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ASYMPTOTIC ANALYSIS OF THE STOCHASTIC HTLV-I
MODEL WITH BLACK-KARASINSKI PROCESS

LAHCEN KHAMMICH AND DRISS KIOUACH*

ABSTRACT. In this paper we focus on the asymptotic analysis of a stochastic
HTLV-I infection model using Black-Karasinski process. As a first step, we
start by mentioning that there is a unique global solution to the said stochas-
tic model for any initial value. Then we find out an appropriate hypothetical
framework leading to the existence of an ergodic stationary distribution. Af-
ter that, we provide certain sufficient condition for the disease’s extinction.
Finaly, we present some numerical simulation example to back up our theo-
retical outcomes.

1. Introduction

Human T-cell leukemia virus type 1 (HTLV-1) is a retrovirus that predomi-
nantly infects human T lymphocytes: white blood cells that play a crucial role
in immune defense. Identified as the first human retrovirus linked to cancer [1],
HTLV-1 is associated with several serious diseases, including adult T-cell leukemi-
a/lymphoma (ATLL) and HTLV-1-associated myelopathy /tropical spastic para-
paresis (HAM/TSP) [7, 8]. ATLL is a rare but highly aggressive malignancy of
T-cells, marked by uncontrolled proliferation and generally poor clinical outcomes.
On the other hand, HAM/TSP is a chronic neuroinflammatory condition of the
spinal cord, often leading to progressive muscle weakness, spasticity, and paralysis.
The global distribution of HTLV-1 is uneven, with higher prevalence reported in
regions such as southwestern Japan, sub-Saharan Africa, the Caribbean, South
America, and parts of the Middle East [9]. Transmission primarily occurs through
the transfer of infected T-cells via breastfeeding, sexual contact, and blood transfu-
sion. Due to its chronic nature and the severity of associated conditions, HTLV-1
represents a major public health concern in endemic regions. This underscores
the importance of effective prevention and treatment strategies. In this context,
mathematical modeling and asymptotic analysis serve as powerful tools for under-
standing and combating such infections. Numerous models have been proposed
to describe the dynamics of HTLV-1 infection [4, 3, 2]. Among them, the recent
contribution by Shi and Jiang [5] is particularly noteworthy. In their study, the
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authors introduced the following mathematical model for HTLV-1 dynamics:

dT = (A —msT — sV (Ta) T) dt,
AT = (kY (TA) T — (mp + @) Tp) dt,

dTa = (aTz — (ma + p) Ta) dt, (1.1)
dTm = (PTA + 3 (— TAZ;X + 1) Tar — mMTM> dt.

Where T denotes the Uninfected CDZ[T cells , Tprepresents the Latently infected
CDJ T cells , Ta represents the Actively infected CDJ T cells and 73; denotes the
Leukemia cells. All parameters are assumed to be positive constants, with their
respective descriptions provided in Table 4. Since the fourth equation in system
1.1 is independent of the others, it can be omitted, simplifying the system to:

T Ay T — R (T4) T,

% = kY (Ta) T — (mp + ) Tz, (1.2)
d7.

(TtA =aTL — (ma+p)Ta.

According to [5] the basic reproduction number of system is given by:

Aax¥’(0)

Ry = .
O my (mp +a) (ma+p)

For more details on asymptotic analysis and disease equilibrium(see [5]).

In epidemiological models, key parameters are often influenced by environmen-
tal fluctuations. Recently, increasing attention has been directed toward exploring
the dynamical behaviour of epidemiological models under stochastic perturbations.
This interest arises because stochastic modeling has proven to offer a more accu-
rate representation of the spread of infectious diseases [10][13][11]. Several methods
have been developed to introduce stochastic effects into deterministic models. One
of the most widely adopted approaches is to assume that system parameters follow
an Ornstein—Uhlenbeck process, a type of Ito process. This stochastic process has
gained considerable popularity in the modeling of both population and epidemic
dynamics [14][12][19] but the problem with Ornstein Uhlenbeck process is that
cannot guarantee the nonnegativity of epidemiological parameters. To this end,
we further consider the Black—Karasinski process [17, 6, 18]. By perturbing the
infection rate x by this latter we have :

dlnk (t) =r[Ink —lnk (t)]dt + odB (t),

where % denote the long-run mean level of the infection rate, » > 0 represents
the speed of reversion, and ¢ denotes the intensity of volatility. B(t) is a stan-
dard Brownian motion defined on a complete probability space {Q, F,P} with a
filtration{ F; },-, that satisfies the usual conditions (i.e., it is right-continuous and
Fo contains all P-null sets). Then by this denotation a stochastic version of 1 is
given by:
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dlnk (t) =r[lnk —Ink (t)]dt + odB (t),
dT () = [A —m7 T (t) — & () © (Ta (1)) T (t)] dt,
AT (t) = [F () © (Ta (1)) T (t) = (mr + @) Tp, (1)] dt,
dTa (t) = [aTL (t) — (ma + p) Ta (t)] dt.
In fact, our main aim is to study the asymptotic behavior of infectious disease,
i.e., the long-term properties of (7 (t), 7i(t), Ta(t)). By letting z = Inx — Ink we
can equivalently transform system 1.4 into

(1.3)

dz (t) = —rz(t)dt + odB (t)

dT (t) = [A —m7T (t) — ®e*® () U (Ta (¢)) T ()] dt,

dTy, (t) = [Eez(t)\ll (Ta@)T (@)= (mr+a)TL (t)] dt,

dTa (t) = [Ty (t) = (ma + p) Ta ()] dt.
The rest of this paper is organized as follows: In Section 2 we show the exis-
tence and uniqueness of the global solution. In Section 3 we identify a key value
ﬂ%g related to the existence of the stationary distribution through mathematical
frameworks. Section 4 establishes the sufficient conditions for the extinction of
the epidemic disease. Section 5 presents computer simulations that support our
findings, and Section 6 summarizes the main conclusions of the article.

(1.4)

2. Existence and uniqueness of the global solution

Theorem 2.1. For any initial condition (T(0),77(0), 7.(0),x(0)) € R} x R the
system 1.4 admits a unique global solution almost surely , and the solution remains
forever in the invariant set & = {(T, To,Ta, k) € Ri XRIT+TL+Ta< %} with

~v = min (my, mr,ma).

Remark 2.2. By defining a desirable non-negative C2-function
W=[T-1-InT]+ [T —1-InTr]+[Ta —1—InTa] +e* — 1 — z The remainder
of the proof is almost the same as Theorem 3.1 in [18] and is thus omitted.

3. Stationnary distibution

In this section, we investigate the existence of a stationary distribution for the
stochastic model, as its presence provides evidence of the long-term persistence of
the disease within the population.

Lemma 3.1. [20, 21, 22] Suppose that there exists a bounded closed domain H €
R? with a regular boundary Ly, for every starting value X (0) € RY, if

1 t
liminf — [ P(s,X(0),H)dr >0 a.s,
t—4oo 0
where P(s, X (s),H) is the transition probability of X (t). Then system will pos-
esesses a solution which has the Feller property. And system 1.4 admits at least
one stationary distribution n(-) on R,
Define )
aAi&T (0)etsr

R =
O mr (p+ma) (mL + )

b
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Theorem 3.2. Assume that R§ > 1, then the stochastic system admits at least
one ergodic stationary distribution n(.) on Z.

Proof. Let defining the following C?-real valued functions:

YTi=InT7,—a1InT —asInTy,
(al\ll' (0) ek + a3p>
Yo =7_; + Ta,
Ha+p
YTs=—-In7-In7T4 —In (A—’T—TL—TA> +e*—2—1,
Y

Ty= MYy + Ts.

Applying It6’s formula for the functions above, we have for Ty :

LY =—LInT, —aiLInT —axLInTy

Re*W (Ta) T A N T1
:f%erLJrafal?qLal/ieZ\IJ(TA)qLalmT—ag%
asTa asTa

+aomy + azp + T (Ta) — T (Ta)

Using the conditions (2.1) in [5]

Ta 1 ,
W < (pﬂ+\p,<0)) »\I/(TA) <V (O)TA

and arithmetic geometric mean inequality we have:

LY < — 4\4/ alagagaA/%efTQr +mr+a+amr+az(ma+p)+ \I/?E)O)
+ (a1 ¥’ (0) ke® + azp) Ta + 4 <\4/ alagaga/\/%el% — alagagozA/%ez> ,

denotes that

QART (0) ¢
my2 (mA +

[

foo QARY (0) efo aAR(W (0))%eTom

, A2 = , a3 = .
p) my(ma + p)? mr (ma + p)
Then we have:

-2

aART’ (0) et6r
my (ma + p)

02
LY <— —|—mL—|—oz—|—(a1\IJ’(O)/%eF+a3p)7j4

2

+a1RY (0) Ta (ez — e%) +4 ( \ arasazaike o v/ alagagaA/%eZ> .

Note that we have:

7'A§7'+7'L+7'A§é

)
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2

ARD Tor
ETlS*MerLJrOML

my (ma + p)

ATl A z 22 4 L o2 4 -
+ a1 kY (0) — (e — e4'r> +4 ajasazaliketsr — v/ ajasazalke? |,
Y
ART’ T6r 2
<~ (mp+a) ( aARY' (0) eTs ) 1) +(al\p/(o),%ew+agp)7'A
ATl A z 22 4 L o2 4 -
+ a1/RY(0) — (e — e4r> +4 arasazalketsr — y/ajasasahie? |,
Y

<—(mp+a)R;—-1)+ <a1\Il’ (0) ReF + a3p> Ta

A. (72 [ed
+a1RY (0) — (ez - eW> +4 (\4/ a1a2a3aA/%e% — alagagaA/%ez) ,
Y

o2
a1 ¥’ (0) ke ™ + a3p> Ta

with

For Y5 we have

(al\I/’ (0) ek + agp)

LYo <LY]+« TL
ma+p
(alllf’ (0) /%e% +a3p)
LYy < — Ry —1 T
2 <—(mp+a)(R;— 1)+« p— L
+91(2) + 92(2),
where A
R A o ST
g1(2) = a1 K9’ (0) 5 (e e )

and

g2(z) =4 (\4/ ajazaszalice o — v/ alagagaA/%eZ> .

For T3 we have

AN aT, A=~ (T+T+Ta)—pTa

LT3 < —=— —rz(e® -1
ST Ta AT —TL—Ta (e =1)
o2e* PR
+T+\P(0)me7:4+m7+m,4+p
_é_aTL_ T _rz(ez—1)+Q
T Ta A-T-T,-Ta 2 b

where

Q1 = sup {mT +ma+p+y+ (¥(0)k
z€R

2=

+%2)ez— rz(ezl)}.
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For T, we have

(al\If’ (0) fe®r + agp) A aT T

LY, <—2+4 M Tp— = — 2Lk pla

4> « ma+ p L T Ta %—7—71—7:4
_rz(ef —1)

5 + Mgi(z) + Mg (z),

for a sufficiently large constant M such that

—M(mp +a) (R —1)+ Q1 < -2

taking
(alkll’ (0) Refr + agp) A aTy
— 24 M _4_ 9L
G(T,Te, Ta, 2) + Ma e TL 7T
B pTa _rz(ef —1)
=T -To—Ta 2

then we have :

LYy <:G(T,TL, Ta, 2) + Mgi(z) + Mga(2).

Let now construct a compact set :

H={(T,T5,Ta,5) €EZ|e<T,e< T, <Ta,T
A 1
+TL+TA§—63,IZI§}
Yy €

such that G (7,7, Ta,z) < —1 for any (7,7, Ta, z) € Z\H := H¢
let H® = U?Zl H¢, where

HY ={(T.7¢,Ta,2) € 2| Tr € (0,€)},

HS ={(T,7T,Ta,2) €E|T €(0,€)},

HS = {(T,T¢,Ta,2) €E| Ta € (0,€%), T € [e,00) }

A
Hj (T, 75, Ta, 2 EulT-‘r'TL-FTAE(;—G ,00),Ta € [¢2, )},

HE = { T, 70, Ta,z) €EE| z € (i,oo)or(—oo,—i)}7

In view of

inf {z(e*=1)}=

|z|>e—1

m\H

(1 - e*%> , we obtain



G(T,T.,Ta,2) < -2+ Ma

-2+ Ma

24+ M«

-2+ Ma
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.2
<a1 W'(0)ke 10 +a3p>

(al \P'(O)Re% +a3p>

€
ma +g

A

<a1 v’ (O)F@e?TS +a3p>

ma +g

A
ma+p ¥

< -1,

4 min (2,2, £} < -1,

—5(1-et) =1

15" case : Whenever (T,7T.,Ta, z) € HS, we have

(alkll’ (0) fe® + agp)

IN

IN

—1.

24 case : Whenever (7,77, 7Ta, k) € HS,

G(T, T, Ta, k) <

A
—— -2+ M
T + M«

A
<—— -2+ Mo

€

< -1.

-2 4+ Ma

L

ma+p

<a1\I/' (0) feTr + agp)

we have

(allll’ (0) fete + a3p>

ma+p

T
ma+p t

35t case : Whenever (T, 7Tz, 7a,z) € H§, we have

G(T77-L7TA7Z) S _? _2+MOZ

IN

<

a7y,

A

29 +Ma
€

—1.

(al\II’ (0) ,%e% + agp)

(alllf’ (0) fe®r + agp) A
v

ma + p

T
ma +p g

4" case: Whenever (T, 7z, Ta, 2) € HS, we have

G(T.Te,Ta,2) <

IN

IN

_ pTa
LT -To—Ta
P 94 Ma

€

—1.

-2+ Mo

(al\II’ (0) Re®T + agp) A
Bt

ma +p

(allll’ (0) fe®T + a3p)

ma+p

ma+p

(allll’ (0) fe®r + a3p) A
v

TL
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5th case : Whenever (7,75, Ta, ) € HE, we have

(al\ll’ (0) fe®r + a3p>

-1
C(T. T T < -2 94w T
2 ma+p
2
(al\I/’ (0) ke®® + a3p)
g—i(l—e*%>—2 + Ma é
2e ma+p Y

< -1

In summury we have G (T, Ty, Ta, z) < —1 for any (T, T, Ta, z) € T'\H := He.

Following a standard argument presented in [18], we find that the process {z(t)}+>0
converges weakly to the unique stationary distribution, which is the normal dis-

tribution N (0, g—i) This stationary distribution has a density function given by

T™(z) = a\\//ge*fzzz,Vz € R, and we have for any a > 0:

2 2
T ,(@, ag > +lac)® (ac)?
/e‘”ﬂ*(z)dZZ VT /e G Wodz=e T, a.s.
R oV Jr

So and by using the It6’s integral, we have:

< EY (T, Te, Ta,2z) _EY (T(0), 7£(0), Ta(0), 2(0))

0= T

17 i
+f/o E(G (T(t), To(t), Ta(t), =(£)))dt

T T
+ ME (7{/0 gl(z(t))dt> + ME (;/O gz(z(t))dt>.

(3.2)
Using the fact that
52
(allll/ (0) hedr + agp) A
G(T(),To(t), Ta(t),2(t) <M A
(T(#), TL(t), Ta(t), 2(1)) o —— .
for all (T, Tz, Ta, z) € E
1 (T T
T/O E(G (T (t), Te(t), Ta(t), z(t)))dt < ?/0 L1e7(6), 72 (4),Ta (), 2(1)) e} At
1 T
_ T\/O 1{(T(t)’TL(t)VTA(t),Z(t))EF\H}dt
=-1
K+1 [T
+ TA 1{(T(t)’TL(t)vTA(t),Z(t))eH}dt.
(3.3)
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In addition and by the ergodicity of {z(¢)}+>0 we have

limr_ oo E (% fOT g1 (z(t))dt) =0, a.s and limyp_, o E (% fOT gg(z(t))dt) =0,a.s
By combining we get

S
lim inf T/O 1{(T(t),TL(t),TA(t),z(t))GH}dt > > 0, a.s.

T— o0 _K+1

Then by Fatou’s lemma, it implies

liminfl/TIP’((T(O) To(0), Ta(0), 2(0)) , HL, £) dt > —
T—oo T J ’ ’ ’ Y —“K+1
for all (T(0),72(0), Ta(0), 2(0)) € . Where P (S(0), V(0), E(0), 1(0), 2(0), H, £)

denotes the transition probability of (S(¢),V(t), E(t), I(t), 2(t)) € H with initial
value

(5(0), V(0), £(0), 1(0), 2(0))-

According to Lemma 2 3.1, system 1 has at least one stationary distribution 7(-)
on = if R{ > 1. Which completes the proof. O

4. Extinction

In this section, we investigate sufficient conditions for disease extinction.

Theorem 4.1. For any initial value (T(0),7£(0),T4(0),2(0)) € =, the solution
(T (), TL(t), Ta(t), 2(t)) of system has the following property

I (G270 + 225 Ta)

lim sup mete mate <min{mg 4+ a,ma + p} (KRG — 1) a.s.
t—4o0 t
Where
ak¥’ (0) Toy/ e% — 2 +1
(6% 0 o — T
W= ————— wy=1,R = /Ro + - .
(ma + p) vVRo 0 VRo (mp + @) min (mp + a,ma + p)

FEspecially, if R§ < 1, t£+moo7-L (t) =0, tilgrnoo Ta(t) =0, a.s.

Proof. Let Ty = mAT, according to [16] there is a left eigenvector (w1, ws) of

< 0 AT (0)To >
M = o mLO+04

ma-+p

corresponding to v/Ro i.e. VR (w1, ws) = (w1, ws) M.
Taking wy = m, wy = 1, and denoting
w1 W2
TL +
mp +a o ma+p 4
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we have

L(InV,) = ReE*U (TA)T —wn T +

w
— Tr —waTal,
Ve |lmp + o mA+p L 2 A}

1
— Le ! _
v _mL+a/~€e (0) TaTo —wiTr + A+

TL — wﬂ?x]

1
— W (0) TaTo — w1 Tz +
Ve_mL-FOlH ()Ao wi/L mA+p

&P’ (0) (e* — 1) ToTa,

Tr —waTa

RY(0) TaTo —wn Tr +

Ve Lmr + « ma

1
b R (0) ] e — 1| ToTa,

Vemp +a

T —waTa
p

1 TA w1
sron lE] i
1
_ - (\/9%0 _ 1) (1 T7, + waT)

mr, +a TL ma +p

' (0) e* — 1| o,

+ Ta YL R0 (0) |ef — 1| To,

mL+aTL + mA+pTA mp+o
ak ¥ (0)To
<min(mp +a,mg + ( R 71>+—
(s + avma+2) (V3o (1 0) V9
By the ergodicity of {z(t)};>0 and the Holder’s inequality, we have :

1
3
e*s) 71’d37/|e — 1" dz<</ (ezl)27r*(z)dz>
R
52 »2
=\er —2e+ +1, a.s.

Integrating from 0 to ¢ and then dividing by ¢ on both sides, and combining, we get

' 1n(mL+aT +mA+p7j4)
lim sup

t—+o0 t

le* —1].

hm —
t—oo t

<min(mp + a,m4 + p) (\/i)%o - 1)

/ .
oW (0) Tok \/e§ — % +1

(mL + a) v Ro
=min{mr + a,mas +p}(R;—1).
Therefore, if R§ < 1, then the disease will go to extinction. this completes the
proof. ([l

5. Numerical simulations

This section is devoted to the numerical illustration of the theoretical results.
In the following examples, we implement the algorithm presented in section 5

10
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Parameters Description

Data 1 Data 2

A The source of CDJ T cells from precursors 6 30
mr The removal or death rate of T 0.2 0.1
mr, The removal or death rate of Ty, 0.2 0.1
ma The removal or death rate of 74 0.2 0.2
may The removal or death rate of Ty 0.2 0.2

« The transmission rate from 7Tz, to T4 0.6 0.1

p The transmission rate from T4 to T 0.4 0.1

K he long-run mean of the infection rate 0.03 0.1

U(Ta) The non-linear incidence - -
T The maximal number that75; cells proliferate - -
I6] The logistic growth rate of Ty - -

TABLE 1. List of parameters

[15] to analyze the stochastic system 1.4, we numerically simulate the solution
of the system 1.4 starting from the initial condition (7(0),77(0),74(0),2(0)) =

(30,1,1,0.03) and (7(0), T£(0), T4 (0), 2(0)) = (300,1,1,0.1).

Exemple 1. (Stationary Distribution ).

Let W (74) = Ta in this example, we choose o = 0.3, r = 0.7, the values of the
remaining parameters are given in Data 1 of Table 4. By a simple computation,

we obtain the desired results (See Figure 1).

Aak®'
Ry = ak¥(0) = 1.1250 > 1,
m7 (mr + ) (ma + p)

2

AR (0)cTor
gy = AR (0)ere = 1.1294 > 1.
m7 (p+ma) (mg + a)

11

(5.1)
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‘ [ Frequency itsogram of 7]
ol =
: g0t
] wok > o1
— .
005
—r—

o 0

o w0 a0 a0 w0 s w0 70 BRI R TR

800 900 1000 D

0 100 200 300 400 500 600 700 800 900 1000 05 1 15 2 25
Time t

oo os I
%V)MWVMJ\\ AM&A AM’\ N M M J m
v g v o+ " ‘

0
300 400 500 6D 700 800 0 1000 (] 05 1 5 2 25 3
Time t

FIGUrRE 1. Computer simulations are performed for both the
stochastic and deterministic versions of the model, along with
histograms of the variables 7, Tz, and T4.

Exemple 2. (Extinction)

In this example we choose A = 1, 0 = 0.4, r = 1.8,k = 0.1 the values of the
remaining parameters are given in Data 1 of Table 4. By a simple computation,

we obtain the desired results (See Figures 2 and 3).

2 2
. ak¥ (0) To\/ e —2e% +1
0o—V %O“—

VRo (myp + o) min (myp + a,ma + p)

=0.9087 < 1.

12
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Value

I L I I |
60 70 80

o 10 20 20 40 50
Time t

FIGURE 2. Numerical simulations of the 77, model with bilinear
incidence rate are conducted in both deterministic and stochastic

frameworks.

I
40 50 60 70 80
Time t

FIGURE 3. Numerical simulations of the 74 model with bilinear
incidence rate are conducted in both deterministic and stochastic

frameworks.

Exemple 3. (Stationary Distribution).

Let W (Ta) = 7‘5;‘}1) in this example, we choose 0 = 0.2, 7 =2,a=0.1,b=6
the values of the remaining parameters are given in Data 2 of Table 4. By a simple

computation, we obtain the desired results (See Figure 4):
Aak¥’(0)
m (mr +a) (ma + p)

R, = —1.3333 > 1,

2
ART Tor
o CARY(0)ets — 13.4002 > 1. (5.2)
my (p+ma) (mr + a)

13



LAHCEN KHAMMICH AND DRISS KIOUACH*

0
200 400 600 800 1000 1200 1400 1600 1800 2000 2022 2024 2926 2028 293 2032 2934 2036 2938 294 2042
Time t

Value

1200

0 200 400 600 800 1000 1200 1400 1600 1800 2000 16 " 18 19 2 21

Time t

FIGURE 4. Computer simulations are performed for both the
stochastic and deterministic versions of the model, along with
histograms of the variables 7, Tz, and T4.

Exemple 4. (Extinction)

In this example we choose A =1.2, a =0.1, b =5 0 = 0.5, » = 1.8 the values of
the remaining parameters are given in Data 2 of Table 4. By a simple computation,
we obtain the desired results (See Figures 5 and 6).

BT (0) To\/eF — 2e% + 1
R — /g PV (O ToVe < ~0.9610 < 1.

o VRo (mg + o) min (my + o, ma + p)

I I I I )
40 50 60 70 80
Time t

FIGURE 5. Numerical simulations of 77, with a saturation in-
cidence rate are conducted in both deterministic and stochastic
frameworks.

14
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a0 50 60 70 80
Time t

FIGURE 6. Numerical simulations of 74 with a saturation in-
cidence rate are conducted in both deterministic and stochastic
frameworks.

6. Conclusion

In this work, we have investigated the asymptotic analysis of the stochastic
HTLV-I infection model using Black-Karasinski process . we first mentioned the
existence and uniqueness of the global solution. After that, we have demonstrated
the existence of an ergodic stationary distribution.Then, we established the suffi-
cient conditions for the disease to be extinct and we support our finding by some
numirecal simulations. Finaly, unlike the ornstein-uhlenbeck process, we have in-
troduced the Black-Karasinski process to perturbe the infection rate of HTLV-I
transmission dynamics and this serve as a solid foundation for future studies on
the HTLV-I epidemic model.
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