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Abstract. In order to better anticipate disease transmission patterns, this research sug-
gests a Caputo type fractional-order differential equations model for HIV-TB co-infection

that accounts for reserves in the environment of Mycobacterium tuberculosis and memory

effects. The existence, uniqueness, positivity, boundedness, and Ulam-Hyers stability studies
demonstrate that the model is mathematically well-posed. The Adams-Bashforth-Moulton

predictor-corrector approach is used to build numerical solutions, which are calibrated using

HIV-TB data from Tanzania between 2000 - 2023. Significant memory effects associated
with treatment persistence, environmental contamination, and infection history are demon-

strated by the expected fractional order (ω = 0.982).The model’s robustness and applicability
are demonstrated through validation using Kenyan data. Sensitivity analysis identifies the

crucial factors that affect the spread and management of disease. The fractional-order for-

mulation more accurately captures long-term infection trends and fits the real data better
than the conventional integer-order model. According to the study, HIV-TB co-infection

can be considerably decreased and disease management in high-burden settings improved by

combining medical therapy with environmental control measures.
Keywords: Caputo Fractional Differential Equation; HIV; Tuberculosis; Sta-

bility Analysis;
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1. Introduction

Tuberculosis (TB) and the Human Immunodeficiency Virus (HIV) continue to constitute
a serious threat to world health, with their combined effects being most noticeable in sub-
Saharan Africa [1]. By gradually reducing CD4+ T cells, HIV compromises host defense and
increases susceptibility to a variety of opportunistic diseases, of which tuberculosis (TB) is still
the most common and lethal, especially in environments with limited access to early diagnosis
and long-term treatment [2]. Co-infection is still a major source of morbidity and mortality
in many low- and middle-income countries, despite significant advancements in TB treatment
and antiretroviral medication While TB infection boosts HIV viral replication and accelerates
the onset of acquired immunodeficiency syndrome (AIDS), HIV weakens the immune system,
making a person more vulnerable to TB infection and reactivation. HIV and TB have a mutu-
ally reinforcing relationship that greatly speeds up the course of the disease, raises mortality,
and makes treatment more difficult. The efficacy of single-disease therapies is compromised by
these feedback processes, which further complicate therapeutic management. Because of this,
co-infection between HIV and TB presents special difficulties that cannot be sufficiently resolved
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by treating each illness separately. For co-infected persons, integrated treatment approaches
are required due to the different clinical courses and therapeutic approaches for HIV and TB.
Given its effective and limited regimen, standard practice requires that TB treatment be started
as soon as possible. However, there is a therapeutic conundrum regarding the timing of ART
commencement. Immune Reconstitution Inflammatory Syndrome (IRIS), a disorder marked
by worsening TB symptoms and serious consequences that may result in treatment stoppage,
may be triggered by starting ART concurrently with or soon after TB treatment. Conversely,
postponing antiretroviral therapy until the completion of tuberculosis treatment elevates the
risk of HIV-related mortality and future transmission. Consequently, one of the most important
unmet needs in co-infection care is figuring out the best combination therapy protocol. Caputo
type fractional-order differential equations model, which better represent biological processes
including memory effects and complex nonlinear interactions, are gaining popularity in disease
modeling. Artificial intelligence and neural networks frequently improve these methods, increas-
ing analysis, numerical approximation, and prediction accuracy. These hybrid frameworks can
be used to solve complex fractional integro-differential equations, analyse epidemic models, pre-
dict viral eye infections, model chronic myeloid leukemia, and even model psychiatric disorders.
These hybrid approaches reinforce the applicability of the current fractional HIV-TB paradigm
by highlighting the increasing significance of fusing sophisticated computational methods with
mechanistic fractional-order models. Motivated by these advancements, this study employs
a fractional-order modeling framework to more precisely represent the dynamics of HIV and
TB co-infection transmission. Understanding HIV-TB transmission and assessing therapeutic
tactics have long relied on mathematical models [3]. Classical integer-order models provide
valuable insights into disease dynamics and control strategies, even though they may overlook
long-term memory effects, host variability, and delays associated with treatment adherence or
environmental persistence. In order to get around these limitations, fractional-order models
particularly those based on the Caputo derivative have become more and more prominent in
epidemiological research. These models inherently include nonlocal dynamics and memory ef-
fects, which are particularly pertinent to long-term conditions like HIV and TB. The Caputo
derivative is ideal for realistic epidemiological modeling because it permits physically signif-
icant initial conditions. Recent studies have applied Caputo fractional-order frameworks to
HIV-only, TB-only, and HIV-TB co-infection models. Compared to their integer-order coun-
terparts, fractional-order operators exhibit improved stability features, better agreement with
epidemiological data, and improved model accuracy by incorporating nonlocal temporal effects.
For example, and shown how fractional derivatives have a substantial impact on system dy-
namics, exposing disease-control mechanisms that traditional models could miss. Subsequent
research has demonstrated that integrated techniques can almost completely eradicate infec-
tions assuming adequate compliance, highlighting the usefulness of fractional-order differential
equations in optimum control design [4]. Demonstrated the benefits of fractional modeling
in co-infection management by highlighting the combined impact of HIV prevention and TB
therapy. However, Most existing models either oversimplify environmental transmission or
overlook the significance of environmental TB reservoirs, Notwithstanding data showing that,
especially in high-burden environments, polluted environments have a major role in TB persis-
tence. Therefore, a true representation of TB dynamics must include environment-mediated TB
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transmission. Interventions that solely target human populations may be undermined by envi-
ronmental reservoirs acting as chronic sources of infection. Explicitly modeling environmental
TB contamination offers a more comprehensive framework for assessing the combined effects
of medical treatments and environmental control measures, such as hygiene and sanitation, on
disease dynamics. There are still a number of significant gaps in the large set of mathematical
models created to investigate HIV-TB co-infection. The majority of current models either only
contain human-to-human transmission pathways and ignore the significance of environmentally
produced TB persistence, or They rely on conventional integer-order formulations that dis-
regard the memory effects that come with long-term infections. Moreover, very few research
examine the combined effects of environmental and medical interventions within an ideal control
framework, and even fewer incorporate actual epidemiological data to calibrate fractional-order
co-infection models. In contrast to current HIV-TB models, this study simultaneously takes
into account environmental TB reservoirs, fractional memory effects using the Caputo deriv-
ative, data-driven parameter estimation using Tanzanian HIV-TB co-infection data reported
by the WHO, and the best way to implement environmental and medical control measures
within a single modeling framework [5]. This comprehensive approach not only yields a more
accurate representation of HIV-TB transmission dynamics but also offers valuable insights for
the development of integrated, data-driven, and sustainable disease management strategies in
high-burden settings. The structure of the paper is as follows: The model and its underlying
presumptions are presented in Section 2. The qualitative aspects of the model, such as param-
eter estimations, sensitivity analysis, Ulam-Hyers stability, and the PECE-ABM technique, are
examined in Section 3. Section 4 addresses the optimal control formulation, effective reproduc-
tion number, and prerequisites for optimality in the context of the HIV-TB co-infection model
with control measures. Numerical simulations and control results are presented and discussed
in Section 5. The key conclusions and their policy implications are presented in Section 6.

2. Model Construction and Formulation

In order to represent memory-dependent disease dynamics, a fractional differential order
HIV-TB co-infection model was developed utilizing the Caputo type derivative. For chronic ill-
nesses like HIV and TB, where current transmission patterns are influenced by rapid exposure,
delayed immune responses, treatment compliance, and environmental persistence, fractional
calculus is particularly helpful. A number of modelling assumptions are used in order to con-
centrate on the key mechanisms controlling HIV-TB co-infection. The vulnerable population is
expected to be recruited at a constant rate ρ. It is assumed that the population is homogeneous.
It is believed that susceptible people cannot become co-infected since they cannot contract both
HIV and TB at the same time. The model makes the assumption that HIV does not spread
vertically, from mother to kid [6]. It is believed that both direct contact with infected people
and exposure to contaminated environments can spread tuberculosis. People who have both
active TB and HIV are thought to be extremely immunocompromised. Sexual activity within
this class is deemed insignificant due to their clinical status; hence, sexual transmission of HIV
from this compartment is disregarded. ART recipients are presumed to be aware of their HIV
status, to be undergoing treatment, and to participate in activities that prevent the virus from
spreading. According to WHO standards, Screening for TB is presumed to take place at both
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during the follow-up period and at the time of HIV diagnosis, with co-infected persons receiving
TB treatment right away. As a result, the model presupposes that among co-infected patients,
TB therapy comes before HIV treatment. TB treatment is typically administered for six to nine
months. Additionally, it is believed that those under treatment for TB or HIV make very little
contribution to subsequent transmission. It is assumed that people on antiretroviral therapy
(ART) are aware of their HIV status, are receiving treatment, and engage in behaviors that stop
the virus from spreading. TB screening is assumed to occur at the time of HIV diagnosis and
during the follow-up period, with co-infected individuals receiving immediate TB treatment,
according to World Health Organization guidelines. Transmission from treated individuals is
thus disregarded because the model focuses on the population level. Due to persistent viral
suppression, those who recover from tuberculosis while still receiving antiretroviral therapy are
regarded as non-infectious. Finally, co-infected individuals are thought to adopt habits that
reduce their chance of re-infection if they maintain antiretroviral therapy after recovering from
tuberculosis. These presumptions lead to the stratification of the entire human population P (t)
into nine disjoint incompatible compartments: Susceptible (S), Latent tuberculosis [Lt(t)], Ac-
tive tuberculosis [AT (t)], Recovered from tuberculosis [RT (t)], HIV-positive [HI(t)], Regarding
ART [AH(t)], Latent TB and HIV co-infection [M1(t], HIV-active TB co-infected [M2(t], and
co-infected while receiving TB treatment [CT (t]. The concentration of ambient TB bacilli is
modeled in a tenth compartment. Consequently:

P (t) = S(t) + [Lt(t)] + [AT (t)] + [RT (t)] + [HI(t)] + [AH(t)] + [M1(t] + [M2(t] + [CT (t] (2.1)

Direct and environmental channels are included in the force of infection for tuberculosis, orFT :

FT =
[αT

P
(AT + µ1M2) + α1Eb

]
(2.2)

where µ1 > 1 increases the infectiousness of M2 individuals, αT is the rate of direct tuberculosis
transmission , and α1 is the ambient infection rate. Contact with infectious compartments is
taken into account by the HIV force of infection, or FH

FH =
αH

P
(HI + µ2M1) (2.3)

where µ2 is an individual’s increased infectivity and αH is the HIV transmission rate. The rates
at which susceptible people can contract HIV or TB are FT and FH respectively. Individuals
in the latent TB class [LT ] may either develop HIV at rate [FH ] or advance to active TB at
rate Λ1. Additionally, individuals in the Latent class can transition to the recovery group after
beginning TB therapy at a rate of γ0. People with active TB [AT ] may also get HIV at rate [FH ],
begin TB treatment at rate γ, and pass away from TB-related problems at rate dT . Recovered
persons RT may be partially re-infected with TB at rate ∂FT , where ∂ ∈ [0, 1] represents the
degree of immunity from prior TB infection. They are also vulnerable to HIV infection at a
rate FH Due to immunosuppression (∆ > 1), HIV-positive individuals HI may develop TB at
a higher rate ∆Λ1 start ART at a rate ξ, or pass away from HIV-related illnesses at a rate
dH . People in class [M1] may develop active TB co-infection [M2] at a rate Λ2, die at a rate
Λ2, or start TB treatment at a rate that is in line with recommendations that prioritize TB
treatment over ART. The environmental bacterial load [Eb] increases through shedding from
[AT ] and [M2] (rates [K1], [K2]) decays naturally at rate [E]. Individuals in [C] may then start
ART and move to at rate ξor die from disease-related causes at rate [de]. Natural mortality
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occurs in every human compartment at a rate [Nd]. Fig. 1 summarizes the outcomes of the
aforementioned.

Figure 1. System diagram

2.1. Caputo Fractional Differential Equation Model. The substantial memory and ge-
netic effects seen in HIV-TB co-infection dynamics provide biological motivation for the frac-
tional order formulation used in this investigation. While tuberculosis shows protracted latency,
partial immunity, and reactivation after prolonged periods, HIV progression is defined by cumu-
lative immune system deterioration, delayed virological response to antiretroviral therapy, and
long-term treatment history [7]. Further temporal reliance is introduced by the persistence of
Mycobacterium tuberculosis in contaminated environments, since the risk of infection is depen-
dent on past pathogen shedding and environmental contamination levels in addition to current
conditions. Therefore these effects are represented by the Caputo fractional derivative, which
preserves biologically significant initial circumstances while allowing the current rate of change
to depend on the system’s whole history. Mathematically speaking, This demonstrates how
each state variable varies according to an integral of the convolution type over its prior values.
The Caputo fractional derivative, which is explained below, formalizes this. Because of this,
the fractional-order derivative provides a realistic representation of treatment adherence history,
environmental persistence, and delayed immune responses that are not adequately captured by
conventional integer order models. To achieve dimensional consistency in the fractional order
HIV-TB co-infection model, we use a fractional time scaling method that is commonly used
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with Caputo derivatives. Given that the dimension of the Caputo derivative of order ω ∈ (0, 1]
is dimension [time]−ω.

classical rate parameters must be rescaled in order to preserve dimensional homogeneity of
the governing equations. As a result, the model’s mathematical coherence is restored by raising
all time-dependent parameters to the fractional order ω. This scaling is a mathematical tech-
nique that enables integer order parameters to be consistently incorporated inside a fractional
order framework, rather than a true biological adjustment of epidemiological rates [8]. A well-
established method in fractional epidemiological modeling, the fractional order ω biologically
represents memory effects related to treatment history, environmental persistence, and chronic
infection [9,10].

FC
T =

[
αω
T

P
(AT + µ1M2) + αω

1Eb

]
and FC

H =
αω
H

P
(HI + µ2M1) (2.4)

The following system of nonlinear fractional differential equations under the Caputo type frac-
tional derivative describes the dynamics of HIV-TB co-infection, taking into account the model
flow diagram [Figure 1]

system of equations

c
0D

ω
t S(t) = ρω − (F c

T + F c
H +Nω

d )S
c
0D

ω
t LT (t) = F c

TS + ∂F c
TRT − (Nω

d + Λω
1 + γω

0 + F c
H)LT

c
0D

ω
t AT (t) = Λω

1LT − (Nω
d + dωT + γω + F c

H)AT

c
0D

ω
t RT (t) = γωAT + γω

0 LT − (Nω
d + ∂F c

T + F c
H)RT

c
0D

ω
t Eb(t) = Eω

1 AT + Eω
2 M2 − EωEb

c
0D

ω
t HI(t) = F c

HS + F c
HRT − (Nω

d + dωH +∆F c
T + ξω)HI

c
0D

ω
t AH(t) = ξωHI + ξωCT − (Nω

d + dωH)AH

c
0D

ω
t M1(t) = F c

HLT − (Nω
d + Λω

2 + dωH + γω
1 )M1

c
0D

ω
t M2(t) = Λω

2M1 +∆F c
THI + F c

HAT − (Nω
d + dωe + γω

2 )M2

c
0D

ω
t CT (t) = γω

1 M1 + γω
2 M2 − (Nω

d + ξω + dωe )CT

S(0) > 0, LT (0) ≥ 0, AT (0) ≥ 0, RT (0) ≥ 0,

Eb(0) ≥ 0,HI(0) ≥ 0, AH(0) ≥ 0,M1(0) ≥ 0,M2(0) ≥ 0, CT (0) ≥ 0.

(2.5)

3. Qualitative Analysis of the HIV-TB Co-Infection Model

We examine the qualitative properties of the proposed fractional-order differential equations
HIV-TB co-infection model and local stability of the disease-free equilibrium, Ulam-Hyers sta-
bility, well-posedness, and computation of the basic reproduction number. The appendices
contain comprehensive technical proofs.

Theorem 3.1. Equations (2.5) has a unique solution that is non-negative for every t ≥ 0. for
any non-negative initial conditions.

23



STOCHASTIC FRACTIONAL MODELING OF HIV-TB CO-INFECTION WITH ENVIRONMENTAL

Table 1

Parameters Discription
ρ Birth rate of susceptible people or recruitment rate
αH HIV transmission rate
αT TB transmission coefficient
Nd Death rate of natural
dT TB related death rate
dH HIV related death rate
de Co infection related death rate
α1 Coefficient of environmental tuberculosis transmission
ξ Rate of HIV therapy
µ1 TB transmission amplification factor in co-infected people [M2]
µ2 TB transmission amplification factor in co-infected people [M1]
∆ HIV-positive people’s TB progression multiplier
∂ Modifier of re-infection risk
Λ1 The rate at which latent tuberculosis develops into

active tuberculosis in people without HIV
Λ2 The rate at which latent tuberculosis develops into

active tuberculosis in people living with HIV
γ Treatment rate per capita for people with active tuberculosis
γ0 Rate of treatment for latent tuberculosis patients
γ1 Treatment rate for co-infected people with latent tuberculosis and HIV
γ2 Rate of treatment for co-infected active tuberculosis
E1 Rate of bacterial shedding by persons with active tuberculosiss [AT ].
E2 Co-infected individuals’ bacterial shedding rate [M2].
M Rate of environmental bacterial clearance.

Proof. Standard results for Caputo fractional differential equations with spatially Lipschitz
right-hand sides imply existence and uniqueness [11]. By calculating each state variable’s Ca-
puto derivative on the non-negative orthant’s border, positivity is confirmed. For instance, we
have c

0D
ω
t S(t) = ρω > 0, if S = 0, then the trajectories stay non-negative. For any compart-

ment, the same argument holds
□

Theorem 3.2. Every system (2.5) solution that starts in the physiologically feasible area

Γ =

{
S,LT , AT , RT , Eb, HI , AH ,M1,M2, CT ∈ R10

+

P ≤ ρω

Nω
d
, Eb ≤ (Eω

1 +Eω
2 )ρω

EωNω
d

. (3.1)

Remain in Γ for all t > 0.
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Proof. The linear fractional differential equation for P (t) that results from adding the human

population equations is bounded above by ρω

Nω
d
. The model’s mathematical soundness and epi-

demiological importance are confirmed by these results, which also apply to the environmental
bacterial load Eb. □

3.1. Disease-Free Equilibrium and Reproduction Threshold Analysis. Setting all in-
fected compartments to zero yields the system’s HIV-TB co-infection free equilibrium (DFE).

E0 = (S0, L0
T , A

0
T , R

0
T , E

0
b , H

0
I , A

0
H ,M0

1 ,M
0
2 , C

0
T ) =

(
ρω

Nω
d

, 0, 0, 0, 0, 0, 0, 0, 0, 0

)
(3.2)

We use the next generation matrix approach, which was developed in [12], to calculate the
fundamental reproduction number R0 in order to examine the risk of disease transmission. The
average number of secondary infections that an infected person causes in a community that is
fully susceptible during their infectious period is indicated by the basic reproduction number.
The disease’s independence at the DFE determines the total basic reproduction

R0 = max(RTB
0 , RHIV

0 ) (3.3)

Where

RTB
0 =

Λω
1 (ρ

ωαω
1E

ω
1 + αω

TE
ωNω

d )

Nω
d (N

ω
d + Λω

1 + γω
0 )E

ω(dωT +Nω
d + γω)

(3.4)

and

RHIV
0 =

αω
H

Nω
d + dωH + ξω

(3.5)

The amount RTB
0 highlights the relevance of bacterial persistence in maintaining TB spread

by capturing both environment-mediated and direct TB transmission. The balance between
HIV transmission and treatment-induced elimination is represented by the HIV reproduction
number RHIV

0 . Appendix B has the complete derivation, which includes Jacobian matrices.

3.2. Evaluation of the Disease-Free State’s Local Stability. We investigate the local
asymptotic stability of the disease-free equilibrium (DFE) E0, a state that is free of both
HIV and TB. An eigen value-based approach modified from [13] is used to investigate small
perturbations at E0. The following theorem establishes the stability requirement

Theorem 3.3. When R0 < 1 and unstable R0 > 1, the disease-free equilibrium E0of the system
is locally asymptotically stable.

Proof. The outcome is obtained by looking at the eigenvalues of the Jacobian matrix evalu-
ated at E0 and using the fractional order stability criterion, which calls for all eigen values to
satisfy |arg(λi)| > πω

2 . According to this analysis, both HIV and TB can be eradicated from an
epidemiological perspective if their respective reproduction numbers are lowered below unity.
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3.3. Existence and Ulam-Hyers Stability Analysis. The practical usefulness of a model
is contingent upon its ability to withstand perturbations, such as those resulting from numerical
approximation or parameter uncertainty. We analyze our fractional order system’s Ulam-Hyers
stability, which ensures that approximation solutions stay near to genuine solutions under minor
shocks, in order to prove this characteristic.

Theorem 3.4. The Caputo fractional-order HIV-TB co-infection model exhibits Ulam-Hyers
stability on the time interval [0, P ] if the following is true:

Γ(ω + 1) = KPω.

Where K is the model vector field’s Lipschitz constant.

Proof. Ulam-Hyers stability guarantees that approximate solutions remain near precise so-
lutions even in the presence of small perturbations to the governing equations. For models that
have been calibrated using real epidemiological data, this feature is particularly important.
Classical Lyapunov stability, on the other hand, examines the behavior of exact solutions under
slightly different initial conditions.

3.4. Numerical Solution of the Caputo Fractional-Order System Using the PECE-
ABM Method. The Predict-Evaluate-Correct-Evaluate Adams-Bashforth-Moulton (PECE-
ABM) algorithm, a multi-step method chosen for its effectiveness in addressing the memory
integrals inherent in fractional derivatives, was used to create numerical solutions for the Ca-
puto of fractional-order systems [14]. The PECC-ABM approach uses an implicit corrector
step (Adams-Moulton) after an explicit predictor step (Adams-Bashforth). We discretize the
temporal domain into grid points Tk = kH and define a fixed step size H for numerical imple-
mentation. Weights are used in the anticipated phase to take the beginning value problem into
account.

Cl,k+1 =
HT

T
[k + 1− l]T − (k − l)T

To produce the anticipated values

yn+1 = y0 +
1

Γ(p)

k∑
i=0

Cl,k+1Gl

Which are then evaluated to obtain
Gk+1 = G(Tk+1, yk+1) The corrector stage then uses weights to improve the answer.

Dl,k+1 =
hT

T (T + 1)
[k + 1− l]T+1 − (k − l)T+1

Producing
Rk+1 = R(Tk+1, Yk+1) is the new evaluation of the modified solution. All model compart-

ments, including susceptible, infected, and treated populations, are subjected to this iterative
prediction-evaluation-correction-evaluation method. The population size and the force of in-
fection are updated at every stage. The method can be used to simulate both controlled and
uncontrolled models. since it guarantees accurate and steady numerical integration of the frac-
tional order dynamics.
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3.5. Estimation of Model Parameters World. Health Organisation reported HIV-TB co-
infection data for Tanzania from 2000 - 2023, given as cases per 1,000,000 people, were used
to estimate system parameters. The aggregated, anonymised, and publicly accessible data
does not require ethical approval. Active TB co-infection compartment M2(t), The model was
calibrated by fitting a model that reflects the synergistic HIV-TB interaction driving trans-
mission and environmental contamination and accurately fits the provided data. The model
structure implicitly constrained all other compartments. To ensure biological survival, initial
circumstances were created using 2000 demographic and epidemiological data. M2 (0)=309 in-
fected compartments were inferred from prevalence statistics, treated compartments were first
thought to be negligible, and the ambient TB load was computed proportionately to infectious
TB cases. By minimizing the difference between the model-predicted co-infected population
and the observed HIV-TB co-infection data, parameters were determined.

Let Mmodel
2 (ti/θ) represent the corresponding model output for a parameter vector θ, and

Mdata
2 (ti) represent the reported HIV-TB co-infection data at time ti. The root mean square

error (RMSE) was used to define the goal function as

RMSE(θ) =

[
1

n

n∑
n=1

(Mdata
2 (ti))− (Mmodel

2 (ti|θ))2
] 1

2

(3.6)

where θ and n = 24 represent specific environmental, transmission, and progression charac-
teristics. The PECE-ABM scheme described in was used to solve the fractional system, and
the novel Nelder-Mead simplex algorithm [16] in MATLAB was used for optimization. Na-
tional life expectancy statistics were used to determine demographic factors. With an av-
erage life expectancy of roughly 66.8 years [15], Tanzania has a national mortality rate of
Nd = 1/66.8 ≈ 0.0147year−1, with recruitment adjusted to preserve demographic balance.
The fit quality was assessed using the root mean square error (RMSE), which reached a min-
imum value of 8.06 at the fractional order ω = 0.982. The best fractional derivative order
for the given data is ω = 0.982, as seen by the RMSE decreasing as ω approaches 0.982 and
increasing for lower values. displays the model estimations for this ideal order. The fractional
order model (RMSE = 8.06, R2 = 0.9915) performs better than the integer order model
(RMSE = 8.39, R2 = 0.9907), delivering a roughly 4% reduction in RMSE and a slightly
enhanced goodness of fit, according to a comparison of the predictions from the two models.

3.5.1. Empirical Validation of the Model. Kenya was chosen because it is geographically close
to Tanzania [17] and has similar epidemiological and socioeconomic characteristics, even though
it represents a separate population. Assuming that fundamental biological and behavioral pro-
cesses are conserved throughout East African environments, all epidemiological parameters
obtained from Tanzanian data were kept. Based on a life expectancy of 66.8 years, the re-
cruitment rate (ρ=7.8 persons per 1,00,000 annually) and natural mortality rate (Nd=0.0150
annually) were the only demographic parameters that were modified to reflect Kenya-specific
characteristics. HIV-TB prevalence in 2000 [18]. Through 2023, the model (ω=0.982) was sim-
ulated and compared to actual data. RMSE, MAPE, and R2 were used to assess the model’s
performance on the validation dataset. The results showed good prediction accuracy: RMSE =
13.17, MAPE = 21.18 %, and R2 = 0.9601. The model accurately captured important temporal
aspects of Kenya’s HIV-TB co-infection dynamics, such as the maximum between 2005-2007 and
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Figure 2. Analysis of Root Mean Square Error (RMSE) across derivative orders

the subsequent decline following ART scale-up. The resilience of the fractional-order framework
is demonstrated by the deviation seen at the peak period, which most likely reflects variations
in intervention coverage or behavioral characteristics not reflected by demographic parameter
adjustments.

3.6. Global Sensitivity Analysis. A sensitivity analysis of the fundamental reproduction
numbers R0 is carried out in order to assess the relative impact of model parameters. This
kind of study determines which parameters have the biggest effects on the dynamics of disease
transmission and measures how minor adjustments to these parameters alter the model’s results.
The impact of a minor percentage change in a parameter K on the reproduction number is
computed using the normalized forward sensitivity index [19]. The sensitivity of RTB

0 or RHIV
0

to its parameters is evaluated using the index γK = K
RTB

0

RTB
0

∂K Model parameter sensitivity

indices for the fundamental reproduction numbers RTB
0 and RHIV

0

Table 2

Parameter Index Parameter Index Parameter Index
ρ 0.8924 dT 0.475 αT 0.3105
E1 0.8924 dH 0.4682 ∂ 0
Λ1 0.5 αH 1 E -0.6023
Nd 0.1603 α1 0.8902 ξ -0.4605
γ -0.4738 γ0 -0.7817

Table 2 displays the resulting indices, calculated at at ω = 0.982. The calculated sensitivity
indices reveal an important finding: whereas positively sensitive factors like E1, αT , αH and
α1 encourage disease spread, raising the negatively sensitive parameters (γ, ξ, E) substantially
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decreases disease dynamics, hence offsetting transmission. Quantitatively, for every 10% rise
in E and ξ,RTB

0 or RHIV
0 are decreased by 7.9% and 5.7%, respectively. The selection of the

multifaceted environmental and medicinal controls described in section 4 is directly informed by
and validated by this mechanistic understanding. To evaluate the resilience of these sensitivity
values under parameter uncertainty, confidence intervals for the normalized sensitivity indices
were computed using a Monte Carlo uncertainty propagation technique. The fractional order
model’s analytical equations were used to recalculate sensitivity indices for every realization,
and model parameters were sampled from truncated normal distributions that matched the
predicted means and 95% confidence intervals given in Table 4. The percentile distributions of
the resulting sensitivity indices, from which empirical 95% confidence intervals were obtained,
are summarized in Table 3. Critical transmission and treatment parameters show confidence
intervals that do not include zero, and the results confirm that the sign and relative ranking of
the most critical parameters remain unchanged throughout uncertainty ranges, supporting the
robustness of the sensitivity conclusions.

4. Controlled Dynamical System

c
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ω
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d )S
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d + dωH)AH

c
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ω
t M1(t) = F c

HLT − (Nω
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1 +Θ1)M1
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2M1 +∆F c
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ω
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2 +Θ1)M2 − (Nω
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With FC
T = [

αω
T

P
(AT + µ1M2) + αω

1Eb] and FC
H =

αω
H

P
(HI + µ2M1)

(4.1)

4.1. Evaluation of the Effective Reproduction Number Re. The dynamics of HIV-TB
co-infection and the effects of intervention strategies are evaluated using the effective reproduc-
tion number Re for the system is calculated as follows using the next generation matrix approach
[21] and the methodology described in section 3.2. This amount measures the expected number
of new infected originating from a single infectious individual in a largely managed population
[20].

Re = max(RTB
e , RHIV

e ) (4.2)
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Figure 3. Model Fits and HIV-TB co-infection prevalence in Tanzania from
2000 to 2023

Table 3

RTB
0 RHIV

0

Parameter Mean 95% Parameter Mean 95%
ρ 0.8924 [0.7661,0.7981] Nd -0.1544 [0.5928,0.-5592]
E1 0.8424 [0.7661,0.7981] ξ -0.6872 [-0.5928, -0.5592]
Λ1 0.8403 [0.7468,0.7695] αH 0.9931 [0.9820,0.9820]
Nd -0.8203 [-0.9503, -0.9174] dH -0.4737 [-0.3791,-0.3460]
γ -0.5429 [-0.4494,-0.4144]
dT -0.5993 [-0.5070,-0.4709]
α1 0.8835 [0.7661,0.7981]
γ0 -0.7776 [-0.6802,-0.6543]
E -0.8935 [-0.7981,-0.7661]

The two illnesses’ effective reproduction numbers are calculated independently since they are
independent at the DFE. The TB subsystem’s effective reproduction number is

RTB
e =

Λω
1 (ρ

ωαω
1E

ω
1 + αω

TE
ωNω

d + αω
TN

ω
d Θ3)

Nω
d (N

ω
d + Λω

1 + γω
0 +Θ1)(Eω +Θ3)(dωT +Nω

d + γω +Θ1)
(4.3)

and RHIV
e =

αα
H

Nω
d +dω

H+ξω+Θ2
These expressions account for transmission from individuals with

active tuberculosis, the contaminated environment, and direct HIV transmission-all of which
are impacted by the restrictions put in place. The findings highlight the theoretical impact
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of the interventions: improving TB case detection and treatment TB [Θ1(t)], ART [Θ2(t)] and
environmental cleanliness and sanitation [Θ3(t)] directly lowers the co-infection’s potential for
transmission.

Figure 4. Validation of the fractional-order HIV-TB co-infection model using
Kenyan data (2000-2023). Place your order at (ω = 0.982)

4.2. Optimal Control Analysis. The polluted environment EB , which acts as a transmission
reservoir, and the infected classes (LT , AT , HI ,M1,M2), which are the main dispersion drivers,
are the two main compartments that support HIV-TB co-infection. In order to create the best
control methods, we concentrate on minimizing these compartments. Therefore, minimizing the
sizes of LT , AT , HI ,M1,M2, and EB targets both direct transmission channels and important
behavioral variables, creating a goal that is both epidemiologically sound and pertinent to
policy. Therefore, based on the system, we want to find an ideal control triple Θ1,Θ2,Θ3 that
lowers the cost of control measures, environmental contamination, and sick populations. In
accordance with the objective fractional related framework, which is defined as:

I(Θ1,Θ2,Θ3) =
∫ P

0

[
A1LT +A2AT +A3HI +A4M1 +A5M2 +A6Eb +

1
2

∑3
i=1(ŃiΘ

2
i )dt

]
=

∫ P

0
σ(t, x, u)dt

(4.4)
σ(t, x, u) represents the running cost. For a given co-state variable λn, the associated Hamil-
tonian is given by the associated Hamiltonian is given by

H = σ(t, x, u) + Σ10
n=1λnfn(t, x, u) (4.5)

The relative importance of the state variables is quantified by the positive constants Ai(i =
1, 2, 3, 4, 5, 6), and the costs of applying the control measures across the finite time hori-

zon P are represented by Ńi, (i = 1, 2, 3) [22,23]. These constants keep the integral in the
objective functional from being dominated by any one term. Furthermore, in the case of
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computation, the objective function is stated quadratically [24, 25]. For i=1,2,3, the ad-
missible control set is determined by Θ = (Θ1,Θ2,Θ3)/Θi is Lebesgue measurable and 0 ≤
Θ ≤ 1, t ∈ [0, P ] The optimal control Θ∗ = (Θ∗

1,Θ
∗
2,Θ

∗
3) minimizes the objective functional:

J(Θ∗) =
min

(Θ1,Θ2,Θ3) ∈ U
J(Θ1,Θ2,Θ3) Classical results ensure that an optimal control exists

under the well-posed nature of the state system and the uniform L∞ restrictions on admis-
sible states and controls [26,27]. Pontryagin’s Maximum principle, The necessary optimality
conditions for the control Θ∗.are found using a modified version for fractional order systems
controlled by the Caputo derivative. This concept transforms the objective functional equation
and the system equation into a pointwise minimization of the Hamiltonian (H) with regard to
the controls (Θ∗(t)). For the fractional adjoint system, the fractional state dynamics, and the
associated stationary conditions to continue being optimal. Adjoint system and stationary con-
ditions are obtained from the related fractional state dynamics as follows: The state dynamics
given by C

0 D
ω
t fn = ∂H

∂λn
, and adjoint system given by C

0 D
ω
t λn = − ∂H

∂xn
. Therefore, the system

of adjoint variable takes the form:

C
0 D

ω
t λS(t) = FC

T (λS − λLT
) + FC

H (λS − λHI
) +Nω

d λS

C
0 D

ω
t λLT

(t) = −A1 + FC
H (λLT

− λM1
) + Λω

1 (λLT
− λAT

)

+(γω
0 +Θ1)(λLT

− λRT
) +Nω

d λLT

C
0 D

ω
t λAT

(t) = −A2 + ∂
αω
T

P
RT (λRT

− λLT
) +

αω
T

P
S(λS − λLT

)

+∆
αω
T

P
HI(λHI

− λM2
) + (γω +Θ1(t))(λAT

− λRT
)

−Eω
1 λEB

+ (Nω
d + dωT )λAT

− FC
HλAT

C
0 D

ω
t λRT

(t) = ∂FC
T (λRT

− λLT
) + FC

H (λRT
− λHI

) +Nω
d λRT

C
0 D

ω
t λEB

(t) = −A6 + αω
1∆(λS − λLT

) + ∂αω
1 (λRT

− λLT
)RT+

αω
1∆IT (λIT − λM2) + (Eω +Θ3(t))λEB

C
0 D

ω
t λHI

(t) = −A3 +
αω
H

P
S(λS − λHI

) +
αω
H

P
RT (λRT

− λHI
)

+
αω
H

P
LT (λLT

− λM1
) +

αω
H

P
AT (λAT

− λM2
)

+(ξω +Θ2(t))(λHI
− λAH

) + ∆FC
T (λHI

− λM2) + (Nω
d + dωH)λHI

C
0 D

ω
t λAH

(t) = (Nω
d + dωH)λAH

C
0 D

ω
t λM1

(t) = −A4 + µ2
αω
H

P
S(λS − λHI

) + µ2
αω
H

P
RT (λRT

− λHI
)

+µ2
αω
H

P
AT (λAT

− λM2) + µ2
αω
H

P
LT (λLT

− λM1)

(γω
1 +Θ1(t))(λM1 − λCT

) + Λω
2 (λM1 − λM2) + (Nω

d + dωH)λM1

32



G. KARUPPANNAN AND A. MANICKAM*
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The terminal condition λn(P ) = 0 is satisfied by every adjoint variable λn(t). For n =
S,LT , AT , RT , Eb, HI , AH ,M1,M2, CT (1− 10) the stationary conditions are derived by solving
∂H
∂Θi

= 0, i various from 1 to 3

Θ∗
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1
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[
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− λRT
) +A∗

T (λAT
− λRT

)

+M∗
1 (λM1

− λCT
) +M∗

2 (λM2
− λCT

)

]

Θ∗
2 =

1

N2
[H∗

I (λHI
− λAH

) + C∗
T (λCT

− λAH
)]

Θ∗
3 =

1

N3
[E∗

bλEb
]

(4.7)

The optimal controls Θ∗
i i various from 1 to 3 are restricted to the interval [0,1] and enforced

through the projection formula

Θ∗
i = max {0,min(Θi, 1)}

Figure 5. Impact of strategy A, which combines HIV and TB treatment, at
(ω = 0.982)

5. Numerical Investigation and Discussion

The Caputo-type fractional order system is numerically solved using the PECE-ABM scheme
described to determine the optimal control strategies Θ∗ for reducing the transmission of HIV-
TB co-infection. The forward-backward sweep method updates the control variables until con-
vergence while iteratively integrating the state system ahead and the adjoint system backward
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Figure 6. Impact of combining environmental sanitation and hygiene with
TB treatment (strategy B) at (ω=0.982)

Figure 7. Impact of combining environmental sanitation and hygiene with
HIV treatment (strategy C) at (ω=0.982)

[28]. This approach guarantees numerical correctness and stability while successfully capturing
the memory effects present in fractional-order dynamics. The cost weights wi in the objective
functional in optimal control issues indicate the relative financial burden of carrying out each in-
tervention. In order to prevent unrealistic singular control solutions, these weights are provided
to balance epidemiological advantages against implementation costs. They are often modeled
using quadratic terms to penalize excessive control effort and assure conductivity of the goal
functional [29,35]. The approximate annualized per-capita cost reported in health economic
research from Tanzania and comparable sub-Saharan African contexts was represented by the
weights w1, w2, and w3 in this study. In this case, w1, w2, and w3 stand for environmental
control, HIV therapy, and TB treatment interventions, respectively, as mentioned in section 4.

34



G. KARUPPANNAN AND A. MANICKAM*

Figure 8. Impact of combining environmental sanitation and hygiene with
HIV treatment and TB treatment (strategy D) at (ω = 0.982)

The estimated annual cost of diagnosing and treating a single case of tuberculosis in Tanzania is
between 150 - 155 per person. Consequently, USD/person/year, a conservative estimate within
this range, was determined as the weight for the TB treatment control. The projected annual
cost of ART for HIV treatment in Tanzania is between USD 90 and USD 265 per person. This
range was used to generate a mid-range estimate for the weight associated with HIV treatment,
which was set at w2 = 150 USD/person/year. Disinfection, better ventilation, and sanitation
are examples of environmental treatments that are usually carried out at the community level
and involve common, non-recurring costs as opposed to individualized therapeutic expenditures
[30,31,40]. The cost weight for environmental control was set at around 36% of the cost of TB
treatment in order to account for this difference, resulting in w3 = 54 UST/person/year. This
assumption maintains the relative cost structure of controls while reflecting the relatively lower
per-capita economic impact of environmental actions. In general, These weights are meant to
offer a realistic and policy-relevant scale of intervention costs so that the best management
options can be meaningfully compared, rather than to represent exact economic figures. The
waiting parameters of the objective functional represent the severity of each compartment.
Since it is less contagious than people in other affected compartments, the weight Gi linked
with compartment L is given a weight in the limit [0, 0.5]. Because of their comparatively
smaller immediate health and economic effects in comparison to co-infected compartments.
The interval [0.5,1.5] is used to select the weights G2 and G3 corresponding to compartments
AT and HI .To represent their enhanced severity, the co-infected compartments M1 and M2 are
given higher weights, G4 ∈ [1, 5] and G5 ∈ [5, 10], respectively. G6 ∈ [0, 0.5] penalizes the ambi-
ent bacterial load Eb, which leads to protracted infection and disease recurrence [32,33,41]. As
shown in Table 4, initial circumstances are set appropriately, and model parameters are estab-
lished using actual data and existing literature. Due to data scarcity, which continues to be a
significant limitation in modelling HIV-TB co-infection dynamics, some parameters are chosen
only for numerical illustration [36,37]. The uncertainty in parameter estimations resulting from
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the absence of high resolution, longitudinal data on ambient TB contamination, co-infection
rates, and behavioral variables is demonstrated by the huge confidence ranges for several fitted
parameters. This uncertainty spreads throughout the model, impacting both the projected
timing of intervention effects and the accuracy of long-term forecasts [34,35,38]. For example,
changes in the bacterial clearance rate E and environmental transmission rate α1 could affect
the expected timing and size of the effects of environmental interventions. From a policy stand-
point, this means that rather than using exact quantitative projections, model outputs should
be interpreted mainly in a comparative and strategic sense, guiding the relative efficacy and
prioritization of integrated initiatives [39,40]. Model predictions and policy recommendations
can be improved as more specific data becomes available. To run the simulations and validate
the analytical results, MATLAB is used. For both controlled and uncontrolled scenarios, state
trajectories and control profiles are examined. We assess the efficacy of many concurrent control
measures over a five-year period, taking into account the endemicity of HIV-TB co-infection as
well as the limited impact of single therapies [42,43].

6. Conclusion

To better represent disease dynamics, this group created a Caputo type fractional-order
model of HIV-TB co-infection that took memory effects and environmental TB reservoirs into
account by confirming the existence, uniqueness, positivity, boundedness, and Ulam-Hyers sta-
bility of solutions, it was demonstrated that the model was mathematically well-posed. The
prerequisites for disease elimination were verified by local stability analysis and the derivation
of basic reproduction numbers. An ideal fractional order of ω=0.982 was obtained by pa-
rameter estimation using Tanzania data (2000-2023), which provided excellent agreement with
reported observations. The model’s resilience and transferability were confirmed by validation
using Kenyan data. The fractional formulation better captured long-term disease persistence
and delayed treatment effects as compared to the traditional integer-order model. Treatment
rates, transmission coefficients, and environmental clearance were found to be important factors
influencing transmission dynamics through sensitivity analysis. The integrated approach that
combined TB therapy, ART, and environmental sanitation proved to be the most successful in
lowering co-infection prevalence and attaining disease eradication, according to optimal control
outcomes. These results highlight the significance of coordinated environmental and therapeutic
strategies for HIV-TB management, especially in high-burden settings. To further improve the
model’s suitability for public health decision-making, future research should include behavioral
aspects, stochastic impacts, regional heterogeneity, and cost-effectiveness analysis.
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