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ON ESTIMATES IN NEW ASYMPTOTIC EXPANSIONS IN THE CENTRAL
LIMIT THEOREM

ALEXANDER E. KONDRATENKO, SERGEY M. RAMODANOV, AND VITALY N. SOBOLEV

ABSTRACT. This paper presents a new asymptotic expansion for the probability density
function of normalized sums of independent and identically distributed random variables
in the central limit theorem. By establishing sharp bounds for the remainder term, we
obtain explicit estimates that avoid the use of Zolotarev’s ideal metric. The theoretical
results are validated through a numerical example with an exponential model distribu-
tion, demonstrating a significant improvement in accuracy compared to previously known
bounds.

Introduction

Direct computation of the distributions of sums of identically distributed random vari-
ables involves well-known difficulties: these distributions, which are convolutions of the
component distributions, can be explicitly calculated only in exceptional cases.

The Central Limit Theorem (CLT) of probability theory states that under fairly gen-
eral conditions, the sum of a large number of independent or weakly dependent random
variables is approximately standard normally distributed. The question of approxima-
tion accuracy in the CLT has remained relevant for many decades. Extensive research
has focused on sharpening the Berry-Esseen bound, a problem conclusively resolved by
L.G. Shevtsova [21]]. However, due to its overly general approach and minimal informa-
tion about the underlying distribution, this theorem yields rather conservative estimates.
Constructing asymptotic expansions offers another way to improve accuracy in the CLT.
Until recently, however, most such expansions only provided information on the orders
of approximation accuracy and were unsuitable for numerical computation. In papers
[2} pp. 129-130] and [3| 4], the simplest variants of asymptotic expansions with explicit
accuracy estimates were presented. An asymptotic expansion for the binomial distribu-
tion is given in [2| pp. 129-130] (see also [13| p. 184]). The expansions in [3, 4] consist
of the normal distribution function and one additional term decreasing as nl/ 2. which
guarantees remainder accuracy estimates of order n~!.

An important step in this direction is the monograph by V.V. Senatov [14]], which first
appeared in 2009 and was subsequently reprinted. It provides a fairly comprehensive
presentation of methods for constructing asymptotic expansions in the CLT with explicit
accuracy estimates, most of which were discovered by the author for the first time. For
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instance, Sections 8 and 9 present the Edgeworth-Cram?r expansions, while Sections 11—
13 discuss various Gram-Charlier expansions. These expansions are constructed using
the method of accompanying signed measures, which imposes certain moment conditions
on the underlying distribution. Section 14 constructs a Gram-Charlier expansion without
using accompanying signed measures.

One of the most recent works providing asymptotic expansions of arbitrary length with
an explicit remainder estimate is the paper by V.V. Senatov and V.N. Sobolev [[16] on new
types of asymptotic expansions in the CLT. As V.V. Senatov notes, “apparently, the form
of the principal part of the asymptotic expansion specified in [16] is one of the simplest
among those known.” Improving the remainder estimate in expansions of this type is one
of the main results of the present paper. Let X;,X>,... be independent and identically
distributed (i.i.d.) random variables with zero mean and unit variance. Let P denote the
distribution of X;, and let P,, denote the distribution of the normalized sum

X+ Jan)n_% ,

while ®(x) denotes the standard normal distribution function with density ¢ (x) = ﬁe_"z/ 2,

Furthermore, we assume that the random variable X; possesses an absolute moment of
order m+ 2, where m € N. Consequently, for any k < m + 2, there exist the quantities

_ Ex} ﬁ_E\x,V‘
R TR

which we shall call normalized moments. It follows from the initial assumptions on the
distribution P that o = 1, oy = 0, and o = % Let oy (@) and B (¢) denote the cor-
responding normalized moments of the standard normal distribution ®. For instance,
oj(p) = 2%, for j € Np.

If the distribution P, possesses a continuous density p, (x), then, as is well known [[14]],
the local form of the central limit theorem holds:

O

Pa(x) = 9(x)

as n — oo for all x € R. For this case, this paper presents an asymptotic expansion of
the density p, (x). Although the principal part of the expansion is largely similar to that
previously obtained in [[16, [19], a new, sharper bound is proven for the remainder term.
In particular, this bound does not involve V.M. Zolotarev’s ideal metric [§]]. Furthermore,
the algebraic and probabilistic aspects of the proof are clearly delineated here, which we
hope makes it simpler and more transparent.

1. Preliminaries and Notation

Let f(¢) be the characteristic function of the distribution P. We assume that for some
v > 0, the function |f(¢)|" is integrable over the entire real line. Let us define

o(T) = sup{|f(5)|: 1 =T},

~+oo
An(T):%a"_V(T)/T F@)Vd, n>v. (1.1)

As noted in [14} p. 150], the quantities A,(T) decrease exponentially fast as n — +oo.
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The convergence of the integral

o0
<o
T

and the validity of the inequality o(7T) < 1 for any positive T > 0 [14} p. 43] imply the
existence [14} p. 42] of a continuous density p,(x) for the distribution P, whenever n > v.
This density can be represented via the inverse Fourier transform [[14} pp. 42, 147] of the
characteristic function f":

_ 1 e —itx gn !
pn(x) = E/_m e M f <\/ﬁ> dr. (1.2)

2. Densities of Convolutions of the Normal Distribution

In deriving the expansions for the density p,(x), we will require the characteristic
functions g(r) = e~*/2 and g" (ﬁ) = ¢~""/2 of the standard normal distribution & and

its n-fold normalized convolution ®,,. For any n > 1, the density g,(x) of the distribution
®,, can be computed by the formula

qn(x) = i/-shme_i”‘g" L dt
n 27t . \/ﬁ )

which, for g(¢) = e"z/z, takes the form
1 e 7£7itx
Qn(x) = E /;w e 2 dt .

Along with these characteristic functions, it will be convenient to consider the quanti-
ties

1 [+Tvn 1 [t 2
B,,Hzf/ |r’u”k(t>dr, Blzﬁ’(‘p)——/ tf'e”2dr, (2.1)

2w J-rym NG NG
where the non-negative even function p(¢) is defined as
p(r) = max {| (1)}, &(t)} - (2.2)

Henceforth, we always assume (see [17, p. 295]) that the parameter T > 0 is chosen
such that

B, — B
as n — oo for any fixed / and k.

The use of local expansions for characteristic functions leads to the appearance of the
quantities

1 2
Ly(u) /\z\>u lt|'e 2 dr (2.3)

T2z

in the remainder term of the asymptotic expansions in the CLT considered below. These
quantities are obviously related to B;. As u — oo, the functions L;(u) decrease exponen-
tially fast.
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3. Chebyshev-Hermite Moments and Related Quantities

The Chebyshev-Hermite polynomials Hj(x) and the moments 6 of the underlying
distribution P are defined by the formulas

1 oo
i) = (- ()/p(), 8= [ Hx)dPl), k0.
The following relations hold for them:

]

[STEd

Hi(x : k=2
/;C(, ) :];)(—1)']0‘2/(4’)@7
(5] ,
O =) (1) oy2jmj(p). (3.1)

Il
=

J
Since op =1, oy = 0, and o = %, the first few Chebyshev-Hermite moments can be

easily found:

1
6,=0, 6,=0, 6;=o0s, 94=064—§,

while the equality 6y = 1 holds for any distribution P.

As can be seen from (3.1)), if moments ¢ of order higher than m+-2 do not exist for the
underlying distribution P, then the Chebyshev-Hermite moments of order m + 3 and above
cannot be fully constructed. In this connection, we define the incomplete Chebyshev-
Hermite moments of order / as

[m+3]

9,51):. Y (D apom;(e). (3.2)

Note that from (3.1)) and (3.2)), the equality 6,51) = 6y follows whenever [ > k.
Using the products of the Chebyshev-Hermite moments
Okt ko, by = O3 O34k - O34k
we define the polynomials

m
Sy =" Y O sy, @R > (3.3)
ki,kp;..5k;

m

)3 )} r - > , G4

—(1+0) m—(1+14ky ) m—(1+l+ky+ky)  m—(1+1+ky+hkp++k_1)
0<ky +hkp+--+k<m—(1+1) ky=0 k=0 k3=0 k=0

and for [ =1 as ,
m—
Si(@) =0 Y 654 0. (3.5)
k=0

We also assume that So(@) = 1. In addition to the polynomials S (@) of degree m, we
will require similar polynomials of lower degrees:

ilewt . 2<s<m+1,
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These polynomials A;(®), constructed from the underlying distribution P (which pos-
sesses zero mean and unit variance), represent the initial part of the Chebyshev-Hermite
moment expansion of the characteristic function f of this distribution P:

f= e (1 + i O o* +ps> =g(t) (1 +Aj(@)+ps), @=it. (3.7)
k=3

An estimate for the functions p; is obtained below in Lemma @ In what follows,
we will mostly assume that @ = it, where ¢ € R and i is the imaginary unit. This is due
to the fact, as noted in [[18, p. 181], that “working with characteristic functions, it will
sometimes be convenient for us to deal with the variable it.”

The convenience of applying Chebyshev-Hermite moments is related to the following
observation: the identities (see, e.g., [1} pp. 37, 38], [14} pp. 137, 149])

Hy(x)o(x) = %/_W(it)k(p(t)e_itxdt, xeR, k>0, (3.8)

allow one to easily write down the inverse Fourier transform of the expansions of char-
acteristic functions in terms of Chebyshev-Hermite moments. For instance, from (3.7)
we obtain the following representation of the density of the underlying distribution P as a
sum:

e 1 “ . —itx—%
p(x) = @(x) + kg O HL(x)p(x) + 7 / puline .

In [[L1], V.V. Senatov and A.E. Kondratenko used a signed measure with the character-
istic function g(r) (1 + As(®)) to construct asymptotic expansions with explicit remainder
estimates. Signed measures of this type were also used by Yu.V. Prokhorov in [12] and
LLA. Ibrahimov in [9]. However, it was only in the works of V.V. Senatov (for details,
see [14]) that these signed measures were first applied to obtain concrete values of the
remainder estimates for expansions of arbitrary length. In constructing asymptotic expan-
sions, the use of signed measures leads to well-known difficulties because the normalized
convolutions of signed measures converge to the normal distribution only under certain
conditions (for example, the inequality |g(¢) (1 +As(®))| < 1 must hold for # # 0). This,
in turn, imposes restrictions on the moments of the underlying distribution. In the present
work, signed measures are not used, which allows the moments of the underlying distri-
bution to be considered arbitrary.

4. On the Mutual Summation Operation

Henceforth, to shorten the notation, we will use the operation *, which we call mutual

summation. Let (see, e.g., 34) A =Y} 1, 4 Ak y,...ky and B = By, k, k. Then we
define:
def
AxB = Z Al gk By gy -
ki ke
For example,
S]((J)) *Am—(lq +k2+'~~+k/)—1(w) =
m
31 ki +ky+--+k
=0 Y Ok @A ki (). @.1)
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We immediately note that the latter formula can be simplified as follows:

S1(®) %Ay (k) 4yt -1 (@) =

w3l k] a)k1+k2+"'+kl "
0<ky+ky+-+k;<m—(141)

34k _
* ( Z 63+/€1+1 o Hl) =
0<ky g1 Sm—(ky+kp+--4-kp ) —1—2

_ 3(1+1 ky+ky -4k +k, _
=o' Z ®k|7k2-,~-~-,k17k1+1w e e —SZH(w)-
0<ky +hkp+-+kj+kp g <m—(1414-1)
Whence,
Si1(@) = Si(®) %A (k) 41y 4tk -1 (@) - (4.2)

5. Auxiliary Lemmas

5.1. Two Identities for Binomial Coefficients. In constructing the main expansion, we
will use the following two lemmas, where n, [, m, and k denote non-negative integers.

Lemma 5.1. For binomial coefficients, the following identity holds for any s > l:

(s+1> B Si <sj)

[+1 =\ L

Proof. Using the hockey-stick identity (summation over the lower index) for binomial
coefficients, (”“) =yr, (];), we find

[+1
() e ()= (1)

Lemma 5.2. For any function z(j), the following identity holds for s > 1+ 1:

s =) ) 5,
Y X =) ( )z(jl).
joljlo( ! jZo \NiF1

Proof. The assertion of the lemma follows from the obvious chain of equalities:

sl o=l /g i s=l s—l—1 /o :

Jo . s—Jo .
LY (=8 L ()
Jo=1j1=0 Jo=1j1=0

J1<jo—1
s—I1—1 s—I . s—I1—1 s—I .
s—Jo . $—=Jo .
= Z Z ( | )Z(]l)_ Z Z < / >Z(]1)_
Jj1=0 _j0=1_ J1=0 jo=j1+1
Ji+1<jo
s—1—1 s—ji—1 k s—I1—1 S_jl
={k=s—joy=Y 21 Y =) z2(j1)-
j1=0 o \! =0 \I+1
J1= = J1=

The validity of the last equality follows from Lemma5.1]
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6. Expansions of Characteristic Functions

To estimate the remainder p; of the expansion of the characteristic function f of the

underlying distribution P, we will require the following quantities:
[3]-2 [3] ‘
”6 ||—Bs+2+ Z 062] ‘(XS 2]|+ Z (*1)1052]‘(([))0%—2]‘ .
i=[3]-1

The notation ||6;|| was introduced by V.V. Senatov in [5, p. 135]. In our paper, the
definitions of these quantities are slightly modified, since the values g =1, oty =0, 0p =
%, and () = ﬁ are known, and their combinations can be computed immediately.
For instance, for an even s = 21:

!
) (—1) onj(@) 0o —2j| =

j=l—1

= (=0 a(@)ato ~ (1) err-2(9) 00| = |azi(9) 0 — 01-2(9) s | =

1 1 1
T2 -1)! (1_1> I

Y (1D aj(@) a2
j=l—1

~ 2 T 2= 1)
and for an odd s =2/ + 1:
4
Y (D () o)) =
-
In a similar manner, we define the quantities || 6" ||: they are defined by the same formulas
as ||6s]|, in which all oy for k£ > I should be set to zero.

= oy 2(9)|os].

Lemma 6.1. Assume that the distribution P possesses an absolute moment of order m+-2.
Then, for its characteristic function f, the following representation holds for any 2 < s <
m:

f=8(1+As+py).
Here, g is the characteristic function of the standard normal distribution, Ay are the poly-
nomials defined by identity (3.6), and the following estimate holds for the functions py:

2,1 (s+1) 3,1
5] < l6sialllel 2~ + (055 [

Proof. Lett € R and w = it. The expansions for the characteristic function

s+1

=Y 0@ +r(r), ()] < Bogar’™?
k=0

and for the exponential function
2 ) it . .
T == Y (1 aj(9)0*
j=0
are well known. We transform their product

. sl 2
(=1 (@)™ Y oo’ +py(t)e
=0

S

™

fe® =

0

J
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into the form

[N}

2 s+1 ;

f(0)eT =Y gt + Z 61 o + py(1)e” .

k=0 k=s+2
Let us split the last sum into two parts:

(s+1) sH2HK a5 +2 (s+1) 2k s+3 (s+1)
Z 93+2+k“’ Z 9s+2+2kw to Z 93+3+2kw (6.1)

The incomplete moments from the right-hand side of (6.1)) can be transformed as fol-
lows:

5+2k+2]
GS(r;)Zk: Z (—1)j05s+2k+2—2j062j((P):
i=0
2/§2k+2
[s/2]+k+1 ) [%] .
= Z (=1 gy (jr—1)02(9) = Z (_1)k+1as+2—2ja2(k+j)((p)'

1

~.
I

j=k+1
Since
(it (@) < 0 (@) 02 (@),
it follows that

2 2
(s+1) ;
simk‘ Z i2j(9) |2 +| Y (—1)! ks (9) 2| <
= )
=2 [242]
2 2
<o) | Y o0j(@)|a—aj|+ Z Yonj(@)as—ajl |
= T
s+l s+l
6% | < ox(@)ll6l5" .
Next, taking into account the identity ||GS +2H = ||GS_S,_J£1 ||, we obtain an estimate for the
first term in (6.1)):
2 (s+1) 2 2k 2 12/2
o Z 5 <1082 Y @)l = [0 1122,
k=0

By virtue of the identity ||,z = Bys2 + |6
one obtained above for ry. This yields the first term in the bound for p;.
Similarly, we find the representation for the moments:

.€+22/(+3]
+1) ;
95(-:-2k+3_ Z (=1) o s21432j00j(@) =
=0
22242
[5H]+k+2 (] _
= Y (Vo imia20i(9) = Y (D) oz 20005 (0).

<.
Il

j=k+1
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Whence,
4]
s+1 j (s+1)
Gs(jz,(i3‘<azk(¢) Z (@) |asoj|+| Y (—1) (9o 2| | = (e )||9‘i3 I
=[]
and
3 (s+1) (s+1) 3 2% (s+1) 1,543 12/2
o’ Zesimk <1055 e zazk 12 = 655 V||l 22
The last estimate completes the proof. (I

A corollary of Lemma is the following representation for the difference of the
powers of the characteristic functions:

‘ , Joobo Jooto
flo—glo = (f—g) Z f]ngO*JI*I _ (As +Ps) Z flrgh—it, (6.2)
J1=0 J1=0
as well as the expression of the power of the function f in terms of its lower-order powers:
, . Jooto
0 =g+ (A;+py) Z firglo—it (6.3)
J1=0
7. Recurrent Relations
Representation allows us to derive a recurrence formula for the incomplete bino-
mial sums C;(f), which are defined by the identity

n—1-1 —1— ) )
aif)=Y (n } ]>f’g”‘f. (7.1)

Lemma 7.1. Let the inequalities | < n, m < n, and 2 < s < m hold. Then the following
representation is valid:

)= () + e pocicr).

Proof. In identity (7.1)), written as
n—I
1
Ci1(f) = Z (n ; 1]0)f]0 n=jo
= -
Jo
we replace f/0 using formula (6.3). This yields
n—lI :
n—1-— Jo
GahH)=Y
— -1
Jo=1
Next, applying Lemmas-andn we find

n—I n—l n—1—jo Jo=1 .
C1(f)=¢" Z( )Jr(Aerpx)Z( I >ij1g" =

Jo=0 Jo=1 J1=0

(N B X (7 0) e

Jo=1j1=0

. Joml .
gjo 4 (As +Ps) Z f]ngO_JI] gn—Jo .
Jj1=0
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n—1-1

=g”<';)+(As+ps) Yy (n_ll_jl>f“g”-"=g"<7>+(As+Ps)Cz(f)-

J1=0
This completes the proof. O

In turn, the representation for C;(f) enables us to find a recurrence relation for the
quantities S;(@, f) specified by the formula

Si(@, f) = Si(@)Cr—1(f). (7.2)

Lemma 7.2. Forl < n, the following identity holds:

$i(0.) = S1(0.0)+¢'(} )3i(0) + Ri@.1),
where
Ri(@, f) = Si(®) * P11k +hy+-14) C1(f) - (7.3)

Proof. Using Lemma([7.1]and representation (3.3), we obtain

Si(@, f) =Si(®)Cr—1(f) = Si(w) (g" (7) + (As +P‘Y)Cz(f)> . (7.4)

The last identity holds for any s < m.
We shall substitute s into (7.4) depending on / in the form

s=s(l)=m—(I+ki+ky+---+k). (7.5)

The reason for this choice will become clear later. For now, we only note that it guarantees
the maximum possible order of the remainder estimate for the desired expansion with the
minimum number of terms in the principal part.

By virtue of (7.3), identity (7.4) takes the form

n
Si(@, f) = Si(o) (g” (l) +Am*(l+k1+k2+---+kl)cl(f) +pm(l+l+k1+k2+~-~+k1)cl(f)> =
n
=g" (l) S1(@) +S1(®) % Ay (145 1y 4 +1) CL () + S1(®@) * P (154, 4yt CL () =

W (n
= () 510) @) Attty L+ 0.
To complete the proof, it remains to use identity (4.2) and definition (7.2). O

In conclusion, we provide a quite obvious estimate for the quantities C;(f) (taking into

account Lemmal[5.1)):
n—1-1 i
n—1—j n

n—1-1 .
n—1—j\ . ,_;
=y ("7 )
where the quantities u are defined by formula (2:2).

Jj=0
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8. Representation of Powers of Characteristic Functions

The lemmas proven above allow us to express the powers f” of the characteristic func-
tion f of the underlying distribution P in terms of the polynomials S;(®) defined by for-

mula (3.3).

Theorem 8.1. For m < n, the following relation holds:

m—1

m—2
r=¢'% (})si@)+ L rio.n). .1
=0 =0

where R;(o, f) are defined by identity (71.3).

Proof. 1t follows from (3.3)) and that S; (@) = A (). Together with identity (6.2),
this allows us to write the following elementary transformations for the difference of
powers [ —g":

n—1 n—1
=g =(f-8) Y fog" 0 =(Antpm) Y, fg" 0=
Jo=0 Jo=0

= Co(f) (An+Pm) = Co(f) (S1(@) +Pm) -
Next, setting Ro(®, f) = Co(f)pm and applying Lemma([7.2] we find

f'=g"= S](CO)C()(f) +R0((D,f) :Sl(w7f)+R0(w7f) =

=s:(0.1)+¢(})51(0) + Ri(0.5) Rl 1) =

=S(w,f)+¢" <Z> SH(0)+Ry(w, f)+g" <?)S1 (w)+Ri(o,f)+Ro(®,f).

Applying Lemma [7.2]repeatedly in a similar manner, we arrive at the desired representa-
tion. ]

In what follows, we will require an upper bound for the sum ):;":’()2 R;(®, f), which will
subsequently be used to estimate the remainder of the sought-after asymptotic expansion.

Lemma 8.2. For m < n, the following estimate holds:
m—2 m—2
_ n—1
Y Ri(o.f)|<u™ 'Y (l+1) (SZ’2(®)|a)\’"+2+21+S,73(®)\a)|’"+3+2’) ,
1=0 1=0

where the quantities S; »(®) and S; 3(®) are defined by formulas (8.2), (8.3), and (8.4).
Proof. Using inequality (7.6), we find

m—2

m—2
<Y R(@, N < Y ICNISH®@) % P14k, k0411 | <
=1 =1

nm72 n
<K 1; <l+1> [S1(0) * P (et i) |-

Applying the inequality from Lemma|[6.1|for p; with s < m, we obtain the following chain
of inequalities:
m—2

Z R[(C(),f)
=1

pg <
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n _
<2510 (18m2-ray kil 2 o)

m—2
; Tk ok (It gk
" ( +1>‘ @) (||9m'13 L |3 (ke +z>)‘ <

" on 3 v Ky +k k
< Z <l+1>|(0| Z |®k1,k2,.,.,k1||w| it

ky ko, k;

N2~ (144 -+ ) | |2kttt

n SR - ki 4ky+-+k
+) 0P Y 1O .. || TR
= \I+1

ki ko, kg

+1—I—ky—ky—-—k;) 3 (I4-ky 4k —---+k
Hem% Ik —y e 71{,1 [ 3~ UHhhatth)

m—2
S m+2+21 g (@) @3
(11 )sa@lor =T (1) )sis@)lols,

mi2

=1

where for [ >

and

Recall (see (3.4)) that the summation in the last two formulas is taken over the sets of non-

negative integers ki, ks, ..., k; satisfying the inequality O < k; + ko +---+k; <m—1[—1.

m

Sl.2(®): Z ‘®k1~,k2,~-~;k1|||6m+2—(l+k1+k2+---+k1)”7
ky,kz,.. .k

m

12—k —ky——k
Sl,3(®): Z |®k1«,k2 kl|||6nl’:£'3 - k11kzi *kl/)H'
[

Let us define

1
502(0) = [[6nrall,  Sos(®) =165V,

Now, to complete the proof, it suffices to obtain the estimate for / = 0:

Ro(@. 1)1 = (Co(pal < ()l < ()" (S02(@)l0l"™ 2+ S12(0) 0]")

Lemma 8.3. For the integrated quantities R, (%, f), the following estimate holds:

where the quantities S;2(®) and S;3(®) are defined by formulas (82), (8:3), and (B4),

1 m—2
/ 7ztx Z Rl ( 7f) dt
=0
1

1 22 (1)
< (T E(,) (Bm+2+21,n—151,2(®)+Bm+3+2z,n—1Sz,3(®)\/ﬁ) ;

and the values By, are given by formula (2.1).
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Proof. Using the estimates from Lemma|[8.2] we find

1 / N » m—2 ( ) T/n m— 2 (
_ iux Rl / Rl
27 IZO Son T/ IZO

dr <

)

T\/ﬁ ¢ m—+2+421 m-+3+421
< —— _— =
L () E () (@ rsme
2 I’l) 1 T\/n ¢ ¢ m+2+21
- 51200 5 [ () LI
10<l+1 ral )2 T\/ﬁu V) |vn
-2 | [Tvn : ;3
B s [ e ()
fr l+1 2m J-r Vi) |Vn

1 =2 1) 1
= V) m+2 Z <l+1> (Bm+2+21,n1Sl,2(®)+B+Bm+3+21,n151,3(6)ﬁ> oy

This completes the proof of the lemma. g

9. Construction of Asymptotic Expansions

The lemmas proven above allow us to construct, in a fairly straightforward manner, the
following asymptotic expansion in the central limit theorem with an explicit remainder
estimate.

Theorem 9.1. Let P be the distribution of independent and identically distributed (i.i.d.)
random variables X;, i = 1,...,n, with zero mean and unit variance, and assume that
there exists a finite absolute moment of order m + 2. Suppose there exists a number v >
0 such that the characteristic function f(t) of the distribution P satisfies the condition
JZ | f(@)]Vdt < oo. Then, for any n > max(v,m+ 1) and for all real x € R:

m—1 n
= ¢(x) Z ( (,11))31
=0

m @kl “
%Hyﬁ»k 4tk ( )+R ) (x)7
kl-,kzz.,...,kl (\f)k1+k2+ +k; 1 : m

=

) 1
[Rnm (x)] < NoGE Y i <Bm+2+21,nlSl,2(®)+Bm+3+ZZ,nISl,3(®)ﬁ> +

m—1 m
" |®k1ak27---7k[|
v IZO (l> Z (V/m)3Hhitkot ki Lttty -+ (T\/ﬁ) )

ik, .k

and the last two terms on the right-hand side of the remainder estimate, defined by for-
mulas (1.1) and (2.3), decrease exponentially fast.

Proof. We split integral (1.2)) into two parts:

1t _.
) =5 [ ey (\}ﬁ) di =

1 /T\/ﬁ —itan < 4 > dt+ 1 / —itan < 4 > dt
= — e — -— e — .
27 J-ryn vn 27 Jyi>T vn
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We substitute f” in the first integral on the right-hand side of the last identity using for-

mula (8:I) from Theorem 1:

= e () E (s ()

~Tvn =0
1 1 ; t
+ / —ltx R, ( ) t+7/ e ix g () dl,
ri© E() 27 Jj[>T / vn
= ¢~"°/2. Next, we add and subtract terms in the first component

recalling that g"
on the right-hand side of the last representation so that the integration is performed over

the entire real line:

()& [ (5)e)

=0

B0 G L P (GR) )
s [ B (G5) 3 L ()

2n
We have thus obtained a representation of the density p,(x) as a sum of four terms. An

estimate for the penultimate term has already been found in Lemma [8.3] The last term

decreases exponentially fast, which follows from the bound
1 i,xn(t) 1/‘+°° <t>
— e — |dt| < = —
2 ./\t\}T\/ﬁ f N mJryn f N

The estimate for the second term (taking into account notation (2.3)) and transformation
(3.8)):

1| (n)/ - ( it > 17! <n) 2 ( it )
eTIS | —= |dt| < —= / e |8 —=
L\1))iorn "\Vn 21 1;0 1) Jpr [\

2w | =
3l+ky+ky+-+k
dt =

n

dt <A (T).

dt <

S0 8 | .
1Ok, ko, |7/ e T
s Ky Ko sky PRt Sz ym
m—1 m
”) 1Ok, ko, |

s Lajky+hytiky (TV/1)

] S— 14k /

<l (V) itk 1

t

Vn

1=0 K K2kt

also decreases exponentially fast.
The first sum (after applying transformation (3.8))) yields the principal part of the de-

sired asymptotic expansion:

—1 o .
F () (-
=\l 2m ) N
3l+ky+kyp+-+k
) dt =

mij(”) Z O, ky...., k;z/ e (\/tﬁ

kKo, kp
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m—1 m
n ®klvk2w-~,k[
= (P()C) Z (l) Z i (\/ﬁ)3l+k1+k2+"'+kl H3l+k1+k2+'“+k[(x)'

Remark 9.2. Note that for large n, asymptotically (lJ'r'l) ~ % Therefore, using the
notation < from [18, p. 190] (which means that the left-hand side of the inequality does
not exceed a quantity equivalent to the right-hand side), the remainder estimate can finally

be written in a simpler form:

1
|Rpm(x)| S ) Z l+1 < m+2+21,nSl,2(®)+Bm+3+21.nS1,3(®)\/ﬁ) :

10. On the Structure of the Asymptotic Expansion

Let us study the rate of decrease with respect to n of the terms in the principal part of
the expansion in Theorem[9.1] To do this, we consider the groups of terms in the principal
part associated with the same value of / in the expression for (7).

The first group (I = 0) contains only a single term, ¢(x).

The terms of the next level (I = 1) take the form

m—2 @ X m—2 ®

Here, the orders of the terms with respect to n vary from 1//n to 1/(y/n)"~!, and the
indices of the Chebyshev-Hermite polynomials start from three.
In the next sum (I = 2), only polynomials of order six and higher are present:

I S = T He 11y 14, (X) (x) "I O He -+, (X)
(/m)kithky ORIt ~ T kg Hok + .
(Vn)0 =y i (Vm)ltle TR n By ey (el Otk

We represent the terms appearing here in the form of a table.

kl H3+kl ( )

¢(x)

’ ky ‘ Terms \ Variation of order with respect to n
n — @ —
0 | oW Do e 1/(ya) to 1/ (/)"
n @
! P(x) \(/Zz))é Zkz =0 (fll,c+l\2H7+k2(x) 1/(y/n)to 1/(y/n)"!

n - e —
m— 2 (P(x) (\(/zﬁ))S 21162: (\[)/112;-%4(2 Hm+4+k2 ('x) 1/(\/’;) 2 to 1/(\/;1) !
m=3| el U S, ) 1/ (/!

It can be seen that the sum of level (g) contains terms whose rate of decrease with

respect to n varies from 1/(y/n)? to 1/(y/n)"~!
The terms containing (’31) are written as follows:

(gl) m—4 m7(4+k1)m7(4+k1+k2) ®k1 o ks ( )

TN o e 9k ks (X
(\/ﬁ)g k=0 k=0 K3=0 (\/ﬁ)k1+k2+k3 1 Thk2TK3

o(x)
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Here, the asymptotics of the terms vary from 1/(y/n)? to 1/(y/n)™'. For ("), there is
only one term of order 1/(y/n)"~1.

Obviously, terms having the same rate of decrease with respect to n can be easily
grouped together.

11. Numerical Example

The estimate of the remainder in the asymptotic expansion presented in Theorem [9.1]
although appearing quite cumbersome, can be easily calculated. We illustrate the deriva-
tion of the numerical remainder estimate using the example of an exponential distribution
P with zero mean and unit variance:

e x>—1,
plx) = 0 x<—1.

FIGURE 1. Plots of ps(x) (bold line) and the principal part of the ap-
proximation from Theorem[9.1](thin line) for various values of m.

The choice of this distribution as a model is motivated by the following:

(1) it is obviously not the best distribution for approximation;
(2) the explicit formula for the density p,(x) of the sum distribution P, is known,
and the computations based on it are quite simple.
Thus, for m = 3, the estimate of the remainder term (in which the quantities By, are re-
placed by their bounding limiting values By) from Theorem 9.1]for the model distribution

does not exceed
27 3.2

327 20
n n
which is significantly better than the result obtained in [7]], where the estimate with the
same rate of decrease takes the form

(11.1)

31.7 16.3
T
After comparing these remainder estimates, it is clear that this trend will also persist for
m> 3.
In conclusion, we present the plots of the density p4(x) and the principal part of the
approximation from Theorem [0.1]for various values of m at n = 4 (see Fig.[I)). It can be
seen that the actual error is significantly less than 1/10, and by no means of order 1, as

(11.2)
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might be concluded on the basis of (IT.1). Therefore, the question of the actual accuracy
of asymptotic expansions [15, 18] remains open.

12. Conclusion

In this paper, we have developed a novel approach to constructing asymptotic expan-
sions in the central limit theorem without relying on accompanying signed measures or
Zolotarev’s ideal metric. The established explicit remainder estimates offer a more direct
and mathematically transparent framework for evaluating approximation exactness. As
demonstrated by the numerical example, the proposed bounds significantly reduce theo-
retical error constants, yielding highly practical results for non-optimal distributions.
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