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ABSTRACT: Nanomaterials possess distinctive chemical, mechanical and physical properties 

arising from their thin layered structures, strong functionality, anisotropy, large surface area and 
atomic-scale thickness. Topological indices (TIs) provide numerical descriptions of molecular graphs 
and support the structural characterization of chemical compounds, networks and nanomaterials. 
Among Sombor-type descriptors, the Sombor index (     ), reduced Sombor index (      ), 

reverse Sombor index (      ), and the reduced Sombor coindex (      ) recently introduced 

by Rajathagiri et al. have attracted attention because of their mathematical and practical 

relevance. This paper derives closed-form expressions for       ,      ,        and 

       for the                2D-lattice, nanotube and nanotorus. It also compares 

       with      ,        and        across these structures and evaluates 

      's chemical applicability through correlations with experimentally reported 

physico-chemical properties of selected polycyclic aromatic hydrocarbons (PAHs). 
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1  Introduction 

 TIs constitute one of the most important graph-theoretical tools for the study of chemical 
compounds, molecular networks and nanostructures. These indices are numerical descriptors that 
depend exclusively on the structure of the associated molecular graph. They provide a quantitative 
representation of molecular structures and are widely applied to correlate the structural features with 
physico-chemical properties, biological activities and chemical reactivity. Several physico-chemical 
properties such as toughness, melting point, entropy, rigidity, boiling point, strain energy, enthalpy of 
formation and enthalpy of vaporization have been shown to be closely associated with the underlying 
graphical structure of chemical compounds. Therefore, TIs have found widespread application in 
Quantitative Structure Activity Relationship (QSAR) and Quantitative Structure Property 
Relationship (QSPR) [4, 10, 15, 20] studies and serve as valuable tools in molecular modeling and 
pharmaceutical design.  

Motivated by their broad applicability, numerous TIs have been introduced and systematically 
investigated in literature. Among the recently introduced degree-based TIs, the Sombor index 
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(     ) [9] and its types such as reduced Sombor index (      ) [11] and reverse Sombor index 
(      ) [18] have gained considerable attention and are extensively studied. These indices are 
defined as follows:  

       ∑         √             

        ∑         √                     

        ∑         √                         

 While TIs are defined by considering the edge set of a graph, their complementary counterparts, 
identified as coindices, have also been extensively studied because of their usefulness in characterizing 
molecular structures. Several coindices have been proposed as extensions of classical TIs, including 

the first Zagreb coindex (     )[1], second Zagreb coindex (     )[1], Sombor coindex (     )[6] 
and reduced Sombor coindex[19] their definitions are given below: 

 

       ∑                      

       ∑                   

       ∑         √             

        ∑         √                     

  
 The increasing importance of TIs and coindices has stimulated their application to a variety of 
molecular and nanostructured systems. In particular, nanoscience deals with the study of materials at 
the nanoscale i.e., of size      units. Materials and structures within this scale, commonly refereed to 
as nanomaterials or nanostructures, exhibit remarkable properties such as high strength, stability, 
conductivity and absorption. These remarkable characteristics have encouraged scientist and 
researchers from various domains such as physical sciences, material science, electronic devices, 
pharmaceutical, medical science, communication and information technology, to investigate 
nanomaterials and employ them as building blocks for more complex systems.  

 One important class of such nanostructure is                [2, 12, 14], which consist of 
alternating squares(  ) and octagons (  ) arranged in   rows and   columns. This structure can be 
mathematically modeled as a graph formed by the periodic arrangement of squares and octagons as 
discussed in [14, 16, 17, 18]. The 2D-lattice, nanotube and nanotorus forms of                are 
illustrated in Figure 1 for the particular case     and    . In recent years, TIs have been 
gradually applied in the QSPR/QSAR studies of such nanostructures [3, 13]. Within this framework, 
a nanostructure is represented by a molecular graph whose vertices correspond to atoms and edges 
correspond to bonds. Such graph-theoretical representation facilitate the investigation of structural 
characteristics and the computation of various TIs that are useful for predicting physico-chemical 
properties of nanomaterials. 
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 In the view of growing significance of Sombor-type descriptors in the nanostructure analysis, the 
present work focuses on reduced Sombor coindex and its relationship with other well-known 
Sombor-based indices, namely      ,        and       . Specifically, we derive closed-form 

expressions of       ,      ,        and        for the studied nanostructures 

              . Also, we present a comparative analysis of        with      ,        and 

       for each structure. To demonstrate the chemical applicability of       , we examine its 
correlation it with the physico-chemical properties of selected PAHs. 

 In this work every graphs considered is finite, simple, connected and undirected. A graph   

      consisting the vertex set      and the edge set     . The degree of a vertex  , denoted by 
     is the number of edges incident with  . Throughout this article, the symbol            denotes 

the number of edges whose end vertices have degrees      and     , whereas            denotes 

the number of non-adjacent vertex pairs       corresponding to each edge in the nanostructure 
              , where the vertices   and   have degrees      and     . In [3], some known 
results on                nanostructurs were established, which are stated as 

Theorem 1.1 Let   be a                2D-lattice, when        . Then, 

       √            √                  √ .  

Theorem 1.2 Let   be a                nanotube, when        . Then, 

         √            √ .  

Theorem 1.3 Let   be a                nanotorus, when        . Then,  

          √ .  In the present work, we use these known results in correlation analysis.  

  

2 Results and Discussion 

 In this section, we derive explicit formulae for the indices       ,      ,        and        
for the studied nanostructures of               , consisting of   squares and their   rows. 
Further, we present a comparative correlation analysis of these indices for each of these nanomaterial. 
The proofs of the obtained results are based on partitioning the edge sets of corresponding 
               structures according to the degrees of the vertices incident with each edge.  
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(a) 2D-lattice (b) Nanotube (c) Nanotorus 

 

Figure 1.                nanostructures 

   

Theorem 2.1 Let   be a                2D-lattice, when        . Then, 

  

                 √            √                √   

 

                √            √               √    

  

 Proof.     The                2D-lattice graph has            vertices and        

        edges. The edges can be classified according to the degrees of their end vertices into 
three categories, namely      ,       and       edges. The corresponding edge partition is given in 
Table 1.  

  

 Table 1. Edge partition of                2D-lattice graph 

                          

          

                 

                     

 
   
  Using Table 1 and by the definition of       , we obtain  

        ∑         √                     

      √          √          √      
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   √                            √  

         √            √                √   

 Similarly,      follow by applying the same edge partition together with the definition of       .  

Theorem 2.2 Let   be a                2D-lattice. Then  

                          √  

                                  √  

                                       √   

 Proof. The set of all non-adjacent vertex pairs corresponds to each edge of                
2D-lattice graph are partitioned according to vertex degree pairs             of their incident 
vertices and            are calculated and is shown in Table 2.  

  

 Table 2. Non-adjacent vertex pair partition of the graphical structure of                2D-lattice  

                          

                           

                                        

                                            

 
   

   Using Table 2 and by the definition of       , we obtain  

        ∑         √                     

  

     √                  √                  √              

                      √      

                                   √      

                                       √      

                           √  

                                   √  

                                        √   
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Theorem 2.3 Let   be a                nanotube, when        . Then,   

                 √           √ ,  

                  √          √    

  Proof.     The graphical structure of                nanotube consist of     vertices and 
      edges. The edges can be classified according to the degrees of their end vertices into two 
categories, namely       and       type edges. The corresponding edge partition is given in Table 3.  

  

 Table 3. Edge partition of                nanotube 

                          

           

               

  

 

Using Table 3 and by the definition of       , we get  

        ∑         √                     

      √          √      

    √           √  

          √           √   

 Similarly,      follow by applying the same edge partition together with the definition of       .  

 Theorem 2.4  Let   be a       [p,q] nanotube. Then,  

               √                √   

                      √   

  

Proof. The set of all non-adjacent vertex pairs corresponds to each edge of                
nanotube graph are partitioned according to vertex degree pairs             of their incident 
vertices and            are calculated and is shown in Table 4. 
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 Table 4. Non-adjacent vertex pair partition of the graphical structure of                nanotube 

                            

                

                     

                            

  Using Table 4 and by the definition of       , we obtain  

        ∑         √                     

      √          √          √      

         √                    √      

                       √      

               √                √   

                      √   

 
 
  

Theorem 2.5   Let   be a                nanotorus, when        . Then,   

                  √ , 

               √ .  

 Proof.    The graph structure of the                nanotorus consists of     vertices and 
    edges. It contains only       type edges. The corresponding edge partition is given in Table 5. 

  

Table 5. Edge partition of                nanotorus  

                          

            

 
   
  
Using Table 5 and by the definition of       , we have  

 

       ∑  

       

√                     

209



REDUCED SOMBOR COINDEX OF                NANOSTRUCTURES AND ITS CHEMICAL 
APPLICABILITY 

 

     √      

      √   

           √   

 Similarly,      follow by applying the same edge partition together with the definition of        .  

Theorem 2.6 Let   be a                nanotorus. Then,  

                          √   

  

 Proof. The set of all non-adjacent vertex pairs corresponds to each edge of                
nanotorus graph can be partitions based on vertex degree pairs             and            are 

calculated and is shown in Table 6. 

  Table 6. Non-adjacent vertex pair partition of the graphical structure of                nanotorus 

                          

                         

 

 Using Table 6 and by the definition of       , we obtain  

        ∑         √                     

      √      

                     √   

  
2.1 Correlation analysis 

To examine the relationship between        and the studied Sombor-type TIs, a correlation 
analysis has been carried out with the classical TIs      ,        and        for the studied 
nanostructures of               . The analysis is based on the computed values of these indices, 

where        as the independent variable     and      ,        and        are 
considered as the dependent variables    . The numerical data corresponding to the studied 
nanostructures of                are provided in Tables 7,  8 and  9 respectively. In this analysis, 

quadratic regression models have been employed to examine the relationship between the        
and the indices      ,        and        for the studied nanostructures of               . 
The strength of the relationship has been evaluated using the correlation coefficient  . The 
corresponding regression equations and correlation coefficients ( ) are provided presented in Table 
10. The resulting correlation plots for the considered nanostructures of                are shown 
in Figures 2, 3 and 4 respectively 
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Table 7. Computed values of       ,      ,        and        for the                2D-lattice 
graph 

                                          

[2,2]                                40.516  

[3,3]                                86.6888 

[4,4]                                 149.832 

[5,5]                                 229.946 

[6,6]                                 327.031  

[7,7]                           441.086  

[8,8]                                 572.111  

[9,9]                                     720.107 

[10,10]                                  885.074  

[11,11]                                  1067.01  

[12,12]                                   1265.92  

[13,13]                                    1481.8  

[14,14]                                   1714.65  

[15,15]                                   1964.47  

[16,16]                                    2231.26  

[17,17]                                    2515.02 

[18,18]                                   2815.75  

[19,19]                                   3133.45  

[20,20]                                     3468.12 

[21,21]                                   3819.77  

[22,22]                                    4188.38 

[23,23]                                   4573.96  

[24,24]                                 4976.52 

[25,25]                                   5396.04  
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 (a) (b) 

 

                       
(c) 

    
  

Figure 2. Correlation graphs corresponding to the                2D-lattice  

   
    

Table 8. Computed values of       ,      ,        and        for the                nanotube 

                                          

[2,2]                                37.6875  

[3,3]                                81.9871  

[4,4]                               143.257  

[5,5]                                 221.498  

[6,6]                                 316.709  

[7,7]                               428.891  

[8,8]                                558.044  

[9,9]                                    704.167  
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[10,10]                                    867.26  

[11,11]                                   1047.32  

[12,12]                                     1244.36  

[13,13]                                     1458.36  

[14,14]                                    1689.34  

[15,15]                                   1937.29  

[16,16]                                2202.2  

[17,17]                                     2484.09  

[18,18]                                   2782.95  

[19,19]                                    3098.78  

[20,20]                                     3431.58  

[21,21]                                    3781.35  

[22,22]                                    4148.09  

[23,23]                                    4531.8  

[24,24]                                    4932.48  

[25,25]                                    5350.13  

 
    

            
 
 (a) (b) 
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(c) 

 Figure 3. Correlation graphs corresponding to the               nanotube  

    

Table 9. Computed values for       ,      ,        and        of                nanotorus 

                                          

[2,2]                                 33.9411  

[3,3]                                 76.3675  

[4,4]                                 135.765  

[5,5]                                 212.132  

[6,6]                               305.47  

[7,7]                                 415.779  

[8,8]                                 543.058  

[9,9]                                      687.308  

[10,10]                                     848.528  

[11,11]                                    1026.72  

[12,12]                                     1221.88  

[13,13]                                     1434.01  

[14,14]                                    1663.12  

[15,15]                                     1909.19  

[16,16]                                   2172.23  

[17,17]                                     2452.25  

[18,18]                                  2749.23  

[19,19]                                    3063.19  

[20,20]                                     3394.11  
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[21,21]                                   3742.01  

[22,22]                                     4106.88  

[23,23]                                    4488.71  

[24,24]                                    4887.52  

[25,25]                                     5303.3  

 
 
 
 
 

             
 (a) (b) 

 
 
 

   
(c) 

    

Figure 4. Correlation graphs corresponding to the                nanotorus 
 

Table 10 presents the quadratic regression models and correlation coefficients ( ). 
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Table 10. Quadratic regression models and their corresponding correlation coefficients of the studied 
nanomaterials 

 TIs    Regression model      

              2D-lattice  

                                                   1  

                                                       1 

                                                       1  

               nanotube  

                                                     1 

                                                       1  

                                                       1 

               nanotorus  

                                                    1 

                                                     1  

                                                      1  

 
  
    
 The analysis shows that the correlation coefficient is approximately        in all cases, indicating 

a very strong positive relationship between        and the studies indices. The findings suggest that 

       has strong association with      ,        and        for the studied nanostructures.  

 

  

3  Chemical applicability of         

  

 The chemical applicability of the        is investigated in this section, through a correlation 
analysis involving the physico-chemical properties of 38 selected PAHs, namely melting point 
(       ), Structural complexity ( ), polarizability (           ), Flash point (       ), molecular 
weight (        ), boiling point (       ), molar refractivity (      ) and molar volume 
(      ). These physico-chemical properties are treated as dependent variables    , whereas the 

corresponding        values of PAHs as the independent variable    . The strength of the 
relationship has been evaluated using the correlation coefficient  . The correlation coefficient     is 
a real number ranges from    to    that shows the strength and direction of a link between two 
variables   and  . In general, absolute correlation coefficient greater than 0.7 indicates a strong 
correlation, whereas a value below     indicates moderate correlation. For every PAHs under 

consideration, the corresponding        value was determined. The experimentally determined 

values of the properties, together with the computed        values are listed in Table 11, while the 
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Figure 5 and 6 illustrates corresponding correlation plots. The regression models employed to 

examine the relationship between the        of studied PAHs and the physico-chemical properties 
of PAHs, along with their associated correlation coefficients are reported in Table 12. The obtained 

results reveal a strong positive correlation between the        of PAHs and all the selected 
physico-chemical properties of PAHs. These findings demonstrate the chemical significance and 

potential applicability of the       . 

Table 11. Computed values of        for selected PAHs and their experimentally reported 
physico-chemical properties 

     Name        MP C PO FP MW BP MR MV 

Acephenanthrylene                                                     

Benzo[a]anthracene                                                  

Benzene                                                

Anthracene                                                     

Benzo[a]pyrene                                                

Phenanthrene                                                     

Benzo[b]fluoranthene                                                    

Anthanthrene                                                  

Benzo[k]fluoranthene                                                  

Benzo[e]pyrene                                                    

Corannulene                                                

Benzo[g, h, i]perylene                                              

Coronene                                                   

Chrysene                                                

Biphenylene                                                 

Dibenz[a, c]anthracene                                                

Fluoranthene                                               

Dibenz[a, h]anthracene                                                  

Dibenz[a, i]anthracene                                                  

Indene                                              

Dibenzo[a, h]pyrene                                                 

Fluorene                                                   

Dibenzo[a, i]pyrene                                                   

perylene                                                  

Dibenzo[a, l]pyrene                                                   
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 (a) (b) 

   

         
 
 (c) (d) 

Figure 5. Correlation plots for PAHs 

   

Indeno[1, 2, 3-cd]pyrene                                                  

Rubicene                                              

s-indacene                                                

Isochrysene                                                

-Methylchrysene                                                 

Picene                                                  

Naphthalene                                                   

Pentalene                                             

Pentacene                                                  

Pyrene                                                 
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 (a) (b) 

   
 

         
 (c) (d) 

  

Figure 6. Correlation plots for PAHs 

      
 

Table 12. Linear regression models and their corresponding correlation coefficients 

PAHs Properties    Regression model       

                                0.7882  

                              0.8736  

                                0.9808 

                                0.8933 

                                0.9758 

                                0.8296 

                                0.9808 

                                0.9182 
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4  Conclusion 

  

 In this paper, we have derived explicit formulae of the TIs       ,      ,        and        

for the considered nanostructures of               . The relationship between the        and 
     ,        and        have been investigated using quadratic regression models. The 

analysis has revealed a strong positive correlation between the        and      ,        and 

      . Furthermore, the chemical applicability of the        has been examined through a 
correlation analysis considering the selected physico-chemical properties of selected PAHs. The 

obtained results reveal a significant positive correlation between the        of PAHs and selected 

physico-chemical properties of PAHs. Overall, obtained result demonstrate that        is an 
reliable and efficient topological descriptor for characterizing the structural properties for the 
considered nanostructures of                as well as PAH molecular graphs. Therefore, 

       has significant potential for applications in chemical graph theory and QSPR/QSAR 
studies. 
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