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BACKWARD MEAN DERIVATIVES FOR DIFFUSION TYPE PROCESSES

SVETLANA AZARINA

ABSTRACT. We compute second order backward mean derivatives for diffusion type
processes. To do this we first study derivatives of such type for Itd diffusion processes
and then go to the non-markovian case of diffusion type processes. Transition from It
diffusion processes to diffusion type processes is carried out using Malliavin derivatives.

Introduction

Edward Nelson determined the velocity and acceleration of a particle moving along a
random trajectory using mean derivatives (see [7]). Indeed, this approach is convenient
due to its transparent construction. In regular cases we usually take the mean velocity for
the resolution / in each interval of the partition and then tend its length to zero. But also
we can take the mean value of measuraments for each resolution / and then tend 4 to zero.

This approach could be applied to compute velocity and acceleration for the processes
with irregular dynamics. Such as, for example, the motion of the fluid. The laws of the
motion of incompressible viscous fluid could be described in terms of mean derivatives.
To be more precise, backward mean derivatives of the second order. Since the most
interesting case is consering to the viscous fluid, we need the diffusion type processes.

In the first section, we discuss definitions of the backward mean derivatives and two
types of processes we need. Such as a It6 diffusion process and a diffusion type process.
In the second section we prove formulas for the backward mean derivatives of the first
and second order for the It6 diffision processes using techniques from [1} [8]]. This case
is more general than in [3} |4] since the diffusion coefficient isn’t a constant. In the last
section we suppose that a stochastic process is a diffusion type process. This process is
more demanded in applications, but since it is non-Markovian we can’t reverse the time
to get the result.

1. Preliminaries

Let us consider a stochastic process & (¢) given on a certain probability space (Q,.%,P)
with values in R”. &(¢) is a L;-variable for each ¢ € [0,T] . Let .4/ $ be the o-algebra

generated by preimages of Borel sets for the mapping & (¢) : Q@ — R" and 32,5 be the o-
algebra generated by preimages of Borel sets for the mappings £(s) : Q = R", 0 <s <t.

We denote by Ef (n(z)) the conditional expectation of a process 1 (¢) with respect to .4 £
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We call the backward mean derivative of the process & () at the moment ¢ € (0,7 the

L random variable
_ oy g (S =S
D.5(r) = Jim i ( At : .

if the limit exists in L, (Q,.%,P).
These derivative can be considered as the composition of &(¢) and the Borel vector

field Z(z,x):
Z(t.x) = lim E(W‘é(t)zx). (1.2)

At—+0 At

Let Z(¢,x) be a C2-vector field in R". The backward mean derivative of Z(t,x) along
&(7) is the Lj-random process

T 14
D.2(15(0) = tim EF (

o (1.3)
Second order backward mean derivative D..D,. (¢) of the process & (¢) is the backward
mean derivative for the regression D.& (¢) in the sense of definition (1.3). D,&(r) can be
represented as a composition of Borel vector field (regression) and & (). This vector field
we denote by Fi(f,x).
Consider the 1td diffision process &(z) as a solution of the stochastic differential Ito
equation

Z(hﬁ(f))—Z(I—Até(f—m))) .

dg (1) = a(t,§(1))dr +A(t,§ (1)) dw (), (1.4)
where the drift a(z,x) and the diffusion summand A(¢,x) are a vector field and a field of
linear operators in R” respectively, w(t) is a Wiener process in R”. Denote A(z,x)A*(¢,x)
by o(t,x) and by p; the distribution of &(z). Let us mention that this process is Markov

w.r.t. o-algebra A/ :.
Let £(¢) be a diffusion type process (see [2]]), i.e. a solution of the stochastic differen-
tial equation of diffusion type

dg(r) = a(t, 6 (-))dt +A(t,§(-))dw(1), (1.5)
where coefficients are a vector field a(t,y) : [0,T] x C°([0,T],R") — R" and a field of
linear operators A(t,7) : [0,T] x C°([0,T],R") — L(R",R"), adapted w.r.t. @f. By the
definition it depends of the history of the process & (¢) up to the moment ¢.

2. Backward mean derivatives for a diffusion process

Lemma 2.1. Assume that there exists a constant K such that a(t,x) and A(t,x) satisfy the
properties
sup ([|A(,x) =A@, y)|[ + ||a(t,x) —a(t,y)|]) < K|px—y]|- 2.1)
t

sup (JlA (6, )|+ [lar,)[[) < K(1+]x[]). (2.2)
Assume that the regression F,(t,x) of D.&(t) is C'2-smooth.

The backward mean derivatives of the first and the second order of the diffusion process
&(z) are equal to

D.E(t) = alt.E(1)) — —

mw(c(ué(r))p,(&(t))), (2.3)
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Proof. We’ll find the formula for the first order mean derivative using the techniques from
[k 5].

By the definition of conditional expectation we should check the property for all mea-

surable functions g of &(¢) ([11]]). Together with the It6 formula for smooth function f
we get

E((f(§() = f(5()))g(5(1))) =

E ( [ [ g)aws [ (a+ ;vzfcr)(u,é(z))du] g(é(t)))

s

E K / (VfA)(u,é(u))dw-g(é(t))) + [(vfa+ ;szc)(u,é(t))du'g(é(t))] 3)

s N

Now apply the Ito formula to g in the first summand

£ ( / <VfA><u,é<r>>dw-g<é<r>>> =

N

E (/(VfA)(u» §(1))dw- (g(&(1)) £ (6 (S)))) =

N

s

£ ( / <VfA><u,é<t>>dw~<g<é<r>>—g<é<s>>>> +E ( / VfAdW~g(€(S))) =

E (/t(VfA)(u,é(t))dw (/t(VgA)(u,é(u))dw—&—/t [Vga—i—;vzgc] (u,é(u))du)) +

N

E ( / (VfA)(u,éw))dw-g(é(s») .6

N

By the property of conditional expectation

E ( / (VfA)(uaé(u))dw-g(é(S))) —E <g<e:<s>> E ((/ (VfA)(mé(u))dWIé(s)))

N N

Since the stochastic integral is a martingale we get

E (g(é(s))-E (/(VfA)(u,g(u))dw|<§(s))> =0.

N
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Put/ = ft(VfA)(u, &(u))dw. So in we get

E(I-g(5(1) =

E (1- ( [ (Ve w g @)aw+ [ (Vea+ évzgcr)(u,é(u))du)) e

s

By the Schwarz inequality in L,(Q,.7, P), we get:
E (1/ (Vga—i—;Vng) (u,é(u))du) <

1 2 t 2
JE(/Wﬁﬂ@fwmm)~JE(/<V@+;V@éymﬂmm0 =

N N

t ¢ 2
\lE (/(VfA)%u,é(u))du) JE (/ (Vga—l— ;V2g6> (u,é(u))du) :

N N

Since the integrands are bounded, we get that the last expression is less then
C(t—s)3?

which tends to 0 if # — s tends to 0.
So formula (2.5) by the Lebesgue theorem turns into

lim %SE((f(é(t)) —f(8(5)))g(s (1)) =

t—s—0t

B |((970)+ 370 ) (L E0)s(E0) + TFEMIOEOVED)] 29
Applying the integration by parts formula for the second summand in 2.5) we get:

/ V()0 () V(@) pr (x)dx = — / V(V £ ()5 (1,2)pr (x)) g (x)dx =

1

J— 2 - e (E(D)
E(V f(5(1))a(t,6(1)g(5(1))) E(Vf(i(t))pt(é(t))

V(o (,8(1)p:(5(1)))g(S (1))

Let’s put f(x) = x. So we get D& (r) = a(t, £ (1)) — 5207 V(0 (1, E(0)) e (£ (1))
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Let’s consider a smooth function f(¢,x) instead of f(x) and repeat all the steps. The
only one difference is the application of Itd formula to f(¢,&(¢)) — f(s,&(s)). So,

D.0.80) = (G +9fa= 350~V — gV om0 ) (150)) -
af oL 1y _
(5 +97 (o= gy Vion(6M) ) - 3970 ) (16

(5 +9r D20~ 5950 ) 0.20). 29)

Put f(¢,x) = F.(t,x), then

D.D.&(1) = <a;;* +VF, -F, — ;VZF*G) (t,8(1)).

3. Backward mean derivatives for diffusion type Ito6 process

Theorem 3.1. Let &(t) be a diffusion type process.
Assume that there exists a constant K such that a(t,x) and A(t,x) satisfy the properties

sup ([lA(,x) = A(t.y)l[ +la(t,x) = a(t.y)]]) < Kflx =yl 3.1)

Sltlp(l\A(f,X)H +la(t,0)[]) < K(1+[x]]). 3.2)

Assume that F,(t,x) is a CY?-vector field.
Then the backward mean derivatives of the first and the second order are equal to

D.&(1) = E (alt,E())) — EE (;VAA(r,éc))p,)) (33)

D050 =5 (G (VR R)1E0) - SPR0E0)0EM)). G4

Proof. By the definition of mean derivative we have

t

D.E() = lim E° é /a(s,g(-))ds+ /A(s,g(.))dw(s)

At—+0
—At t—NAt

By the property of conditional expectation we have that for any .4/ ¢ _measurable function
g the last expression is equal to

lim E[ L '/ a(s.&())ds + / A(s, & ())dw(s) | g(E()

At—+0 At
—At t—Nt

Let’s apply the Lebegue theorem for the first summand. We don’t have the martingale
property anymore. So since the Ito integral is a particular case of the Skhorohod integral
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([13L8]]) we have that the last expression is equal to

B (alt, &)+ lim —F ( | AGEDDeE s

At—+0 At
—At

By the chain rule for the Malliavin derivatives ([13} |8]) and the Lebegue theorem again
we get

Efa(t,&(-)) +E (A(t,E())V8(E(6)Di& (1))

By the integration by parts and lemmas (A1, A2) from [5]] the last expression transforms
into

Efalt.&())— [ V)(0(.E()p(x)gx)ax
RVI

Thus
EFalt. )~ [ 29, (0(08()p) e 0 (x)dr =
]Rn
— Efal1.E() fE%Vj(G(t,é(J)pz)
So, we get

1
D.£() = B alt &) - £F (19,040,600
Now consider DD, (¢) for the diffusion type processes. Let F, (f,x) be the regression
for the D,.£ (¢). We will find the backward mean derivative for F,(z,x).

(F*(t,é(t))—F*(t—ﬁf@(’_m))>. (3.5)

D.D.E(1) = D,F(1.E(1)) = lim E Al

At—+0

Since we assume that Borel vector field F, (t,x) correspoinding to D,.& (t) is C?, we can
repeat all steps from the proof of Lemma 2.1 except the one concerning the martingale
property. But we have the property for Malliavin derivatives ([8]):

D&(s)=0, 1>s.
Then

E ( / (VfA)(ué(-))dw-g(é(s))) —E ( / <VfA><u,az<->>-Dug@(s))du) -0

N

We get the following formula

D.D.&(1) :E,é <8F*(ta’f(t)) + (VF.-F)(t,&E(t)) — ;VZF*(t,é(t))c(t,é(t))) . (3.6)
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