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SPECTRAL BOUNDS FOR FUZZY GRAPH LAPLACIANS
UNDER INTERVAL UNCERTAINTY

ASOKAN VASUDEVAN, YOGEESH N*, KOYEL ROY, P. WILLIAM,
ZETTY PAKIR MASTAN, AND THULASI MANOHARAN

ABSTRACT. We study interval-valued fuzzy weighted graphs whose edge mem-
berships are known only through closed intervals and investigate how this
uncertainty propagates to the Laplacian spectrum. For every admissible re-
alization we define the fuzzy weighted Laplacian and prove that the edge-
to-Laplacian map is monotone in the Loewner order. Consequently the k-th
Laplacian eigenvalue is confined to the exact interval [Ag (L ™), A (LT)] gener-
ated by the lower and upper endpoint graphs. We derive robust connectivity
criteria, midpoint perturbation bounds of Weyl type, Gershgorin-type global
enclosures, and explicit formulas for homogeneous interval uncertainty on
paths, cycles, stars, and complete graphs. Numerical examples show that
exact spectral widths can be substantially smaller than generic perturbation
radii. The results place interval-valued fuzzy graph Laplacians into a rigorous
spectral-uncertainty framework.

1. Introduction

Since Zadeh introduced fuzzy sets [36], graph-theoretic models with graded un-
certainty have become a natural interface between combinatorics, matrix analysis,
and decision theory. Rosenfeld’s fuzzy graphs [32] initiated the area, after which
structural operations, line graphs, domination and strength concepts, and sev-
eral generalized fuzzy graph classes were developed in [8, 25, 26, 9, 10, 6, 18, 27].
Interval-valued fuzzy graph models are especially attractive when an edge member-
ship cannot be specified by a single number and only lower and upper confidence
levels are available. This direction was systematized by Akram and Dudek and
further expanded in [3, 1, 2, 4, 29].

A parallel literature studies spectral and energy-type invariants of fuzzy graphs.
Recent contributions include interval-valued fuzzy Laplacian energy [28], signless
Laplacian energy [31], picture fuzzy graph energies [33], hesitant fuzzy Laplacian
energy [30], connectivity of intuitionistic fuzzy graphs [7], degree-energy bounds
in spectral fuzzy graphs [11], and Seidel Laplacian bounds in bipolar fuzzy graphs
[19]. These works show that spectral data retain discriminatory power in uncertain
graph models; however, most existing studies emphasize a single chosen fuzzy
graph rather than a full uncertainty set of admissible realizations.
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The present paper addresses that gap for the Laplacian spectrum. On the clas-
sical side, the Laplacian matrix is a central object in algebraic graph theory, with
foundational results due to Fiedler, Anderson-Morley, Grone-Merris-Sunder, Mer-
ris, Li-Pan, and Das [13, 5, 14, 15, 23, 24, 21, 22, 12]. On the interval-analysis side,
spectral enclosures for interval matrices have been studied by Shih-Lur, Hladik-
Daney-Tsigaridas, Leng-He, and Yuan-Yang [34, 16, 17, 20, 35]. Our aim is to
combine these two lines of work in the context of interval-valued fuzzy graphs.

We consider a finite interval-valued fuzzy graph whose edge-membership values
vary independently inside prescribed intervals. Every admissible realization deter-
mines a symmetric weighted graph and hence a Laplacian matrix. The main idea
is that the Laplacian map is order-preserving: larger edge weights produce a larger
Laplacian in the Loewner order. This simple observation has strong consequences.
In particular, the entire uncertain Laplacian spectrum is bracketed by the lower
and upper endpoint Laplacians, and the corresponding intervals are exact.

Our contributions are as follows:

e We formulate interval-valued fuzzy graph Laplacians as a family of admis-
sible weighted Laplacians constrained by endpoint matrices.
e We prove exact eigenvalue enclosures

)‘k(Li) S)‘k(L(W)) S)\k(LJr)? k= 17"'7”3

for every admissible realization W.

e We obtain robust connectivity criteria, midpoint perturbation bounds of
Weyl type, and width estimates controlled by the uncertainty degree pro-
file.

e We derive Gershgorin-type global spectral boxes and explicit exact for-
mulas for homogeneous interval uncertainty on paths, cycles, stars, and
complete graphs.

2. Interval-valued fuzzy graphs and Laplacians

We work on a fixed finite vertex set V' = {1,...,n}. Throughout the paper all
matrices are real and symmetric unless noted otherwise, and the eigenvalues of a
symmetric matrix A are arranged in nondecreasing order

M (A) € Aa(A) < - < Aa(A).

Definition 2.1. An interval-valued fuzzy graph is a triple G = (V, o, 1) where
o= (01,...,0,) € (0,1]™ is the vertex-membership vector and, for each 1 < i <
Jsmn,
pij = [pgj0 1135

is a closed interval satisfying 0 < p;; < ,u;; < min(o;,0;). We set p;; = [0,0] and
require symmetry, ;= fi5;, f; = [1;-

This definition is standard in interval-valued fuzzy graph theory; see [3, 1, 2, 4].
For spectral purposes, the vertex-membership vector acts as a feasibility con-

straint, whereas the uncertainty propagates through the edge-membership inter-
vals.
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Definition 2.2. An admissible realization of G is a symmetric matrix W =
(wi;) € R™™ such that w; = 0, w;; € [ui_j,uj'j] for i # j. Its degree vector
and Laplacian are defined by

A:(W) =Y wy. D(W) = diag(dy(W),....du(W).  L(W) = D(W) ~ W.

The endpoint matrices W~ = (u,;) and W+ = (,u;;) are themselves admissible
realizations. We also use the midpoint and radius matrices
M- W —I—WJF7 n_ W+ —w 7
2 2
so that every admissible realization can be written as W = M+ E with |E;;| < R;;
and E;; = 0. We denote the lower and upper degree vectors by d; = Z?:1 i

and d = > ,u;;-, and write

AT = max df, r = R;;, r* = max r;.
1<i<n ©’ 7

The Laplacian inherits the basic positivity structure of classical weighted graphs.

Proposition 2.3. For every admissible realization W,

L(W) = Z wij(ei — ej)(ei — ej)T,

1<i<j<n
where (e1,...,e,) is the standard basis of R™. Consequently,
e L(W)x = Z wij(z; — x;)?  for allz € R™,
1<i<j<n

and therefore L(W) is positive semidefinite with L(W)1 = 0.

Proof. The (i, j) contribution w;;(e; — e;)(e; —e;) " adds w;; to the diagonal po-
sitions (7,¢) and (7, j) and adds —w;,; to the off-diagonal positions (7, ;) and (j,1%).
Summing over ¢ < j produces exactly the matrix D(W) — W. The Rayleigh quo-
tient identity follows by direct expansion: x'(e; —e;)(e; — ej) Tz = (z; — x;)%.
Since every summand is positive semidefinite, so is L(W). Finally, (e; —e;)T1 =0
for every i < j, hence L(W)1 = 0. O

Proposition 2.3 is the weighted fuzzy analogue of the standard graph Laplacian
decomposition used in spectral graph theory [13, 23, 12]. It immediately yields a
Rayleigh-quotient sandwich between the lower and upper endpoint graphs.

Proposition 2.4. For every admissible realization W and every vector x € R™,
2 LW )z <z"L(W)z <z L(WH)z.
Equivalently,
_ 2 2 2

S p(mi =) <> wilas —a)? <Y ph (s — ).

i<j i<j i<j
Proof. Because p;; < w;; < ij for all ¢ < j, the conclusion follows by termwise
comparison in the Rayleigh quotient representation from Proposition 2.3. ]
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The order structure is even stronger at the matrix level.

Lemma 2.5 (Loewner monotonicity). If U and W are two admissible realizations
satisfying w;; < w;; for all i # j, then L(U) < L(W); that is, L(W) — L(U) s
positive semidefinite.

Proof. By Proposition 2.3,
LOW) = LU) = > (wi; —uij)(ei —¢;)(ei — ;).

1<i<j<n

Every coefficient w;; —u;; is nonnegative, so the right-hand side is a sum of positive
semidefinite matrices. O

3. Exact spectral enclosure and robust connectivity

The first main theorem shows that the uncertain Laplacian spectrum is brack-
eted exactly by the lower and upper endpoint Laplacians.

Theorem 3.1 (Exact eigenvalue enclosure). Let G be an interval-valued fuzzy
graph and let W be any admissible realization. Then, for everyk =1,...,n,

Ae(LW ™)) < A(L(W)) < M(L(WH)).

Moreover, these endpoint values are exact: for each k, the lower and upper bounds
are attained by the admissible realizations W~ and W, respectively.

Proof. By definition, W~ < W < W entrywise. Lemma 2.5 therefore gives
L(W~) <= L(W) = L(WT). For Hermitian matrices, Loewner order implies
eigenvalue monotonicity; this follows from the Courant-Fischer min-max princi-
ple. Hence

A(L(W 7)) < A(L(W)) < Ae(L(WT))

for each k. Exactness is immediate because W~ and W7 are admissible realiza-
tions. O

Theorem 3.1 may be viewed as a fuzzy-graph version of an interval eigenvalue
enclosure, but here the proof is particularly transparent because the admissible
set is generated by edgewise monotonicity. The theorem yields immediate conse-
quences for the algebraic connectivity and the spectral radius.

Corollary 3.2 (Robust connectivity). Let a(W) = Aa(L(W)) denote the algebraic
connectivity of an admissible realization.

(a) If \o(L(W ™)) > 0, then every admissible realization is connected.
(b) If Ao(L(W™)) =0, then every admissible realization is disconnected.

Proof. Part (a) follows from Theorem 3.1: Ag(L(W)) > Ao(L(W ™)) > 0 for every
admissible realization W. A weighted graph is connected if and only if its Laplacian
has a simple zero eigenvalue, equivalently, if and only if Ay > 0 [13, 14, 24]. This
proves robust connectivity.

For part (b), Theorem 3.1 gives 0 < Mo(L(W)) < Ao(L(WT)) = 0, hence
A2(L(W)) = 0 for every admissible realization. O
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Corollary 3.3 (Extremal spectral quantities). For every admissible realization
W,
An(L(WT)) < An(L(W)) < An(L(WT)).

In particular, the interval for the largest Laplacian eigenvalue is exact. Further-
more,

2D m SwLW) <2
i<j i<j
and this trace interval is also exact.

Proof. The first claim is Theorem 3.1 with & = n. For the trace, observe that
tr L(W) = Y27 di(W) = 237, wi;. Since every wy; lies in [, i), the stated
interval follows. Exactness again occurs at W~ and WT. O

Remark 3.4. Theorem 3.1 is stronger than a Gershgorin-type box because it re-
spects the ordered Laplacian spectrum. In particular, it separates the behavior of
Ao, interior eigenvalues, and \,, without any extra optimization.

4. Computable bounds from midpoint perturbation and Gershgorin
theory

The exact endpoint enclosure may still require computing the spectra of both
L(W™) and L(WT). In many applications one also wants a quick a priori bound
centered at the midpoint matrix M. This is the role of the next theorem.

Theorem 4.1 (Midpoint perturbation bound). Let W be any admissible realiza-
tion and set A(W) = L(W) — L(M). Then

[AW)]|oo < 2%, [JA(W)]|2 < 27"
Consequently, for every k=1,...,n,
[A(L(W)) = Ak (L(M))] < 2r™.

Proof. Write W = M +E with |E;;| < R;j and E;; = 0. Then A(W) = diag(E1)—
E. Fix a row index 4. Since A;; = Zj# E;; and A;; = —E;; for j # 4,

S IAGI= DBy + Y 1B <2) |Ey <2) Ry =2r:.
j=1 G i J#i Ji
Taking the maximum over ¢ yields ||A(W)]|e < 2r*. Because A(W) is symmetric,
[AW)l2 < [[A(W)|oo < 27"
Weyl’s inequality for Hermitian matrices therefore implies
A (LW)) = Ae(L(M))] < [AW)]l2 < 27"
for all k. (]

Theorem 4.1 gives a computable uncertainty band around the midpoint spec-
trum. The next corollary controls the width of the exact interval itself.
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Corollary 4.2 (Width of the exact eigenvalue interval). For each k =1,...,n,
0 < A(L(WT)) = M(L(WT)) < 20 (L(R)) < 4r™.

Equivalently, the half-width of the exact interval satisfies

Ae(L(WT)) — M (L(WT))

2
Proof. Since L(IW™) — L(W~) = 2L(R), we have L(W*) = L(W~) 4+ 2L(R). By
Proposition 2.3, L(R) is positive semidefinite. Applying Weyl’s inequality to the
Hermitian sum above gives
Ae(LWT)) < A(L(WT)) + 2M0(L(R)).

Subtracting A, (L(W ™)) proves the first inequality. The second follows from Ger-
shgorin’s theorem applied to L(R):

An(L(R)) < 2maxr; = 2r*.

< M(L(R)) < 2.

O

We now record a global spectral box that depends only on the upper endpoint
degrees.

Theorem 4.3 (Gershgorin-type enclosure). For every admissible realization W,
spec(L(W)) C |_J[0,2d:(W)] C [0,22%].
i=1
In particular,
0= A (L(W)) < Xe(L(W)) < 24" for every k.

Proof. In row i of L(W) the diagonal entry is d;(W) and the sum of absolute
values of the off-diagonal entries is »-, ;| — wi;| = d;(W). Since the matrix is
symmetric, Gershgorin’s theorem places every eigenvalue in the real interval

[di(W) = di(W), di(W) + di(W)] = [0, 2d;(W)]
for some i. Because d;(W) < dl'.|r < AT, the global box follows. O

Theorems 4.1 and 4.3 are computationally light and useful when one wants
certified bounds without diagonalizing both endpoint Laplacians. The price of
this efficiency is conservatism, which will be quantified numerically in Section 6.

5. Homogeneous interval uncertainty on a fixed support graph

A particularly transparent case occurs when all present edges of a fixed sim-
ple support graph have the same uncertainty interval. In that regime, classical
Laplacian spectra immediately transfer to interval-valued fuzzy graphs.

Let Gy = (V, Ey) be a simple graph on n vertices with adjacency matrix Ay and
Laplacian Ly = diag(Apl) — Ap. Assume that every edge in Fy receives a weight
in a common interval [a, ] with 0 < a < 3, while every nonedge has weight 0.
Then every admissible realization has the form W = (w;;) with w;; € [a, 5] if
ij € Ey and Wij = 0 if i ¢ Ep.
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Theorem 5.1 (Exact scaling interval). In the homogeneous model above,
aLly = L(W) 2 BLo
for every admissible realization. Consequently,
ali(Lo) < Ae(L(W)) < BAk(Lo), k=1,...,n,
and each interval is ezact.

Proof. Because Ag is the support matrix, adg < W < fAq entrywise. Lemma 2.5
therefore yields L(aAdg) < L(W) =< L(BAp). Since L(aAp) = aLg and L(B8Ay) =
BLg, the conclusion follows from Theorem 3.1. Exactness is attained by the con-
stant weight realizations W = aAg and W = SA. O

Theorem 5.1 converts classical Laplacian formulas into exact uncertainty inter-
vals. For convenience we list four canonical families. Their deterministic Laplacian
spectra are classical; see [5, 13, 23, 12].

Table 1 shows that homogeneous interval uncertainty preserves the exact spec-
tral shape of the support graph: only the scale changes. In particular for a path
graph the algebraic connectivity interval is

o220 (5))- o200 ()]

whereas for a complete graph all nonzero eigenvalues lie in the same interval
[an, Bn].

TABLE 1. Exact eigenvalue intervals in the homogeneous model
of Theorem 5.1. Here kK = 1,...,n and all present edges of the
support graph have weights in [a, §].

Support graph Deterministic Laplacian spectrum of Ly Exact interval-valued fuzzy spectrum

P, /\k(LU):272005w M(L(W)) € [a (2—2c05@),ﬂ(272ws@)}
C,, /\k(LU):272005w M(L(W)) € [a (272605@)¢ﬁ<2*2005w)]
Sn 0,12 0 fixed, middle € [«, (], largest € [an, On]

K, 0,n(n=1 0 fixed, remaining n — 1 eigenvalues € [an, An]

6. Numerical illustrations

We now illustrate the theory on a six-vertex interval-valued fuzzy graph with
crisp vertex memberships and uncertain edge weights. Its midpoint weights are
(0.74,0.52,0.63,0.47,0.66,0.58,0.71,0.49, 0.41)
and the corresponding uncertainty radii are

(0.08,0.06,0.05,0.07,0.04,0.06,0.08,0.05,0.04).

Thus, for an uncertainty level 7 € [0, 1], each edge weight varies in the interval
[Me —T0e, me+70.]. At 7 = 1, the interval endpoints are precisely the edge labels.

The maximal uncertainty degree of this example is r*(7) = 0.247, so Theo-
rem 4.1 predicts the midpoint uncertainty band \i(L(M)) & 0.487.
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Table 2 quantifies the comparison. We denote the exact half-width of the k-th
interval by

I () = A (L(WF)) ; )\k(L(WT_))_

The theorem-based half-width 2r* = 0.487 dominates both ho(7) and hg(7), as
predicted by Corollary 4.2, but the gap is much larger for Ao than for Ag.

TABLE 2. Comparison between exact spectral half-widths and the
midpoint perturbation half-width 2r*. Here hy(7) = %(/\2' - AL )s
with )\ki computed from the endpoint Laplacians.

T hQ(T) h6(7—) 2r* 27‘*/}12 QT*/hG

0.25 0.0178 0.0768 0.1200 6.7401 1.5632
0.50 0.0356 0.1532 0.2400 6.7396 1.5663
0.75 0.0534 0.2291 0.3600 6.7389 1.5712
1.00 0.0712 0.3043 0.4800 6.7378 1.5773

Two conclusions are visible. First, the exact interval for Ay is highly stable
relative to the generic uncertainty radius, which is consistent with the fact that
algebraic connectivity depends on a global bottleneck rather than on a single large
degree. Second, the interval for A\g expands more rapidly and tracks the large-
degree vertices more closely, which is consistent with classical Laplacian spectral
heuristics [21, 22, 12]. In both cases, however, the exact endpoint enclosure and the
midpoint perturbation band have the same linear growth in 7, and the theorem-
driven bounds remain certified for all admissible realizations.

7. Conclusion

We developed a spectral uncertainty theory for interval-valued fuzzy graph
Laplacians. The key observation is that the Laplacian depends monotonically
on the edge weights in the Loewner order. This leads to exact eigenvalue in-
tervals generated by the lower and upper endpoint graphs, robust connectivity
criteria, computable midpoint perturbation bounds, and Gershgorin-type global
boxes. For homogeneous interval uncertainty on a fixed support graph, classical
Laplacian formulas immediately produce exact interval-valued fuzzy spectra.

Several extensions suggest themselves. One can study signless and normalized
Laplacians, directed fuzzy graphs, vertex-uncertain models, and inverse problems
in which spectral measurements constrain admissible membership intervals. An-
other natural direction is to combine the present exact endpoint method with in-
terval matrix algorithms when the admissible set contains additional dependence
relations between edge weights. These questions lie at the intersection of fuzzy
graph theory, discrete spectral analysis, and rigorous uncertainty quantification.
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