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Abstract. The article presents a method for constructing new Fejer pairs
from adjoint probability densities using the Khinchin transformation. Their

main properties are described, examples of constructing such Fejer pairs for

the main positive definite probability densities are given, and relationships
between them are found. The article shows the connection between the prob-

ability error function and the characteristic function from such a pair.

Introduction

In 1938, A.Ya. Khinchin, in his article ”On unimodal distributions” [8] proved
that for any characteristic function (ch.f.) û (x) of a unimodal [13, 9] distribution,
the following representation holds:

û (x) =
1

x

x∫
0

f̂ (t) dt ,

in which f̂ (t) is the characteristic function of some probability distribution.
This representation can be viewed as a transformation [5, 15] of characteristic

functions. Interesting results are obtained by applying the Khinchin
transformation to a certain subclass of even characteristic functions of unimodal
distributions. The main classical distributions [6, 13] in probability theory belong
to this class: the standard normal distribution, the standard Cauchy distribution,
the continuous uniform distribution on an interval, the triangular distribution
on an interval (Simpson’s distribution), the Rademacher distribution (uniform
Bernoulli distribution at two points), the Laplace distribution (double exponential
distribution), the Linnik distribution, and others. Many properties of such
distributions are known [11]. In the monograph [3, p. 28] many of them are com-
bined into pairs, which the author calls Fejer pairs (kernels): the Fejer pair, the
Abel-Poisson pair, and the Gauss pair. Thus, the Fejer pair [3, p. 29] consists of
the characteristic function of the symmetric triangular distribution on the interval
[−1, 1] and its density; the Abel-Poisson pair can be associated with the Cauchy
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distribution and its characteristic function, or with the standard Laplace distri-
bution (double exponential distribution) and its characteristic function; from a
probabilistic point of view, the Gauss pair corresponds to the density of the stan-
dard normal distribution and its characteristic function. (Note that there does not
seem to be a specific name for the distribution from this class whose characteristic
function is a triangular function).

The classical Dirichlet integrals, Gauss integrals, or otherwise the Euler-Poisson
integrals, are integrals of the characteristic functions of the triangular and normal
distributions, respectively. One of the methods for finding the Dirichlet integral,
using the Laplace transform, reduces [1, p. 459] it to finding the integral of the
density of the Cauchy distribution, which, up to normalization, is itself a charac-
teristic function.

The class of Fejer pairs (f, p) of functions in the monograph [3, p. 28] is defined
by the following properties:

f ∈ L1 (−∞,+∞) , p0 (x) ∈ L1 (0,+∞) ,
f ∈ C (Uε (0)) , |p (x)| ⩽ p0 (|x|) , p0 (x) ⩾ 0 ,
f (x) = f (−x) , p (x) = p (−x) ,

f (0) = 1 ,
+∞∫
−∞

p (x) dx = 1 ,

where p0 (x) is a non-increasing function on the positive half-axis (0,+∞) and

p (x) =
√
2πF [f ] (x) =

∞∫
−∞

e−itxf (t) dt .

Since further the pairs from this class are considered in a probabilistic context
[12], the functions p (x) will everywhere correspond to densities pξ (x) of an even
probability distribution, and f (x) to characteristic functions fξ (t) of the same
distribution. Consequently, the conditions on the function p (x) (in particular
p (x) = p0 (x) ), are modified so that it becomes a probability density decreasing
on the positive half-axis (0,+∞) and

fξ ∈ L1 (−∞,+∞) , pξ (x) ∈ L1 (0,+∞) ,
fξ ∈ C (Uε (0)) , pξ (x) ⩾ 0 ,
fξ (x) = fξ (−x) , pξ (x) = pξ (−x) ,

fξ (0) = 1 ,
+∞∫
−∞

pξ (x) dx = 1 ,

pξ (x) =
1√
2π

F [fξ] (x) =
1

2π

∞∫
−∞

e−itxfξ (t) dt ,

fξ (t) = Eeitξ =

∞∫
−∞

eitxpξ (x) dx = E cos (tξ) + iE sin (tξ) .

A probabilistic approach to the study of such pairs can be found in the articles
[11, 12]. Since in the case under consideration the density coincides, up to a
constant, with some characteristic function, then, by the Bochner- Khinchin
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theorem, such a density is positive definite (in [9, p. 61] non-negative definite) and
the following theorem holds for them [9, p. 62].

Theorem 0.1. Let g (t) be a positive definite function. Then: g (0) is real and

g (0) ⩾ 0 , g (−t) = g (t) , |g (t)| ⩽ g (0) .

Since in our case g (t) s, up to a constant, a density, it is real-valued and even:
g (−t) = g (t). Also, since it is a characteristic function, g (0) > 0.

By positive definiteness, p (x) ⩽ p (0) for all x. The equality p (x) = p (0) for
some x ̸= 0 would imply periodicity, which is impossible for an integrable density
on R. Hence, for all x ̸= 0

0 ⩽ p (x) < p (0) .

In paper [11], to every positive definite probability density function p (x) there
corresponds an adjoint probability density function q (x). And for them,
in particular, it is proved that a probability density function p is positive definite if
and only if its characteristic function f satis es the conditions f ⩾ 0 and f ∈ L1(R).
Thus, if we follow [11], we obtain some correspondence between four functions.
More precisely, the following theorem holds.

Theorem 0.2. (H.-J. Rossberg, Theorem 2.1) Let p (t) be a positive definite prob-
ability density with the characteristic function p̂, and let p0 := p (0). Then there
exists an adjoint positive definite probability density function q with the character-
istic function q̂ such that

q̂ (x) =
p (x)

p0
, p̂ (x) =

q (x)

q0
(0.1)

where the value of the adjoint probability density function at the origin is defined
as q0 := q(0), and the normalization constants are strictly bound by the equation:

2πp0q0 = 1.

Moreover, the conjugation operation is reciprocal, and the adjoint probability
density function q can be explicitly expressed via the characteristic function of the
initial distribution by means of the inverse Fourier transform:

2πq(t) =

+∞∫
−∞

eitxq̂(x)dx = p−1
0 p̂(t) .

The last equalities from the last theorem can be written in more detail:

q (t) =
1

2πp0
p̂ (t) =

1

π · p0

+∞∫
0

p (x) cos (tx) dx ,

p (t) =
1

2πq0
q̂ (t) =

1

π · q0

+∞∫
0

q (x) cos (tx) dx .

In concluding the description of these functional classes, it is worth noting that
among them, a special role is assigned to the self-reciprocal pairs [4]. For such
dual systems, the initial probability density function coincides exactly with its own
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adjoint density up to a constant scaling factor, which is most prominently exempli
ed by the standard Gaussian distribution where the functional form remains
completely invariant under the Fourier-transform conjugation.

Next, we will consider the class of pairs K , whose density is positive definite.
Pairs (p, p̂) from K will be called probabilistic Fejer pairs, if p a non-negative
denite function. For each pair (p, p̂) there exists an adjoint pair (q, q̂).

We will further show that when considering such pairs, another Fejer pair (u, û)
and its corresponding adjoint pair (v, v̂). naturally arise. The use of special tech-
niques involving the Khinchin transformation and its generalizations, obtained
via convolution with various types of distribution functions from the above class,
allows us to find relations both between characteristic functions and between dis-
tribution functions and characteristic functions, as well as between probability
densities and characteristic functions. It also allows us to show that a given func-
tion is a characteristic function. Next, we define some general representations for
functions from the class K and consider examples with already classical functions
[3, p. 29] from this class.

Representation and some properties of one class of characteristic
functions

The initial idea is that the distribution function Fp (x) of the pair can be ex-
pressed in terms of the characteristic function q̂ of the adjoint pair (q, q̂).

Theorem 0.3. If the probability density p (x) belongs to the densities of the class
K and Fp (x) is its distribution function, then the function

û (x) =
Fp (x)− Fp (0)

p (0) · x
(0.2)

will be a characteristic function of some unimodal distribution.

Proof. By Khinchin’s theorem, for x > 0

û (x) =
1

x

x∫
0

q̂ (y) dy (0.3)

is a characteristic function of some unimodal distribution.
Since by assumption p ∈ K , we have p (y) = p (0) · q̂ (y) and for x > 0 the

following transformations hold:

Fp (x) = Fp (0)+

x∫
0

p (y) dy = Fp (0) + c

x∫
0

q̂ (y) dy =

= Fp (0) + cx
1

x

x∫
0

q̂ (y) dy = Fp (0) + x · û (x) · p (0) .

Whence for x > 0 we obtain (0.2). From the symmetry about zero of the
original distribution, it follows that

Fp (x) = 1− Fp (−x) , FP (0) =
1

2
.
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Therefore

û (−x) =
Fp (−x)− Fp (0)

p (0) · (−x)
=

1− Fp (x)− Fp (0)

p (0) · (−x)
=

Fp (x)− Fp (0)

p (0) · x
= û (x) .

The last equality shows that the definition û (x) as an even and real-valued function
is correct, and also that the representation (0.2) holds for any real x. An obvio
consequence of the obtained representation is the non-negativity of û (x).

Remark 0.4. Thus, if p ∈ K , Fp (x) can be represented as

Fp (x) = Fp (0) + x · û (x) · p (0) ,

and since the representation (0.3), then according to [8]

Fq (x) = Fu (x)− x · u (x) .

For the characteristic function û (x) other representations are possible through
the components of the original reciprocal pairs. Let us consider some of them.

Theorem 0.5. If the density p (y) belongs to the densities of the class K and
p̂ (t) is its characteristic function, then the function

û (x) =
1

πp (0)

+∞∫
0

sin (xt)

xt
p̂ (t) dt . (0.4)

will be a characteristic function of some unimodal distribution.

Proof. Let p (x) be a symmetric probability density function and p̂(t) be its
corresponding real-valued characteristic function. We aim to derive the canonical
integral representation for the characteristic tail function û (t).

Substituting the inverse Fourier cosine transform

p (y) =
1

π

+∞∫
0

p̂ (t) cos (ty) dt

and applying Fubini’s theorem to change the order of integration, we obtain:

Fp (x)− Fp (0) =

x∫
0

p (y) dy =

x∫
0

 1

π

+∞∫
0

p̂ (t) cos (ty) dt

 dy =

=
1

π

+∞∫
0

p̂ (t)

 x∫
0

cos(ty) dy

 dt =
1

π

+∞∫
0

p̂ (t)
sin (tx)

t
dt .

Consequently, dividing both sides by p (0) · x, we arrive at the desired canonical
form:

û (x) =
Fp (x)− Fp (0)

p (0) · x
=

1

πp0

+∞∫
0

p̂ (t)
sin (xt)

xt
dt .

This completes the proof.
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Remark 0.6. The representation (0.4) can be written as

û (x) =
1

πp (0)

+∞∫
0

p̂ (t) v̂x (t) dt , (0.5)

where

v̂x (t) = sinc (xt) =
sin (xt)

(xt)
.

Corollary 0.7. The representation (0.4) holds

û (x) = 2

+∞∫
0

v̂x (t) dFq (t) , (0.6)

where probability density function q (t) from (0.1).

Proof. Since p̂ (x) = q(x)
q0

and 2πp0q0 = 1, then

û (x) = 2

+∞∫
0

v̂x (t) dFq (t) =
1

πq0p0

+∞∫
0

q (t)
sin (xt)

xt
dt = 2

+∞∫
0

q (t)
sin (xt)

xt
dt .

□

The representation (0.6) can be obtained from (0.6), using the evenness property
of q. The following representation also relies on the evenness of the density q.

Theorem 0.8. If the characteristic function û is given by

û (s) = 2

+∞∫
0

q (y)
sin (sy)

sy
dy

then its corresponding density function u satis es the integral representation:

u (x) =

+∞∫
|x|

q (y)

y
dy . (0.7)

Proof. Since u is a symmetric secondary density function, it can be reconstructed
from its characteristic function û via the inverse Fourier cosine transform:

u (x) =
1

π

+∞∫
0

û (s) cos (xs) ds .

Substituting the given integral representation for û (s) into this equation yields:

u (x) =
1

π

+∞∫
0

2

+∞∫
0

q (y)
sin (sy)

sy
dy

 cos (xs) ds .
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Factoring out the constants and grouping the terms dependent on x, we apply
Fubini’s theorem to invert the order of integration over the first quadrant (s >
0, x > 0):

u (x) =
2

π

+∞∫
0

q (y)

y

+∞∫
0

sin (sy) cos (xs)

s
ds

 dy .

The inner integral with respect to the variable x is a canonical Dirichlet integral:

+∞∫
0

sin (sy) cos (xs)

s
dx =

π

2
· θ (y − |x|)

where θ (y − |x|) is the Heaviside step function, which equals 1 if y > |x| and 0
if y < |x|. Substituting this indicator kernel back into the outer integral directly
truncates the lower bound of integration:

u (x) =
2

π

+∞∫
0

q (y)

y
·
(π
2
· θ (y − |x|)

)
dy =

+∞∫
|x|

q (y)

y
dy .

One of the expressions for the distribution function Fu (x) in terms of the dis-
tribution function Fq (x) can be obtained using (0.7) and the formula

Fq (x) = Fu (x)− x · u (x)
from [8]. Thus,

Fu (x) = Fq (x) + x · u (x) = Fq (x) + x

+∞∫
|x|

dFq (x)

y
.

It is clear that for the characteristic function

v̂ (x) =
Fq (x)− Fq (0)

q (0) · x
all the previous results hold with the replacement of p by q, q by p and u by v.
Next, we consider several examples.

Examples of probabilistic Fejer pairs

1. Probabilistic Gauss pair

Let us consider in more detail, as an example, the distribution function Φ (x) of
the standard normal distribution [13] with density φ (x) and characteristic function
φ̂ (x). The density of the normal distribution is self-reciprocal in the sense of the
corresponding definition from the paper [4].

1. For x > 0 the distribution function Φ (x) of the standard normal distribution
can be represented as

Φ (x) = Φ (0)+

x∫
0

φ (y) dy ,
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where φ (y) = 1√
2π

e−t2/2 is the density of the standard normal distribution.

Moreover, this representation can be rewritten as

Φ (x)− Φ (0) =
x√
2π

1

x

x∫
0

φ̂ (t) dt ,

where φ̂ (t) = e−t2/2 is the characteristic function of the standard normal
distribution. By Khinchin’s theorem, the quantity

û (x) =
1

x

x∫
0

φ̂ (t) dt

is a characteristic function of some unimodal distribution. Consequently, the
distribution function Φ (x) of the standard normal distribution is expressed in
terms of the characteristic function of a unimodal distribution:

Φ (x) =
1

2
+

1√
2π

x · û (x) . (1.1)

2. Since

Φ (−x) =

−x∫
−∞

φ (y) dy = 1− Φ (x) =
1

2
− 1√

2π
xû (x) =

1

2
+

1√
2π

(−x) û (−x) ,

and û (x) is an even function, the representation (1.1) holds for any x.

3. It is well known [2, 6], that the function Φ (x) can be expressed in terms of the
error function:

Φ (x) =
1

2
+

1

2
erf

(
x√
2

)
.

Therefore, taking into account (1.1) the error function, up to multiplication
√

2
πx

represents [14] a characteristic function:

erf

(
x√
2

)
=

√
2

π
x · û (x) . (1.2)

The error function can also be expressed in terms of the gamma function.
Therefore,

û (x) =
1

x

√
π

2
· erf

(
x√
2

)
=

1

x

√
π

2
·
(
1− 1√

π
Γ

(
1

2
,
x2

2

))
,

û (x) =
1

x

√
π

2
− 1

x
√
2
Γ

(
1

2
,
x2

2

)
.

Whence

Γ

(
1

2
,
x2

2

)
= 1−

√
2

π
x · û (x) .

4. In turn, the well-known expansion of the error function in a series allows one
to write the characteristic function û (x) found above as an alternating series:

û (x) =
1

x

√
π

2
erf

(
x√
2

)
=

+∞∑
n=0

(−1)
n

n! (2n+ 1)

(
x√
2

)2n

=
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=

+∞∑
n=0

(−1)
n
x2n

n! (2n+ 1) 2n
=

+∞∑
n=0

(−1)
n (2n− 1)!!

(2n+ 1)!

x2n

(2n)!
=

=

+∞∑
n=0

H2n (0)
x2n

(2n+ 1)!
,

where

H2n (0) =
(−1)

k
φ(2n) (0)

φ (0)
= (−1)

n (2n)!

2nn!
= (−1)

n
(2n− 1)!! = (−1)

n (2n− 1)!

(2n− 2)!!

are the values at zero of the Chebyshev-Hermite polynomials

Hk (x) = (−1) k
φ(k) (x)

φ (x)
.

It is seen that the last representation

û (x) =
1

x

x∫
0

φ̂ (t) dt =

√
2π

x

x∫
0

φ (t) dt =
1

φ (0)

+∞∑
n=0

(−1)
k
φ(2n) (0)

x2n

(2n+ 1)!

holds by virtue of the equality φ̂ (t) =
√
2π · φ (t) can be obtained by integrating

the expansion of the density of the standard normal distribution at zero. This is
an alternating series in even powers. 5. According to [7] analogously

û (x) =

+∞∑
n=0

(−1)
n
x2n

n! (2n+ 1) 2n

one can write

û (x) =

+∞∑
n=0

θ2n
(
x
2

)
2n+ 1

,

where

θn (x) =
xn

n!
Hn (x)

and the values of θn (x) can be computed by the recurrence formula

θn (x) = x2 θn (x)− θn−1 (x)

n+ 1
.

6. The representation

Φ (x) = Φ (0) + φ (x)

+∞∑
n=0

x2n+1

(2n+ 1)!!
,

allows us to write another expansion for the characteristic function defined above:

û (x) = φ (x)
√
2π

+∞∑
n=0

x2n

(2n+ 1)!!
= φ̂ (x) ·

+∞∑
n=0

x2n

(2n+ 1)!!
.

Hence it immediately follows that

û (x) ⩾ φ̂ (x) .
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7. Since û (x) and φ̂ (x) are characteristic functions, and the series

f (x) =

+∞∑
n=0

x2n

(2n+ 1)!!

up to multiplication by x already appears in Laplace’s work [10], t is appropriate
to ask what properties the function f (x), possesses, which, through the relation

û (x) = φ̂ (x) · f (x)

connects the characteristic functions û (x) and φ̂ (x).

8. The function f (x) is even and unbounded. It is also everywhere continuous,
since for it the representation

f (x) =
Φ (x)− Φ (0)

x · φ (x)

holds and as x → 0 there exists the limit

Φ (x)− Φ (0)

x · φ (x)
→ 1 ,

which coincides with the value f (0) = 1, while the radius of convergence of the
series is infinite.
It is strictly increasing and convex downward for x > 0, because its first and
second derivatives are positive for those values; moreover, for x > 0 the
inequality holds

f (x) =
Φ (x)− Φ (0)

xφ (x)
⩽ ex

2/2 .

Thus, it is separated from being a characteristic function only by unboundedness,
since othewise the Titchmarsh-Polyas theorem [9, p. 70].

2. Probabilistic Fejer pair and the integral sine

The Fejer pair from [3, p. 29] corresponds to the triangular characteristic
function

ĉ (y) = max

{
0,

(
1− |y|

α

)}
= α · τ (y)

and the density containing the square of the cardinal sine,

c (y) =
α

2π
·
sin2 αy

2(
αy
2

)2 =
α

2π
· sinc2

(αy
2

)
=

α

2π
· τ̂ (x) ,

where respectively

τ̂ (y) = sinc2
(αy

2

)
=

sin2
(
αy
2

)(
αy
2

)2 = 2 · 1− cos (αy)

α2y2

is the characteristic function, and τ (y) is the density of the symmetric triangular
distribution. The distribution function C (x) for x ⩾ 0 can be written as

66



ON THE KHINCHIN TRANSFORMATION FOR FEJER PAIRS

C (x) = C (0)+
x∫
0

c (y) dy . Then for x > 0

C (x)− C (0) =
αx

2π
· 1
x

x∫
0

τ̂ (y) dy =
αx

2π
· û (x) ,

where û (x) is the characteristic function of a unimodal distribution. Consequently,
after integration by parts,

û (x) =
1

x

x∫
0

τ̂ (y) dy = 2 · Si (αx)
αx

− 2 · 1− cos (αx)

α2x2
=

(
2 · Si (αx)

αx
− τ̂ (x)

)
.

Hence it follows that
Si (αx)

αx
=

û (x) + τ̂ (x)

2
is a characteristic function as a mixture of two characteristic functions.

It is interesting that these three characteristic functions, for quite obvious rea-
sons (due to the simplest relationship between them), have almost identical series
representations:

û (x) =

+∞∑
n=0

(−1)
n
(αx)

2n

(2n+ 1)! (n+ 1) (2n+ 1)
,

τ̂ (x) =

+∞∑
n=0

(−1)
n
(αx)

2n

(2n+ 1)! (n+ 1)
,

Si (αx)

αx
=

+∞∑
n=0

(−1)
n
(αx)

2n

(2n+ 1)! (2n+ 1)
.

3. Probabilistic triangular pair

The distribution function T (x) of the symmetric triangular distribution on
[−α, α] with density

τ (y) = max

{
0,

1

α

(
1− |y|

α

)}
=

1

α
· ĉ (y)

and characteristic function expressed by the square of the cardinal sine (the squared
the sinc function)

τ̂ (y) = sinc2
(αy

2

)
=

sin2
(
αy
2

)(
αy
2

)2 = 2 · 1− cos (αy)

α2y2

for x > 0 can be written as T (x) = T (0)+
x∫
0

τ (y) dy = T (0) + 1
α

x∫
0

ĉ (y) dy .

This representation allows us to notice that

T (x)− T (0) =
x

α
· 1
x

x∫
0

ĉ (y) dy =
x

α
û (x)
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where

û (x) =

{
1− |x|

2α , |x| ⩽ α
|x|
2α , α ⩽ |x|

with

u (x) =
α

2π

(
sinc (αy) +

1

2
sinc2

(αy
2

)
− Ci (αy)

)
.

4. Probabilistic Abel-Poisson pair

For x > 0 the distribution function K (x) of the standard Cauchy distribution
can be represented as

K (x) = K (0)+

x∫
0

k (y) dy ,

where k (y) = 1
π · 1

1+x2 is the density of the standard Cauchy distribution. Its

characteristic function is k̂ (t) = e−|t| . Then

K (x)−K (0) =
1

π

x∫
0

l̂ (t) dt = k (0)

x∫
0

l̂ (t) dt ,

where l̂ (y) = 1
1+x2 is the characteristic function of the Laplace distribution (double

exponential distribution). And since

K (x)−K (0) =
1

π
arctg (x) ,

then

û (x) = π · K (x)−K (0)

x
=

arctg (x)

x
=

∞∑
n=0

(−1)
n x2n

2n+ 1
.

The density of this distribution is the exponential integral function:

u (x) =
1

2

+∞∫
|x|

y−1e−ydy =
1

2
· E1 (|x|) .

5. Probabilistic Laplace-Cauchy pair

For x > 0 the distribution function L (x) of the Laplace distribution can be
expressed through the density l (y) = α

2 · e−α|y| as

L (x) = L (0)+

x∫
0

l (y) dy = 1− 1

2
e−αx .

This representation for x > 0 can be written as

L (x)− L (0) =
α

2

x∫
0

k̂ (t) dt =
1

2

(
1− e−αx

)
,

where k̂ (t) = e−α|t| is the characteristic function of the Cauchy distribution.
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Consequently, according to (0.2) for x > 0

û (x) =
2

α
· L (x)− L (0)

x
=

1− e−αx

αx
=

∞∑
n=0

(−1)
n (αx)

n

(n+ 1)!
.

and for any real x

û (x) =
1− e−α|x|

α |x|
=

∞∑
n=0

(−1)
n |αx|n

(n+ 1)!
.

6. Conclusion

As can be seen from the above, the relationships between characteristic func-
tions allow as to obtain related characteristic functions and densities to prove the
the relationships between them and their corresponding distributions.

7. Acknowledgments

Many thanks to V.V. Kozlov for his comments, advice and support.

References

[1] Arkhipov G.I., Sadovnichy V.A., Chubarikov V.N. Lectures on Mathematical Analysis.

Moscow, Higher School, 1999. 695 p. (in Russ.)
[2] Cramér H., On the composition of elementary errors, Skandinavisk Aktuarietidskrift, 1928;

11, 13-74

[3] Dzhrbashyan M. M. Integral Transforms and Representations of Functions in the Complex
Domain. Moscow: Nauka, 1966. 672 p. (in Russ.)

[4] Hamedani G.G., Walter G.G. On self-reciprocal random variables. Annales de l´ISUP, 1987,

XXXII (1-2), pp. 45-66.
[5] Fedoryuk M.V. Integral Transforms. In the Collection of works: Analysis I. Integral Repre-

sentations and Asymptotic Methods, Springer: Berlin, Heidelberg. 1986.
[6] Feller W. An introduction to probability theory and its applications. Vol. 2. N.Y.: John

Wiley Sons Inc., 1971. 669 p.

[7] Kerridge D.E., Cook G.W. Yet another series for the normal integral. Biometrika, 1976;
63(2), 401-403.

[8] Khinchin A.Ya. On unimodal distributions. Trams. Res. Inst. Math. Mech. (University of

Tomsk) 1938; 2:2, 1-7. (in Russ.)
[9] Lukacs E. Characteristic functions. London: Charles Griffin & Co, 1970. 360 p.

[10] Martynov G.V. Evaluation of the normal distribution function. J. Math. Sci. 1981; 17:1,

857-1875.
[11] Rossberg H.-J. Positiv definite probability densities. Theory of Probability and its Applica-

tions. 1990; 35:1, 169-174.

[12] Schladitz K., Engelbert H.J. On probability density functions which are their own charac-
teristic functions. Theory of Probability and its Applications. 1996; 40:3, 577-581.

[13] A. N. Shiryaev, Probability1. 3rd ed., New York: Springer, 2016. 486 p.
[14] Sobolev V.N., Condratenko A.E. About one representation of the standard normal law.

Theory of Probability and its Applications, 2025 ; 69:6, 828.

[15] Zorin V.A. On Lukacs Transformations of Characteristic Functions of Random Variables.
Vestnik of Lobachevsky State University of Nizhny Novgorod. 2011; 3:2, 42-46.

Natalya A. Elizarova: Department of Higher Mathematics, MIREA - Russian Tech-
nological University, Moscow, Russia, 119454

Email address: elizarova77@mail.ru

69



NATALYA A. ELIZAROVA AND VITALY N. SOBOLEV

Vitaly N. Sobolev: Faculty of Mechanics and Mathematics, M.V. Lomonosov Mos-
cow State University, Moscow, Russia, 119991

Email address: vitalii sobolev@math.msu.ru

70


