2 7£ 0, 1, 2
The Lie algebra g4 of point symmetries of the system (1.1) is generated by the
vector fields X1, X5, X3 and by the vector field

2a AU Ao+ 2 2o
Xy =10 — Oa — Oy —pOp+ ——=p0, — ——=TOr.
o e T e TP T P T e T
The Lie algebra g# is solvable and the sequence of derived algebras is the fol-
lowing

g% = (X1, Xo, X3, Xy) D (X1, Xo, X3) .
The pure thermodynamic part h4 of the symmetry algebra is generated by the
vector fields

Y: :8p, Y5 = 9, Y3 :pap—(/\2+2)pap+2A2T8T.
Hence, the PDE system £ admits a Lie algebra of point symmetries 91 (h¢).

5. h(a) = A1e?2% Ay £ 0
In this case, the symmetry Lie algebra g> of the system (1.1) is generated by
the vector fields X7, X5, X3 and by the vector field

2
X4:t8t—A—aa—uau—pap—i—p@p—ZT@T.
2

The Lie algebra g5 is solvable and the derived algebras are the following
gS = <X17X27X37X4> D) <X1,X2,X3> .

The pure thermodynamic part h5 of the symmetry algebra is generated by the
vector fields

}/1:81,, Ygias, Y3:p8pfp6,,+2T6'T.
Hence, the PDE system £ admits a Lie algebra of point symmetries 9~1(h?).
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6. h(a) =Ilna
The Lie algebra g® of point symmetries of the system (1.1) is generated by the
vector fields X1, X5, X3 and by the vector field

X4=10+a0,—p0y —p0,.

The Lie algebra g° is solvable and the sequence of derived algebras is the fol-

lowing
9% = (X1, X2, X3, X4) D (X1, Xo) .

The pure thermodynamic part h® of the symmetry algebra is generated by the

vector fields
Yi =0,, Y, = 0, Ys=p0p+p0,.
Hence, the PDE system £ admits a Lie algebra of point symmetries ﬁfl(hf).

3. Thermodynamic states with a one-dimensional symmetry algebra

In this section we consider the thermodynamic states, or the Lagrangian surfaces
L, admitting a one-dimensional symmetry algebra. The cases, when thermody-
namic states admit a two-dimensional symmetry algebra, can be studied in the
similar way.

Let the thermodynamic state admit a one-dimensional symmetry algebra. De-
note by

Z=mY1+%Yo+. ...+ %Yy

a basis vector of this algebra, then the Lagrangian surface can be found from the
solution of PDE (see [3] for details)

Q| =0,
(LzQ)|L =0.

This system in terms of specific energy can be written as
e=¢€(p,s), T=e, p= p26p.

Solving it, we find thermodynamic state L, which must also satisfy x|;, < 0.
Straightforward computations show that, for an arbitrary function h(a), there
are no thermodynamic states that admit a one-dimensional symmetry algebra.

1, 2. h(a) = const, h(a) = Aa

The pure thermodynamic part of the system symmetry algebra coincides with
the thermodynamic part of the 2d Navier-Stokes case. Thus, the classification of
the thermodynamic states for these two cases can be found in [3]. 8. h(a) = \a?,
A#0

Let a basis vector of a one-dimensional symmetry algebra be
7181, + 7265 + ’Yg(pﬁp — T@T),

then in the general case expressions for the pressure and temperature have the
form
2 gl _F _ V2
p=—F —F——(np-1), T=—, F=F|(s+—=lnp],
V3 73 p V3

161



ANNA DUYUNOVA, VALENTIN LYCHAGIN, AND SERGEY TYCHKOV

where F' is an arbitrary function. The condition of negative definiteness of the
differential form x leads to the relations

(2" — ) F"
V3

F'>0, F">0, F?>0.

4. h(a) = \a™?, Ay #0,1,2
Let a basis vector of a one-dimensional symmetry algebra be
Y10p + 7205 +73(pOp — (A2 +2)p 0y + 2X2T Or),

then in the general case expressions for the pressure and temperature have the
form

22y
. p/\2+2 (»‘YQF’72)\2’}/3F) . it 7 TZP%F/,
73(A2 +2) 13(A2 = 2)
2
F=F(s+—"2 _Ip]),
( Y3(A2 +2) p)

where F' is an arbitrary function. The negative definiteness of the differential form
k leads to the relations
Yo ()\2 + 2)F/FN

F'>0, F">0, 2\ —2)FF" —4)\3F? +
V3

> 0.

5. h(a) = \e??

The pure thermodynamic part of the system symmetry algebra coincides with
the symmetry Lie algebra of the Navier-Stokes system of differential equations on

a two dimensional unit sphere. So, the classification of thermodynamic states can
be found in [3].

6. h(a) =Ilna
Let a basis vector of a one-dimensional symmetry algebra be
Y10p + 7205 +73(pOp + p0p),

then in the general case expressions for the pressure and temperature have the

form

—(1F' +C
po 40 g F:F(S_Wlnp)

73 3 73
The negative definiteness of the differential form k leads to the relations
F'+C
F'>0, F'>0, 271C
73

when s € (—o0, 5.

4. Differential invariants

As before in [3], we consider two group actions on the Navier-Stokes system &.
Specifically, the prolonged actions of the Lie algebras gm and gsym-

Recall that a function J on the manifold & is a kinematic differential invariant
of order < k if

(1) J is a rational function along fibers of the projection 7y o: & — &o,
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(2) J is invariant with respect to the prolonged action of the Lie algebra gy,
i.e., for all X € gy,

X" () =0, (4.1)
where &, is the prolongation of the system & to k-jets, and X(¥) is the k-th pro-
longation of a vector field X € gy,.

Note that fibers of the projection &; — &y are irreducible algebraic manifolds.

A kinematic invariant is an Navier-Stokes invariant if condition (4.1) holds for
all X € goym.

We say that a point xj € &, and the corresponding orbit O(z) (gm- OF Gsym-
orbit) are regular, if there are exactly m = codim O(xy) independent invariants
(kinematic or Navier-Stokes) in a neighborhood of this orbit. Otherwise, the point
and the corresponding orbit are singular.

The Navier-Stokes system together with the symmetry algebras gm or gsym
satisfies the conditions of Lie-Tresse theorem (see [6]), and, therefore, the kinematic
and Navier-Stokes differential invariants separate regular g, and gsym orbits on
the Navier-Stokes system & correspondingly.

By a gm or gsym-invariant differentiation we mean a total differentiation

d

d
A— + B—
dt + da

that commutes with prolonged action of algebra gm or gsym. Here A, B are rational
functions on the prolonged system & for some k& > 0.

4.1. Kinematic invariants.

Theorem 4.1. (1) The field of kinematic invariants is generated by first-
order basis differential invariants and by basis invariant differentiations.
This field separates regular orbits.
(2) For the general cases of h(a), as well as for h(a) = A\ja’?, h(a) = \je?2@
and h(a) = lna, the basis differential invariants are

a, u, P S, Ut Uq, Pas St Sas
and the basis invariant differentiations are
d d
dt’ da’
(3) For the cases h(a) = const, h(a) = Aa the basis differential invariants are
P S, Uq, Ut +uua7 Pas Sa, St +U$a,
and basis invariant differentiations are
d n d d
—4u—, —.
dt da’  da
(4) For the case h(a) = \a® the basis differential invariants are
Py 8, Ug, U+ UUy—2Nga, Pg, Sa, St+ USq,

and basis invariant differentiations are

4_,4 4
at " Yda’ da
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(5) The number of independent invariants of pure order k equals 5 for k > 1.

4.2. Navier-Stokes invariants.

In this subsection we study the thermodynamic states that admit a one-dimensional
symmetry algebra generated by the vector field A.

Considering the action of the thermodynamic vector field A on the field of
kinematic invariants and finding first integrals of this action we get basis Navier-
Stokes differential invariants of the first order.

Below we list basis Navier-Stokes invariants for the different form of function

h(a).

1. h(a) = const
When the thermodynamic state admits a one-dimensional symmetry algebra
generated by the vector field

§1Xo + L X3 + &3 X6 + § X7 = 10, + 205+
fS(tat + aaa _pap - pap) +£4(a’8a + uau - 2pap + 2T8T)7
then the field of Navier-Stokes invariants is generated by the first order differential
invariants
2

S+ np, up T, ppuite?, LT ) (e Futa) = psa 5t use

53 + 284 Palla Pa Uq
and by the invariant differentiations

p_E3§—732£4 i + Ui p_ 5§33:2§£44 i
dt da )’ da

2. h(a) =Aa, A #0
When the thermodynamic state admits a one-dimensional symmetry algebra
generated by the vector field

§1 X + & X3 + &3X6 + §u X7 = 10 + &20s + &3(1 0 + 2004 + 1Dy~
Agt?

pOp —3p0, +2T0r) + &4 <t8t + (2 +a> 0o+ Agt Oy — 0, p8p> ,

then the field of Navier-Stokes differential invariants is generated by the differential
invariants
Cgq_ 2 _
52 h’lp . Ugp 3€£§+€§f , pap%;ii&;72, P (ut T Ula /\g) , &, St + UsSq
363+ &4 Pally Pa Ug
of the first order and by the invariant differentiations
g (4 ) e d
3+€s | — — 3+864 — |
P at " "da) P da

s+

3. h(a) =Xa®, N #0
If the thermodynamic state admits a one-dimensional symmetry algebra gener-
ated by the vector field

61X + X3+ 63Xe = 10, + £20s +E&3(a 0, + 10y —2p0, + 2T07),
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then the field of Navier-Stokes differential invariants is generated by the first order
differential invariants

s+ =2 Inp, uq, plug+uu, —21ga)?, , St + usq

i S
3 )
and by the invariant differentiations
d,,4 34
dt da’ da’
4. h(a) = A\a*2, A #0,1,2
If the thermodynamic state admits a one-dimensional symmetry algebra gener-
ated by the vector field
§1 X9 + X3+ &3 Xy =610, + £205+
2a Aot A2 +2 2Xo
to, — O0q — Oy —pOpy + ——pd, — ——=T0r |,
53( v LA v TUR G R vy L v T)
then the field of Navier-Stokes differential invariants is generated by the first order
differential invariants

s+ 52()\2263_2)111(1, a %, aup, %, aza, a*up,, %, asq
and by the invariant differentiations
A—2 d -2 d
pA2+2a7 ,0’\2+2@

5. h(a) = \jer2e
If the thermodynamic state admits a one-dimensional symmetry algebra gener-
ated by the vector field

2
§1Xo+EX3+E63Xy = 10, +&205+E3 (t Oy — N Oq —u0y —p0p+p0, — 2T8T> ,

then the field of Navier-Stokes differential invariants is generated by the first order
differential invariants

A2&2 ~X2a, 2
S+ 2%, a, e u-, up,

and by the differentiations

Ut Uq St
R T UPaq, ) Sa
u u u

d d
P da

6. h(a) =Ilna
If the thermodynamic state admits a one-dimensional symmetry algebra gener-
ated by the vector field

X +6X3+ 63Xy =810, +&0s +& (L0 +a0, —p0y — p0,) ,

then the field of Navier-Stokes differential invariants is generated by the first order
differential invariants

2
s—>Ina, u, ap, au;, aUg, a°pa, GSi, GSq
3
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and by the invariant differentiations

d d
-1 9 -1 4
Prae P oda
Appendix

The following table summarizes relations between the function h and the sym-
metry algebra of the system (1.1), see Section 2 for details.

X1 =0y,
h(a) is arbitrary Xo = 0Op,
X3 =0;s
X4 =0a,
X5 =104 + Oy,

h(a) = const Xo =0 +ads—pdy—pd,,

X7 =a0,+u0y —2p0,+ 2T Or
X4:8a7

X5 =10, +aua
h(a) = Aa, A #0 Xe=1t0:+20a0, +u0y —p0, —3p0, + 2T Or,

X7 =t0, + ()\th? +a) 0y + Agtdy, —p0Oy — p0,
X4 = exp(y/2Agt) B + /2Ag exp(y/2Ag t) By,
h(a) = Aa® A # 0 X5 = exp(—/2Mgt) Oy — \/2Ag exp(—/2Ag ) Dy,
X6 = a0, +1u0y, —2p0,+ 21 Or,

h(a) = )\1€L/\2, X, = ()\2 — 2)t8t — 2a0, — Aau0y,—

Ao #0,1,2 p8p+()\2+2)p8p—2)\2T8T
ha) = e, Xy =10 — 2 0y —udy—pdy+pd,— 2T

/\2 750 ! ' )\2 PO PO 4
h(a) =1na X4=104+a0,—p0y—p0,
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