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THE STABILIZATION OF SOLUTIONS FOR THE WENTZELL
STOCHASTIC EVOLUATION SYSTEM IN A CIRCLE
AND ON ITS BOUNDARY

NIKITA S. GONCHAROV, OLGA G. KITAEVA, GEORGY A. SVIRIDYUK*

ABSTRACT. The paper considers the problem of stabilizing the solutions of
the deterministic and stochastic Wentzell equations, which describe the evolu-
ation of a liquid in a circle and on its boundary. The authors address the issue
of exponential stability and instability of the deterministic Wentzell equations
solutions. They consider different signs of the parameters that describe the
medium and the properties of the liquid. The instability gives rise to solving
the problem of stabilization using a feedback loop. The obtained results are
used in the stochastic Wentzell equations. The Nelson—Gliklikh derivative is
considered, and a stochastic process is a solution.

Introduction

Let Q € R™, n > 2, be a manifold with edge I". The system of two Dzekzer
equations [1], which describing the evolution of the free surface of a filtered liquid
is defined on the compact QU T

(A= A)uy = apAu — BoA%u — you, v = u(t,z), (t,z) € R x Q, (0.1)

(A= Ay = o Av — B1A%u + % — v, v=ov(t,x), (t,x) e RxT, (0.2)

tru=wv, on RxTI. (0.3)

Here the symbol A in (0.1) denotes the Laplace — Beltrami operator on the smooth
Riemannian manifold €2, and in (0.2) the same symbol denotes the Laplace —
Beltrami operator on the smooth Riemannian manifold I'. The symbol v =
v(t,z), (t,z) € R x I, denotes the external normal to R x Q. The parameters
g, a1, A, Bo, 1,7, 71 € R characterize the medium.

We will study the stabilizing the solutions of the system (0.1), (0.2) in the case:
Q={(r,0):7€[0,R),p €[0,27)} is a circle in R?, and T' = {0 : § € [0,27)} is
the edge of the circle. In this case (0.1), (0.2) is transformed to the form

(A=A p)ur = Ay pu — ﬁoAfﬁu — You, u=u(t,r@), (t,r,0) e RxQ, (0.4)
(A — Ag)vy = a1 Agv — B1AZu + Jgu — y1v, v =v(t,0), (t,0) eR xT, (0.5)
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where the Laplace — Beltrami operator A, ¢ on the circle and the Laplace — Bel-
trami operator Ay on the edge of the circle have the following form

2
ANg o= ! 8(811198)—1—16

sinf 99 00 sin? 0 Op?’
o ) (0.6)
= — 8 = — .
7T 20092 U 96/, x

To this system we add the matching condition (0.3) and equip it with initial
conditions

uw(0,7,0) = ug(r,0), v(0,0) = uvo(0). (0.7)

Let us call the solution of the problem (0.3) — (0.7) the deterministic solution
of the Wentzell system. If we replace the functions u and v, defined by © and T"
respectively, on n = n(t) and k = k(t) are a stochastic processes on the interval
(0,7), we obtain stochastic Wentzell system, where the derivative of stochastic
processes is understand by the Nelson — Gliklikh derivative [2] of the process. This
paper is devoted to studying the stability of solutions of a stochastic evolutionary
system of Wentzel equations in a circle and on its boundary, as well as solving the
stabilization problem for unstable solutions of this system.

In addition to the introduction and the list of references, the work consists of
four parts. The first part examines the existence and uniqueness of a deterministic
evolutionary system. Wentzell in the circle and on its border. The second part
contains the stability of the obtained solution for the deterministic evolutionary
Wentzell system. The third part contains the stabilization of the solution for
the deterministic evolutionary Wentzell system. The fourth part contains the
stabilization of the solution for the stochastic Wentzell evolutionary system.

1. Analytical solution of a deterministic Wentzell system

We give an analytical study for the corresponding system (0.4)—(0.7) following
the results in [3]. In this case, let us consider the following series

- —Bok* — apk? — )k
u:;exp (t bo )\+a](€)2 ’YO)(R?RZ) <akcosk9+bksink9)+

(1.1)

o0 R 2 _
+ Z exp (t fok \ _ﬁ;f 70) (Ck cos k6 + dj, sin k9> ,
k=1
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where
R 27
)k
//uo 2Rk cos kpdfrdr,
00
R 27
)k
://uo 2Rk sin kodfrdr,
00
2m 2m
e = /00(6‘) cos kodf, dy, = /vO(G) sin kpd6.
0 0

It is easy to see that the above series is a formal solution to the equation (0.4).
Moreover, if the rows in (1.1) converge evenly, then we have a solution to the
problem (0.4), (0.7), where dgu = 0. Taking this into account, it is possible to
construct a solution to the problem (0.6), (0.7) on the edge

S _ 4 2 _
v = Zexp (t Pk ark 71) (Ck cos k6 + dj, sin ke), (1.2)
k=1

A+ k2

where in the case of oy = a1, Bo = P1, 70 = 71 solutions to the (0.4) — (0.7)
problem will satisfy the (0.3) matching condition.

Closure of span{(R*)"1(R — r)* cos ky,(R¥)"1(R — r)*sinky :k € N\{1},7 €
(0,R),0 € [0,2m)} generated by the dot product

2w R

<%wmm://QM@wmmmma
0 0

is denoted by the symbol A(2). Next, the closure of span{coskyp, sinkep,0 €
[0,27)} by the norm generated by the dot product

2T

(o vhar) = [ olO)0(6),
0
is denoted by A(T'). Thus, the following theorem holds.

Theorem 1.1. For any ug € A(Q) and vo € A(T') such that the matching condi-
tion is met, and for coefficients g, a1 8y, 51, 70,71, A € R, such that the following
condition is met ag = o, Po = Bi, Yo = 11, and X # k2, where k € N, there is
a unique solution to (u,v) € C°(R; A(Q) & A(T")) a Wentzell evoluation system
consisting of the equations (0.4)—(0.7).

2. The stability of solutions of a deterministic Wentzell’s system

Let 8 = A(Q) ® A(T). Norm || - [l = || - [Lage) + || - [l acr), where || [L4() and
|- llary are generated by scalar products in A(€2) and A(T").

Definition 2.1. Solution v = u(t) of the (0.4)—(0.7) system is exponentially stable
if there are constants N > 0 and v > 0 such that for all ¢ € R} and any ug € A(£),
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vg € A(T") The solution u = wu(t) of the (0.4)—(0.7) system satisfies exponential
estimation

u®)lly < Ne " (Juolla) + llvoll acry)- (2.1)

Definition 2.2. Solution v = u(t) of the (0.4)—(0.7) system is called unstable if
it exists € > 0 for some ug € A(Q), vo € A(T') and ¢ > 0 fulfilled

[u(t) — uollace) + llu(t) —volla) > e

&%) Y0

Theorem 2.3. Let ag, By, 70 > 0, Bo > T2 and A > —1. Then for

any ug € A(Q), vg € A(T) the solution of the (0.4)—(0.7) system is exponentially
stable.

— Bkt — ank? —
Indeed, —2° e <O0for fo> 73 — 5. A> L Let’s denote
—Bok* — apk? — o
-V = , keN;.
v = max { T2
. . 7750)647&0}627’\{015 t .
Then the assessment is fair e A+k2 < e ", v; > 0. For the solution

u = u(t) of the (0.4)—(2.14) system, has been completed

— 4 _ 2 _ - k
(t Bok . +a212€ 'YO) (RQR:) <ak cos kO + by, sin ]gQ)

_|_
A(Q)

<
A(T)

(t —Bok* — apk? — o

P ) <ck cos kO + dj, sin k@)

< Cre™ "ol ac) + Cae™"[|vo|l ar).-

Theorem 2.4. Let o, By, Yo > 0 and By > —% — k— If A < —1, then for any

ug € A(R2), vo € A(T") the solution of the (0.4)—(0.7) system is unstable.

—Bok® — agk? — o

Let ag, Bo, 70>Oan;150>2]£—2+k7,A<—1 Then T2
—Bok* — agk
for A > —k? and fo >\+a22 > 0 for A < —k?. Let’s denote —vq =

—Bok* — ak? — o 2 | —Bok* — agk? — 2
max{ e , A> —k“ , V5 = min T )\< —k
v1,v2 > 0, and m = max{k : A < —k?}. Then the solution u = u(t) of the ( )
(0.7) system can be represented as u = u; + ug, where

ad —,Bok‘4 — OéokQ — 70 (R — T)k . .
uy (t) = k;:ﬂ exp (t S Sk ay cos kO + by sin kO |+

<0

> —Bok* — apk? —
+ Z exp (t bo \ _:22 70) (ck cos kB + d, sin k9>,

k=m

(2.2)
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m _ 4 2 _ o0k
us(t) = Z exp (t Pok ok ’70) (B—7) (ak cos k6 + by, sin k@) +
k=2

A+ k2 2Rk
= —Bok* — aok® — o : 29
+ ; exp (t P ) <ck cos kB + dy, sin k@) .
The following estimates are valid:
Jur (8|50 < Cse™ |luolla) + Cae™ ol acry, (2.4)
luz(t)llu < Cse” [luo]lage) + Coe”" vl acr).- (2.5)

Obviously, the solution u = u(t) of the (2.13)—(0.7) system is unstable.

Let the coefficients be ag = a1, Bo = B1, Yo = V1, A # k2, A < =1, By >
—% - %. Then, by virtue of Theorem 2.4, the solution u = u(t) of the (2.13)—
(0.7) system is unstable. Let’s set the following stabilization task. It is required
to find a control in the domain f, and on the boundary of the domain f, such

that the solutions of the system
A=Ay g)ur = aOAT’gu—BOAigu—’you—f—fm u=u(t,r0), (t,r,0) € RxQ, (2.6)
(>\ - AQ)Ut = alAQU - 51A%,0u + aRu —mv+ fva v = U(ta 9)7 (t7 9) €ERx L, (27)
tru=wv, (2.8)
will be exponentially stable. We will look for the control of f, and f, using the
feedback loop
fu = Bu, f, = B, (2'9)

Denote by n the number of the maximum value of

{50]“1:“252 —N A< kQ} The
operator B can be represented as
B- { vt : (210)
SR A < RS

where € can be chosen small enough. Then the solution of the (2.2)-(2.9) closed
feedback loop (2.9) has the form

Y <t€ + 60(”4 - k4) ki aO(nz — k2)> (R }:)k (ak cos kO+

2
k=2 Atk 2
m—1 4 14 2 12
+ b sink@) + Z exp (ts—i—ﬁo(n sz Z—Zao(n i )) (ck cos kb + d, sink:c9>
k=1
(2.11)

and by virtue of (2.4), it is exponentially stable. Fair enough

Theorem 2.5. Let ayg = a1, By = b1, Yo = 71, Bo > —% — %, A < —1, then
for any ug € A(Q), vo € A(T") the solution of the (2.2)-(2.9) system, closed-loop

(2.9), where the operator B has the form (2.10), is exponentially stable.
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The stabilization of the stochastic Wentzell system’s solution

Let 4= {u € WZ(Q)@WZ(T) : Opu = 0}, § = L2(Q) ® Lo(T). Following [?] let
us construct spaces of random K - values. The random K - values €, x € UkLo
have the form

=) Mbrdrs X =D Mexu (2.12)
k=1 k=1

where {¢y } — the set of eigenfunctions of the modified Laplace — Beltrami operator
A, g € L(4;F) orthonormal in the sense of the scalar product (-, -) of La(£2); {¢x} —
the set of eigenfunctions of the modified Laplace — Beltrami operator Ay € L(8; F)
orthonormal in the sense of the scalar product (-, ) of La(I"). The norm in ULy
is given by the formula

oo oo
||§HUKL2 + ”X”UKLz = Z )‘ing + Z /\iDXK'
k=1 k=1

Let us consider the stochastic Wentzel system

(A= Arp) € (1) = a0l o€ (1) — BoAZgE(1) — 7€ (1), 1€ (0,7), €9, (213)
(A—=Ag) X (1) = a18gx(t) — B1AZX(1) + Dol () — 11 x(t), ¢ € (0,7), x € T. (2.14)

We will add a matching condition to this system, which guarantees the uniqueness
of the solution obtained.,

tr () = x(2) (2.15)
and provide it with the initial conditions
£(0) =&, x(0) = xo- (2.16)

Definition 2.6. The solution & = £(t) of the system (2.13)—(2.16) is ezponentially
stable if there are constants N > 0 and v > 0 such that for all ¢ € R, and any
& € UkLy(Q) and xo € UkgLy(T) the solution & = £(¢) of the system (2.13)—
(2.16) satisfies exponential estimation

[€®) luxre < Ne " ([[€ollukrs + [Ix0llukLs)- (2.17)

Definition 2.7. The solution & = £(t) of the (2.13)—(2.16) system is called unstable
if it exists € > 0 for some &y € UgL2(Q) and xo € ULy (T) and ¢ > 0 completed

Hf(t) - £0||UKL2 + ||X(t) - XO||UKL2 2> €.
By analogy with the deterministic case, it is easy to see that the following
theorems hold.

Theorem 2.8. Letag = aq, Bo = P1, Yo =71, Bo > —a—g - %, A > —1, then for

any & € UgL2(2) and xo € UgLa(T") the solution of the (2.13)—(2.16) system is
exponentially stable.

Theorem 2.9. Let ag = a1, Bo = P1, 70 = 711, Bo > —% — %, A < —1, then for

any & € UgL2(2) and xo € UkLa(T") the solution of the (2.13)—(2.16) system is
unstable.
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Let the coefficients be ag = ay, 8o = B1, Yo = 71, Bo > —a—g — £7 A< —1.
Then, by virtue of Theorem 2.9, the solution u = u(t) of the (2.13)—(2.16) system
is unstable. Let’s set the following stabilization task. It is required to find such a
control in the area of 1¢ and on the border of the area of 7,, what are the solutions

of the system
(>\ - Ar,@) 2 (t) = aOAr,eg(t) - BOA?e&(t) - ’Yof(t) + N, te (0?7—)7 6 € Q7 (218)
(

(A= D) X (t) = a1 8gx(t) — BLAZX(2) + BE(t) = 1x() + 1y, t € (0,7), x €T.
(2.19)
tr &(t) = x(t), (2.20)
will be exponentially stable. Management of n: and 1, we will search using the
feedback loop
ne = BE, ny = Bx, (2.:21)
where B is a linear operator.

Theorem 2.10. Let o = 7y, B =68, —\ # k2, é £k, a,f € Ry, If ak? > 3,

@
A < —1, then for any & € UrLa() and xo € UkLa(T') the solution of the
(2.18)—(2.16) system, closed-loop (2.21), where the operator B has the form (2.10),
is exponentially stable.

All arguments and estimates in proving theorems in the stochastic case are
similar to the deterministic case and therefore are not given.

Conclusion

In this paper, the problems of exponential stability and instability of solutions
to deterministic and stochastic Wentzell equations describing the evolution of a
liquid in a circular domain and on its boundary were investigated. Conditions
ensuring stability and instability were obtained for various values of the model
parameters characterizing the medium and liquid properties. For unstable regimes,
a feedback-based stabilization approach was proposed and justified. The results
obtained for deterministic equations were extended to the stochastic case using
the Nelson—Gliklikh derivative framework. The conducted analysis demonstrates
the effectiveness of the proposed stabilization method and provides a theoretical
basis for controlling distributed systems with dynamic boundary conditions under
deterministic and stochastic perturbations.

The research was funded by the Russian Science Foundation (project No. 25-
21-20017), https://rscf.ru/project/25-21-20017/.
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