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OPTIMAL SWITCHING UNDER COMPETITION: A DISCRETE-TIME
OPTIMAL STOPPING APPROACH

MANUEL L. ESQUIVEL AND NADEZHDA P. KRASII

ABSTRACT. Motivated by markets in which new entrants challenge established monop-
olies, we study the problem of determining an optimal switching time for consumers
facing competing stochastic price dynamics. In the particular case of the sequences of
prices—or premiums—being sub-martingales, an optimal stopping time is described by
a simple relation between the increasing processes of the Doob decompositions of these
sub-martingales. We present a statistical methodology allowing the application of the
results including a Bayesian approach for the case of scarce data. We present a simula-
tion study in the case of average linear growth of the prices increments and we develop
two efficient estimation procedures of the parameters of these models allowing accurate
estimation of the optimal stopping time. In the particular cases presented, the simulated
smallest optimal stopping time coincides with the optimal stopping time studied.

Introduction

While optimal stopping theory has been extensively applied to financial markets—
e.g. American options—and corporate investment—Real Options—its application to con-
sumer behaviour in competitive insurance markets is less explored. Standard economic
models of switching focus on equilibrium costs; in contrast, we propose a stochastic ap-
proach that treats the timing of the switch as an optimal stopping problem driven by the
predictable trends—in Doob decomposition—of the competing price processes.

Optimal stopping in a finite time horizon builds on the Snell envelope. We follow [LLOS8|
p. 38-43] on the presentation of the main results we will use next. Let (Q,.%,P) be
a complete probability space and F = (.%,),>0 a filtration on this space; we will con-
sider that %y = {0,Q}. We consider a finite time horizon N and a I adapted sequence
(Zn)o<n<n- The Snell envelope of this sequence is the smallest super-martingale that
dominates the sequence (Z,)o<u<n, that is, the sequence (U, )o<,<n defined by backward
induction by:

UN = ZN

0.1
Up:=max (Z,,E[Uy1| F]), n=0,....N—1. oD
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We denote by T or v a generic stopping time taking values in {0, 1,...,N}. Given the
sequence (Z,)o<n<n and a stopping time 7, we define Z; by:

N
ZT = Z Zn ]I{‘L':n} .
n=0

A stopping time V is an optimal stopping time for the sequence (Z,)o<n<y if and only
if,
E[Zy] =supE[Z,] .
T

The fundamental characterization of optimal stopping times of an adapted sequence (Z,, )<<y
in a finite time horizon N uses the Snell envelope (Uy)o<n<n-

Theorem 0.1. The stopping time V is optimal for the sequence (Zp)o<n<n iff the two
following conditions on the Snell envelope (Uy,)o<n<n are satisfied:

{ZV =Uv (0.2)

(Uvan)o<n<n  is a martingale.
Finally, we have the following characterization of the smallest optimal stopping time.
Theorem 0.2. The stopping time t° defined by:
1° =inf{k>0: Uy = Z} = inf{k > 0: max (Z,E [Up11 | F]) = Zi} (0.3)
is the smallest optimal stopping time.

According to [[CRS91} p. 51], conditions @]) for the determination of the smallest
optimal stopping time can rarely be computed analytically by the backward induction
which defines them. So, instead of 7°, let us consider the following stopping time:

TI_SIA := T*:inf{0§k<N:Zk ZE[Z]C+1|3‘\/¢]} 0.4)

As condition Uy, = Z; is sufficient to ensure that (Urspy)o<n<ny is a martingale (see

Proposition 2.2.1 in [LLO8, p. 39]) and obviously, Z;« = Uz (as well as Zgxy | = Upry g if

T* < N), we have that conditions (0.2)) are verified and so 7* is an optimal stopping time
for (Z,)o<n<n. Clearly, as

{0<k<N:Uy=Z NUps1 =Z41 } C{k>0: Uy =7},

we have that 7° < 7* in accordance with theorem [0.2]

Other major references for optimal stopping—in particular, in discrete time—are the
following [Shi08]], [Nev75[ and [PS06]. Optimal stopping in discrete time received some
attention recently, the main motivation being problems in Mathematical Finance; see
[DLUQ9] and references therein; in the context of the so called disorder problems an im-
portant reference is [Shil9|]. A special algorithm for solving optimal stopping problems
of Markov chains is presented in [Prell]]. An interesting application of optimal stopping
in continuous time to risk theory is given in [Sch98]. The study of changes in the Snell
envelope adequate for computability or other purposes is carried in [DHORI11]].

We must refer that there is a connection of this work with articles dealing with con-
sumer switching, competition, real options, dynamic pricing, and optimal stopping, for
instance, [Kle87, [FK07].
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Let us also report that in corporate finance, firms use optimal stopping to decide when
to enter a market in the context of real options theory (see [SchO5l [LM22} [ET22]]). In this
work we have, in a way, addressed a real option optimal stopping for the consumer model.

The main contribution of the present work is not the development of new optimal
stopping theory per se, but rather the derivation of an operational stopping framework
adapted to competitive pricing dynamics. In particular, we show that under a monotonicity
condition on the predictable components of the competing price processes, the one-step
look-ahead rule coincides with the smallest optimal stopping time. This characterisation
allows a direct integration between stochastic optimal stopping and statistical estimation
procedures suitable for practical implementation.

1. The optimal stopping model when monopoly breaks

Let us suppose that company A detains a monopoly in some market and that at time
t =0 a company B enters the market practicing a price p5 such that p& < pf, pj) represent-
ing the price practiced by the previously monopolistic company A. Let us consider the
price sequences—reported daily, weekly, monthly, etc—of the two companies (pZ),>¢
and (p2),>0. It is natural to assume at first that, in some sense to be clarified in the
following,

e p4 decreases towards p? on account of the competition between A and B;

o pBincreases towards p? as B increases its market share.
For the new consumer, as long as p/A — pB > 0 there is a favorable choice. We will consider
the optimal stopping problem - in a finite time horizon N - that consists in determining an
optimal stopping time 7* such that:

E[pf —pS] = sup E[pf—ph] ., (1.1)
0<t<N

where the supremum is taken among all non negative stopping times bounded by N.
1.1. Optimal Stopping Criterion. Let (p7}),>0 and (pZ),>0 be two sub-martingales

adapted to the filtration F = (%,),>0, representing the price sequences of Company A
and Company B, respectively. By the Doob decomposition, we write:

ph=Mi+1r and pB=ME+IE, (1.2)
where M denotes a martingale and / denotes a predictable, non-decreasing process with

I=0.

Remark 1.1. Although both price processes are modeled as submartingales, the compet-
itive effect is expressed relatively rather than absolutely. In particular, the incumbent’s
prices may continue increasing on average, but at a slower predictable rate than those of
the entrant. Thus, the gap process

_ A_ B
Yn =Dy —Pn>
may decrease even when both individual price processes are submartingales.

We seek the optimal stopping time T* to minimize the expected future cost, or equiva-
lently, to maximize the relative benefit of switching strategies. We define the local com-
parison set S as the set of times where the expected incremental growth of Company B
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exceeds that of Company A:
S={ke{0,....N—1}:AIZ | > AL}, |}, (1.3)
where Al = Iy — Ix.

Lemma 1.2. Let (Q,.%,P) be a probability space and F = (Z,)"_, a filtration. Let
(pN_ and (pB)N_, be integrable, F-adapted submartingales with Doob decompositions
Pa=My+I,  p=M;+I],
where M2, M® are F-martingales and I* 18 are predictable, nondecreasing processes
(with 16‘ = 15 = 0). Define the gap process Y, := ps — pB and the one-step look-ahead

conditional expectation EY;.| | F] for 0 <k <N — 1. Then for everyk € {0,...,N—1}
we have the almost sure identity

ElYir1 | Za] = Yi+ (AL — A, ), (1.4)

where AI,’?H = II?H —I,? and AIkB+1 = Il§+1 — I,f. In particular,

Y >EYis | F] = AP, > AL, (1.5)
a.s.
Proof. For fixed k € {0,...,N — 1} write the Doob decompositions at times k and k + 1:

Yirr = (Ml = ME) + (I —1200), YYo= (Mg =MQ)+ (I —1F).
Take conditional expectation with respect to .%;. The martingale increments satisfy
EM, —ME | 7] =0,  EME,—M; | 7] =0,

—MZ | | Fi] =M — M. Because I and I® are predictable (hence I, |, I?

A
so E[M +10 1l

k+1
are .%;-measurable), we have

E[I,?H _I£+1 | jk] = III?+1 _II§+1-
Combining these equalities yields
ElYiir | Fa] = (M = M) + () — Igp1) = Y+ (AL — AL, ),

which proves (T-4). The equivalence (T.3) follows immediately by rearranging the terms.
(]

Theorem 1.3 (Monotone case; first-entry 1-SLA optimal). Under the same hypotheses
as Lemma define the gap process Y, := p — pB and the one-step look-ahead set

S:={ke{0,....N—1}: Y, > E[Y,11 | ] }.
Assume the following monotonicity property:
keS = jeS§ foral j=kk+1,....N—1.
Let U = (U,)N_, be the Snell envelope of (Y,)\_,, defined by backward induction
Uy =Yy, Uy :=max {Y,, ElUy1 | %]}, n=N-1,...,0.
Define stopping times
©°:=inf{n>0: U,=Y,} and t'S"*:=inf{0<k<N:keS},

with the convention that the infimum of the empty set equals N. Then t° = 'S a.5.; in

particular TS is optimal for maximizing E[Y;] over all stopping times T € {0,...,N}.

12



OPTIMAL SWITCHING UNDER COMPETITION: A DISCRETE-TIME OPTIMAL STOPPING APPROACH

Proof. We prove by backward induction on k = N,N — 1,...,0 that for every k the fol-
lowing two statements hold almost surely:
(1) If k€ Sthen Uy =Y.
(i) If k ¢ S then Uy = E[Ugy1 | Fi)-
The result 7° = 7' will follow immediately, since U, = max{Y,,,E[U, 1 | %,]} and
the first n with U,, =Y, is therefore the first n for which the stopping inequality holds; by
the monotonicity assumption this coincides with first entry into S.
Base case. At k = N we have Uy = Yy by definition; and N ¢ S by construction of
S c{0,...,N—1}. Thus the claims hold at k = N.
Induction step. Fix k € {0,...,N — 1} and assume (i)-(ii) hold for all times j with
k < j < N. We show they hold at time k.

(A) Case k € S. By the monotonicity assumption, j € S for every j > k with j <N — 1.
By the induction hypothesis (i) we therefore have U; = Y; for all j > k. In particular
Ui+1 = Yi+1, and hence
ElUks1 | Fi] = E[Yjs1 | Fi]-
Since k € S we have Y > E[Yi | %]. Thus
Uy = max{¥y, E[Uc+1 | Zi]} = max{¥y, E[Yis1 | ]} =Yk,
which proves (i) at time k.

(B) Case k ¢ S. By definition Y; < E[Y;+ | -Z]. Observe that for any m > k+ 1 we have
U, > Y, hence by monotonicity and the tower property

E[Uk+1 | Zi] 2 E[Yit1 | Fa] > Y.
Therefore the Snell recursion at time k picks the continuation value and
Uy = max{Yy, E[Uxs1 | Zi]} = E[Uk+1 | Zi,
which is (ii) at time k.

By backward induction both (i) and (ii) hold for all k. Consequently the stopping
region {n : U, = ¥,}—and, in particular, its first entrance time t°—coincides with the
first entry into S. The Snell envelope characterization of optimal stopping times yields
that 7° is optimal and minimal, hence 7'S™* is the smallest optimal stopping time. This
completes the proof. O

Remark 1.4. Lemmamakes explicit why predictability of I4,I? is essential: the one-
step look-ahead inequality can be checked by comparing the predictable increments AI,? Y
and AI{ |, which are .Z;-measurable. The monotonicity assumption is strong: economi-
cally it says that once the predictable drift advantage of B over A appears it persists for all
later times (so the 1-stage rule remains valid thereafter). If monotonicity fails, the 1-SLA
rule need not be optimal and the full Snell-envelope computation is required.

Remark 1.5 (Economic interpretation of the stopping rule). The stopping problem studied
in this work should be interpreted as follows. Initially, company B enters the market with
prices lower than those of the previously monopolistic company A, making company B
the economically preferable choice for the consumer. As competition evolves, the relative
price dynamics may progressively reduce this advantage. The stopping time 7* there-
fore represents the optimal moment at which the consumer should stop benefiting from
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the entrant’s temporary price advantage and reconsider switching back to the incumbent
company.

1.2. Optimal Stopping with Discounting. In financial applications, future gains must
be discounted to reflect the time value of money. We introduce a discount factor 8 € (0, 1),
related to an interest rate r by § = %H

We define the discounted payoff process as ¥, = B"(p2 — p5). The problem is to find
7* that maximizes E[¥;].

Lemma 1.6 (Discounted one-step decomposition). Let (Q,.%,P) be a probability space
equipped with a filtration F = (ﬁn)fquo (finite horizon N € N). Let (pﬁ)ﬁ’zo and (pf)szo
be integrable, F-adapted submartingales with Doob decompositions
Pg :M5+I,Ij, F € {A,B}, (1.6)
where MY are F-martingales and I¥ are predictable, nondecreasing processes with It =
0. Define the gap Y, := p2 — pB and, for a discount factor B € (0,1], the discounted
process
Zy = B"Yy, 0<n<N.

Then for every k € {0,...,N — 1} we have the identity (a.s.)

E(Zwr | Za) = B (Ve + ARy — AE,), (1.7)

where AI,iE L= I,f 4 —I,f . Consequently, the one-step look-ahead inequality Zi > E[Z; 1 |

Z] is equivalent to
(1=B)Yi > B(AR —ALE,), (1.8)

B

17
B A
ALy = Al — ——

B

and equivalently

Y. (1.9)

Proof. By (1.6) we may write
A
Yirr = (Mily —ME ) + (B — 1)

Taking conditional expectation with respect to .%, the martingale increments have zero
conditional mean and the predictable increments I,f 1 are .#;-measurable. Hence

ElYes1 | ] = Y+ AL — AL,

Multiplying both sides by B! yields (I.7). The equivalence Z; > E[Z; 1 | %] becomes
B> B (Yi+ ALy, — AT ),

which, after dividing by B* > 0, is exactly (T-8); rearranging gives (T.9). O

Theorem 1.7 (Discounted monotone case; 1-SLA optimal). Under the hypotheses of
Lemmall.6|fix B € (0,1] and define
Z, = B"Yy, n=0,...,N.
Let the one-step look-ahead set for the discounted process be
Sg:=1ke€{0,....N—1}: Zt > E[Z 11 | Zi] }.
Assume the following right-monotonicity property for Sg:
keSg = jESg forall j=kk+1,....N—1.

14
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Let U% = (UZ)N_, be the Snell envelope of Z,
Uf:=2Zy,  Uf:=max{Z,, E[UZ,| %]}, n=N-1,...,0,
and define the minimal optimal stopping time
75 :=inf{n >0: U? =27,},
(with infimum of empty set taken as N). Then
g = inf{l0<k<N:keSg},

i.e. the first entry time into Sg equals the smallest optimal stopping time for maximizing
E[Z:] = E[B"Y;|. In particular the first-entry 1-step look-ahead rule for the discounted
process is optimal.

Proof. We prove by backward induction on k = N,N — 1,...,0 that for each k the two
assertions hold a.s.:
(i) If k € Sp then UF = 7.
(ii) Ifk ¢ Sg then Ut = IE[U,(Z+1 | Fil.
The theorem follows because the first time n with U? = Z, is therefore the first time the
one-step stopping inequality holds, and by right-monotonicity this is the first entry into
Sg.
’ Base case. By definition U{ = Zy, and N ¢ Sg, so (i)—(ii) hold at k = N.
Induction step. Fix k € {0,...,N — 1} and assume (i)—(ii) hold for all j with k < j <N.
We show they hold at k.
Case (A): k € Sg. By right-monotonicity, every j > k with j <N —1 belongs to Sg.
By the induction hypothesis (i), U# = Z; for all such j; in particular Uf, | = Z1 and
E[UE., | #] = E[Zis1 | Fi]. Since k € Sg we have Z; > E[Z;y; | ). Hence

UkZ = max{Zk, E[UkZJrl | ﬁk]} = Zk,

so (i) holds at k.
Case (B): k & Sg. Then Z; < E[Zy1 | F). As UE | > Zj+1 we obtain

EUL | ) 2 BlZin | i > Z,
and therefore the Snell recursion yields
Uf = max{z. EIUL., | 73} =EUE,, | 7).
establishing (ii) at k.
Since both cases are covered, the induction closes and (i)—(ii) hold for every k. Thus
the stopping region {n : U? = Z,} coincides with Sp (modulo the terminal time), and the

minimal optimal stopping time ’L’E equals the first entry into Sg. By the Snell envelope
optimality theorem this stopping time is optimal and minimal, completing the proof. [

Remark 1.8. Lemma shows that discounting introduces a dependence on the cur-
rent gap Y, in the one-step inequality: the condition is no longer a pure comparison of
predictable increments but contains the term ﬂYk. Consequently the monotonicity as-
sumption for Sg is typically stronger than in the undiscounted case: once the inequality
holds at time k it must remain true at all later times, which requires both favorable behav-
ior of the predictable increment differences and limited growth of Y; thereafter. As 8 11
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the extra term vanishes and the result reduces to the undiscounted theorem. High interest
rates—ow [3—raise the bar for continuing: company B’s growth must not just beat A’s,
but beat it by enough to cover the interest income lost by not stopping today.

Remark 1.9 (On discrete-time modelling). Discrete-time formulations are particularly
natural in insurance and consumer pricing applications, where premiums and prices are
typically revised at monthly, quarterly, or yearly frequencies and decisions are imple-
mented at discrete observation times. For this reason, the discrete-time Snell-envelope
framework developed in the present work provides an operationally convenient formula-
tion while retaining a rigorous optimal stopping interpretation.

2. Estimation, prediction, and stopping under uncertainty

This section explains how the increment processes of firms A and B can be estimated
from data, how predictive distributions are obtained, and how these estimates feed into
the—discounted—one-step look-ahead stopping rule. Our goal is to connect statistical
inference with optimal stopping in a clear and operational manner.

We observe per-period price increments

xF, Fec{AB}, t=1,..n,

and form cumulative prices and their gap:
F P A_ B
pi= Y. X/, Yi:=pi — pr-
=1

A stopping decision is made at time k by comparing the current gap with its expected
one-step-ahead value:

Yo > EYis1 | Z],  equivalently B*Y; > E[B*'Yy | Z], 2.1)

where 3 € (0, 1] is the discount factor and .%; is the information available at time k. Thus,
statistical inference on increments directly enters the stopping decision.

2.1. Increment model and predictive quantities. To keep the analysis tractable, we
adopt a simple exponential-family model.

Definition 2.1 (Increment model). For each firm F € {A, B},
XF | Ap Y Exponential (Ar), Ar > 0.

The corresponding mean increment is

_ L
“F_/IF'

This specification yields closed-form frequentist and Bayesian estimators.
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2.2. Frequentist estimation and 1-SLA decisions. A natural estimator for the exponen-
tial rate is the inverse sample mean.

1

A’F:ﬁv

v F I ¢ F ~F 1
X :ZZX,, mo=—.
t=1 A,F

The plug-in predictive mean for the next increment is therefore 7’ .

Using the approximation E[X[, | | .%] ~ m", the one-step condition (2:T)) becomes

1-B
B

mB > it +

Ye.

In the undiscounted case (f = 1),
m? > mt.
Thus, the frequentist 1-SLA rule amounts to comparing the estimated mean increments

of the two firms.

2.3. Bayesian Estimation and Prediction. A Bayesian approach incorporates parame-
ter uncertainty by averaging over the posterior distribution of each firm’s rate.
Definition 2.2 (Prior). Each rate parameter has an independent Gamma prior:

Ar ~ Gamma(ar,br), ar,br > 0.

Proposition 2.3 (Posterior). Given observed increments x¥, ,

n
Ar | 2, ~ Gamma(d, b, ap = ar +n, by :prerf.
=1
Proof. Recall the prior density and the Exponential likelihood (rate parametrisation). For
firm F the prior is
bgt
[(ar)
and the likelihood for the observed increments !, is

n(Ar) = Agr e et

)

n o -
LApsxt,) = [JAre 2% = Ale M B
=1
The posterior density is proportional to prior x likelihood:
(A | X, o< A~ e brar pne=Ar K — g artn o= (et L XD Ar

Recognising this as the kernel of a Gamma density with shape ar +n and rate by + Y| xF
finishes the proof. (]

Proposition 2.4 (Posterior predictive distribution). Integrating out A yields the Lomax
(Pareto 1) predictive density:

1d d—
plx|xly) = dpbg” (Bp+x)7 ", x>0
If a. > 1, the predictive mean exists and satisfies
b/
mf = _°F

17
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Using predictive means (or a Monte Carlo approximation),

Y > BM+mt —mP) = P >+

1ﬁﬁn.

Proof. The posterior predictive density for a new increment Xpey, is

plxlata) = [ £ 26) 70 | X6 2,
0

where f(x | Ar) = Are~** is the Exponential likelihood for the new observation. Sub-
stituting the Gamma posterior Gamma(aj,by) with af = ar +n and b, = bp + Y1 | xF
gives
F < e D et
p(x‘xIZVL):/ Ape T == AG" e P d Ay
J0

C(ap)™"
b/a},— o
=L At e rr0RE g
r<a;>/o e g

The integral is a standard Gamma integral:

oo /
/ Py A P A C +/1) .
0 (b%er)“F“

Using I'(af- 4+ 1) = aiI'(a}) yields

B T(dp+1 / ,
F/ . (aF+/ )1 :a;;b;fF(b}—i—x)_“F_l,
F(aF) (b}, —|—)(j)al-“L

which is the stated Lomax (Pareto type II) density. Finally, when af > 1 the mean of this
/

plx|af,) =

; F__ as claimed. O

F

Lomax distribution exists and equals

2.4. Posterior Sampling of the Stopping Time. When uncertainty in A4 and Az matters—
especially in the early life of a new entrant—it is natural to sample from the posterior
distribution of the stopping time itself. The following algorithm provides a complete
Bayesian procedure based on posterior draws of rate parameters.

Proposition 2.5 (Posterior inference for stopping decisions). The sample {‘L',,gi) WL vields:

e posterior mean and median of g,

e credible intervals,

e the posterior probability of stopping immediately,

e posterior continuation probabilities to any horizon.

Proof. Let {TI(;) f‘i | be the sample of stopping times produced by Algorithmby drawing
i.i.d. posterior samples of the parameters and, for each draw, computing the random 1-

SLA stopping time using either analytic or Monte Carlo conditional expectations.
By construction each 7\ is a draw from the posterior predictive distribution of the
stopping time (i.e. the distribution of the stopping time under the posterior on the model
parameters and the predictive law for future increments). Therefore standard Monte Carlo

law-of-large-numbers arguments apply:
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Algorithm 1 Posterior stopping-time sampler (posterior 1-SLA)

Require: Observed increments X/, ; posterior draws {(/lfgi),ll(;i)) M discount 8 € (0, 1]; optional horizon
H > 1; method for computing the conditional expectation (analytic or Monte Carlo).
Ensure: Posterior sample {7:/(3') M,

1: Compute observed cumulative prices ka, for k <n.
2: fori=1toM do

3: Draw predictive future increments Xni(i)n wu ~ (] l}i)).

4: Construct extended cumulative prices pf(’) and gaps Yk(l).
5: Set Tl(il) oo,
6: fork=nton+H—1do
7: if analytic then
8: Compute the closed-form predictive moment of B*+1¥;, ;.
9: else
10: Approximate the expectation via L Monte Carlo one-step draws.
11: end if )
12: it gy > B[y, ] then
13: t) « k; break.
14: end if
15: end for
16: if 7:;;) = oo then
17: Set T[(),’) — n+H (or leave ).
18: end if
19: end for

20: return Posterior sample and summaries (mean, median, quantiles, etc.)

e The sample mean % ):ﬁ-‘il Tl(;) converges almost surely to the posterior expectation
E[7g | data] as M — oo.

e Empirical quantiles of the sample converge to the corresponding posterior quan-
tiles, and hence the Monte Carlo credible intervals converge to posterior credible
intervals. _

e The empirical frequency 11171 ):f-‘il l{Tél) <t} converges to the posterior probability
Pr(g <t | data) for each fixed 7.

When the algorithm uses a Monte Carlo inner loop to approximate the conditional
expectation E[B¥*1Y, | | %], the outer Monte Carlo sample still targets the correct pos-
terior predictive law provided that the inner MC estimator is unbiased (or that its bias is
controlled and vanishes as the inner sample size grows). In practice one chooses the inner
sample size L large enough that the numerical error is negligible compared with posterior
sampling variability.

Thus the collection {‘L’l(;) M yields consistent Monte Carlo estimators of posterior
summaries: mean, median, credible intervals, and event probabilities such as the posterior
probability of immediate stopping. This proves the proposition. O

Remark 2.6 (Summary). The framework presented above provides:

(1) estimation of increment distributions either frequentist or Bayesian;
(2) predictive means or full predictive distributions;

(3) discounted one-step stopping decisions;

(4) posterior uncertainty quantification for the stopping time.

19



MANUEL L. ESQUIVEL AND NADEZHDA P. KRASII

3. Numerical illustration: a linear-drift synthetic market

We now illustrate the estimation—prediction—stopping framework developed in Sec-
tion[2]on a stylised synthetic market. The purpose of this section is twofold: (i) to validate
the procedure in a controlled setting where the growth pattern of increments is known,
and (ii) to show how frequentist estimators behave under both long and short observation
windows.

Throughout this section the “true” increments are generated from a parametric model
with deterministic linear drift, but estimation and stopping decisions are computed using
only data-driven procedures, without access to the true parameters.

3.1. Model specification. We fix a horizon of N = 120 months (ten years). For constants
B,a?, af > 0 we impose the following conditional expectations:
k k
EXf|=B+o*— EXP)=af— k=1,...,N. 3.1
[ k } ﬁ + N’ [ k } N’ ; ; ( )
This specification induces an initial gap of magnitude 8 and average incremental growth
rates o /N and o8 /N for firms A and B. The condition o > o ensures that the incre-
ments of firm B eventually dominate those of firm A in expectation.
A simple deterministic bound for the expected-time crossing produced by Formula (3.1)

is
BN

k() > m, (32)
which provides a benchmark against which to compare the data-driven stopping rules
derived below.
Noise specification. To avoid deterministic increments, we draw X,? and X,f from Gamma
distributions whose means equal the right-hand sides of Formula (3.1) and whose shapes
are fixed (shape = 2), resulting in moderate dispersion and increasing variance over time.
This choice is purely illustrative and does not affect the qualitative behaviour of the esti-
mation procedures.

Figures [[]and 2] below illustrate typical samples.
3.2. Parameter choices and qualitative interpretation. We take:
B =25, at =9, al =59,

motivated by the real case of an insurance monopoly break-up in the Angolan market.
Here B represents the initial premium difference, o the average incremental growth of
the incumbent’s prices, and a? the larger growth rate of the entrant.

The deterministic bound (3:2)) yields

ko > 60,

suggesting that (in expectation) the entrant undercuts the incumbent only after approxi-
mately five years. The simulation results below confirm this prediction when full data are
available and show how uncertainty increases when only early data are used.

3.3. Increment simulation. Figure[l|displays the simulated densities of increments for
firms A and B at selected times. As k increases, both means and variances increase lin-
early, with the increments of firm B eventually dominating those of firm A.
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PDF for A prices increments for k=1,50,100 PDF for B prices increments for k=20,40,100
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e - i L I

L
20 30 40 50 20 40 60 80 100

FIGURE 1. Simulated densities of increments X,’? (left) and X,f (right)
for selected months.

3.4. Frequentist estimation under a long observation window. When a long time se-
ries is available (here the full N = 120 months), the parameters 8, &, &® in Formula (3.1)
can be estimated by ordinary least squares regression:

k k
XA:[)’+aAN+£,?, X]?:(XBN+8£.

For the simulated sample, the regression fits, shown in Figure [2} produce accurate
parameter estimates. Plugging the estimates into (3.2)) yields

7~ 60.047,

in close agreement with the true value ko > 60.

A price increments sample and regression line Price increments of B sample and regression line

80 ® -

Estimate Standard Error t-Statistic P-Value
1 |25.1751 0.240985 104.467 3.9194x10°118 Estimate Standard Error t-Statistic P-Value
x |8.48876 0.414807 20.4644  1.26055x107% x |58.7995 1.55555 37.7998 3.86251x107°8

FIGURE 2. Simulated increments (dots) and linear regressions for
firms A and B. The inferred growth rates closely match the true val-
ues.

3.5. Early-phase estimation: pooled small samples. When the new entrant has been
active for only a short period, frequentist estimators may become unstable. To reproduce
this setting, we simulate M = 500 independent one-year samples:

F,j .
X, k=1,...,12, j=1,....M.
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From the moment identities

A B A B
A A& B B _ & Xi Xe|_ B
E[Xkﬂ_xk}—ﬁv E[Xkﬂ_xk]—ﬁy [O‘A—ag oA
moment estimators for 3, a?, a? are obtained by averaging across the M samples, giving
a’ =9.19476, al =59.4274, E =24.7811.

These estimates again imply a stopping time T* &~ 59.20, consistent with the theoretical
value.

Remark 3.1 (Economical interpretation). Economically, larger values of o — o4 cor-
respond to more aggressive entrant pricing dynamics, thereby accelerating the optimal
switching time. Conversely, larger initial gaps 8 delay the stopping decision because the
incumbent’s price disadvantage persists longer.

3.6. Smallest optimal stopping time: Monte Carlo evidence. We compute the empiri-
cal analogue of:

V(1) :=Elp; — 7]
by simulating 500 replications of length 120. For each V(7) we select the top three
maximisers 7°. These serve as Monte Carlo estimates of the smallest optimal stopping
time. The results in Table[T| show excellent agreement with the theoretical benchmark in
Fornula (3.2)) across all parameter choices.

Parameters Theoretical T* | Ist: 7°;V(7°) | 2nd: 7°;V(7°) | 3rd: 7%,V (7°)
B =25, a? =9, af =59 60 60; 733.135 59; 733.044 58; 732.591
B =15, at =9, af =49 45 44;328.713 43, 328.539 42;328.516
B =36 a"=12, af =68 77.14 77;1365.59 | 76;1365.42 | 75;1364.95

TABLE 1. Monte Carlo estimates of the smallest optimal stopping time
7° and corresponding values of V (7).

3.7. Bayesian estimation for scarce data. In realistic scenarios only a small number of
increments from the entrant may be available. Using the results of Section 2] in order
to stabilise inference we can adopt a Bayesian update for the rate parameter of a Gamma
increment model with known shape parameter. With prior A ~ Gamma(ag, bg), observing
n increments yields the posterior,

A | X1y ~ Gamma(ag +not, bg+ ZX,)
i=1

The posterior mean of the predictive increment is:

~n) _ o(bo+5Sp)
Hp= = agp+no—1’
provided ag +no > 1. This estimator smoothly interpolates between prior beliefs and
data and produces stable stopping decisions when 7 is small.
The main results of the implementation of Algorithm [I]are presented in Figure
It is to be noticed that the smoothed PDF of the stopping time 7 has amean 7 = 177.561
and a median T,eq = 180, thus corresponding after subtraction of the initial segment of
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Cumulative Observations Density of Stopping Time r-Bayesian Estimation
Cumulative Value Probability

3500
0.15
3000
2500
— Sequence A 1o
2000
— Sequence B
1500

1000 0.05

500

1 values
- s % 3 13 120 Tme (months) 120 140 160 180

FIGURE 3. Simulated accumulated increments (left) and smoothed dis-
tribution of the stopping time 7 obtained from the simulation (right).

simulated data of length 120 to the a value ?K,[ean_BayeS ~ 57.56 and ?{dedian’BaY o 60,
also consistent with the theoretical value in Formula[3.2]

3.8. Discussion. Across all experiments the estimated stopping times are in close agree-
ment with the theoretical benchmark implied by Formula (3:2). Frequentist regression
performs well with long samples; moment estimators remain accurate across many short
independent replications; and Bayesian estimation provides stabilised drift estimates in
true small-sample situations. This example demonstrates the internal coherence of the
estimation—prediction—stopping pipeline and confirms that the one-step rule provides ac-
curate practical stopping decisions in settings with structured but noisy increment dynam-
ics.

3.9. Continuous-Time Analogue and Relation with Perpetual Stopping Problems.
The discrete-time optimal stopping framework developed above admits a natural continuous-
time analogue related to perpetual stopping and real-options models. Such formulations
are classical in Mathematical Finance and allow one to highlight the role of volatility and
correlation effects in the switching decision.

Suppose that the price processes of the incumbent company A and the entrant company
B evolve according to correlated geometric Brownian motions:

dP* = usPAdt + o, P dWA,

dPP = ugPPdt + ogP? dwp,
where
d(WAWP), = pdt,

U4, Up € R denote the drift parameters, 64,0 > 0 the volatilities, and p € [—1,1] the
instantaneous correlation coefficient.

The consumer seeks an optimal stopping time T maximizing the expected discounted
price advantage:

V(P*,PP) = supE [e " (P} — PP)]

where r > 0 is the discount rate.
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Since the payoff function is positively homogeneous of degree one, the dimensionality

of the problem can be reduced by introducing the ratio variable
PA
X = ﬁ,
and writing
V(P PP) = PPy(x).

Standard stochastic calculus arguments then show that, in the continuation region, the

reduced value function v satisfies the second-order ordinary differential equation

1
S0P (3) 4 (B — Mg (x) = (r = ) () =0,
where

0% =03+ 03 —2pC,0p.

The corresponding characteristic equation is
1 1
30+ (== 536°) B (= ) =0,

Depending on the relative positions of the drift and discount parameters, different geo-
metric structures of the stopping region may arise. In the classical regime

r > max (L, Up),

one obtains a single-threshold stopping rule analogous to standard perpetual American-
option problems. However, for certain parameter regimes satisfying

r< s < Ug,

the continuation region may become disconnected, producing two continuation regions
separated by an intermediate stopping region, a phenomenon related to double continua-
tion regions studied in perpetual stopping problems and real-options theory.

The continuous-time analogue highlights an important structural distinction relative
to the present discrete-time framework. In perpetual diffusion models, optimal stopping
boundaries are jointly determined by drift, volatility, discounting, and correlation effects
through a free-boundary problem. By contrast, the discrete-time one-step look-ahead rule
developed in the present work is primarily driven by comparisons between predictable
increments in the Doob decompositions of the competing price processes. This distinction
makes the discrete-time framework particularly suitable for operational implementations
based on sequentially observed market data, such as monthly or yearly insurance premium
updates.

Finally, the continuous-time formulation also clarifies the role of correlation. Un-
like the discrete-time one-step look-ahead inequalities, which depend mainly on pre-
dictable trend comparisons, the correlation coefficient p affects the optimal switching
policy through the effective volatility 6% of the price ratio process, thereby modifying the
geometry of the stopping regions.

Remark 3.2. The continuous-time formulation discussed above connects the present work
with the literature on perpetual optimal stopping, real options, and free-boundary prob-
lems. In particular, perpetual switching and entry problems frequently arise in corporate
finance and investment timing under uncertainty; see, for example, [DP94, IMS86, [PS06|
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Sch05]. The possibility of disconnected continuation regions is also related to certain
perpetual American-option problems studied in the optimal stopping literature.

4. Conclusions

We introduced a model for determining an optimal stopping time for buying to compe-
tition breaking monopoly. We present a simulation study in the case of independent price
increments with linear growth and develop two estimation procedures for the parameters
of this model. With a parameter choice—consistent with the information we have on the
real life case—we could estimate with remarkable accuracy the optimal stopping time
studied. We computed by simulation the smallest optimal stopping time for three differ-
ent choices of the parameters and observed that the computed values are remarkably close
to the values of the particular optimal stopping time studied. The remarkable agreement
between the simulated and theoretical values is fully explained by Theorem [[.3] as the
linear growth model used in our simulations satisfies the monotonicity condition required
for the global optimality of the one-step look-ahead rule.

The framework developed in this work treats the price dynamics of the two companies
as exogenous stochastic processes. This modelling choice is intentional and allows the
derivation of tractable optimal stopping rules based on the predictable components of the
associated Doob decompositions.

In realistic markets, however, competitive interactions may generate feedback effects
between consumer behaviour and future price dynamics. For example, a large migration
of consumers toward the entrant company may induce the incumbent to accelerate price
reductions, while capacity constraints or market-share objectives may lead the entrant to
modify its pricing policy dynamically. Such mechanisms may produce endogenous drift
adjustments, regime changes, or strategic interactions between firms.

Incorporating these effects would naturally lead toward stochastic game formulations,
mean-field interaction models, or adaptive regime-switching frameworks in which the
price dynamics themselves depend on the aggregate switching behaviour of consumers.
Although such extensions lie beyond the scope of the present work, they constitute a
promising direction for future research linking optimal stopping, market competition, and
dynamic pricing theory.
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