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ASYMPTOTIC ANALYSIS OF A STOCHASTIC SVEIS
EPIDEMIC MODEL USING BLACK-KARASINSKI PROCESS

LAHCEN KHAMMICH AND DRISS KIOUACH*

ABSTRACT. In this paper, we present a stochastic SVEIS epidemic model per-
turbed by a Black-Karasinski process. Using a Lyapunov functional approach,
we derive a sufficient condition, R > 1 for the existence of a stationary dis-
tribution, which indicates disease persistence. Additionally, we theoretically
demonstrate that the disease will die out at an exponential rate if Rf < 1.
Our results show that random fluctuations will facilitate disease outbreak.

1. Introduction

Epidemiological modeling is a crucial tool for understanding and predicting the
dynamics of infectious diseases. Since the foundational work of Kermack and McK-
endrick in the early 20th century [1], mathematical models have become central
to the study of epidemiology. These models are often based on compartmental
frameworks, where the population is divided into distinct groups according to dis-
ease status, such as susceptible, exposed, or infected. The evolution of the disease
is then described through a system of ordinary differential equations that govern
the transitions between these compartments.

Mathematical models play a vital role in predicting the progression of an epi-
demic and designing strategies to mitigate its spread. In this study, we focus on
the SVEIS (Susceptible-Vaccinated-Exposed-Infectious-Susceptible) model intro-
duced by Yunquan Song and Xinhong Zhang in [11]. The deterministic form of
the SVEIS model is expressed as the following system of equations:
ds(t) = (n —aS - {50 - mSerV) dt,
dV(t) = (S + 71 + £ — (m +w)V)dt,

dE(t) = (M - (u+a+§)E) dt, (L)

1+kI
dI(t) = (0F — (m + +n)I)dt,

Where All parameters are assumed to be positive constants, with their respective
descriptions provided in Table 1. By the analysis in [11] the reproduction number is

oS (m + w)
m(m+a+w)(m+y+n) (m+o+§)
for more detail about asymptotically analysis and disease equilibrium see [11].
However, due to environmental variability and irregular human activities, disease
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(m+n)I

FIGURE 1. Schematic diagram for SEIV model

Parameters Description
11 The Recruitment rate
The vaccination rate
The natural death rate
The average time of immunity waning
The mean infectious period

The disease transmission coefficient

The latent period

The inhibition effect

The recovery rate of exposed class

The rate of disease-related death
TABLE 1. List of parameters
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transmission is often influenced by different types of random noise. As a result,
key parameters in the progression of an infectious disease pandemic are not con-
stant but subject to stochastic fluctuations [2]. This highlights the necessity of
studying randomly perturbed SEIS models. Typically, two common approaches
are used to incorporate stochastic perturbations: linear Gaussian noise [3, 4] and
the Ornstein-Uhlenbeck process [5, 6]. Notably, Allen [7] emphasized that the
Ornstein-Uhlenbeck process, compared to linear Gaussian noise, has several advan-
tages, including continuity, asymptotic distribution characteristics, and its practi-
cal ability to describe the impact of environmental changes on disease dynamics.
Based on this reasoning, the incidence rate , a critical parameter in the model, can
be treated as a stochastic process governed by an Ornstein-Uhlenbeck dynamic.,
the standard Ornstein-Uhlenbeck process does not guarantee the non-negativity
required for epidemiological parameters. To address this, can be modeled using
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the Black-Karasinski process [9, 10], where the logarithm of satisfies an Ornstein-
Uhlenbeck process: the stochastic model is given by the following equation:

dInB = 6(In 3 — In B)dt + 6dB(t).

Here, 3 denotes the long-term average infection rate, while B(t) represents a stan-
dard Brownian motion. Additionally, # and § are positive constants. In this
context, 6 denotes the speed of reversion, while § indicates the volatility intensity.
Then by this denotation a stochastic version of 1 is given by:

dInB = 6(In B — In B)dt + ddB(t)
ds(t) = (H — a8 - B8 mS—I—wV) d,

1+kI1
dV(t) = (@S + I +EE — (m+w)V)dt, (1.2)
dE(t) = (% —(m+o+ §)E> dt,

dI(t) = (0 — (m+~ +n)I)dt,

In fact, our main aim is to study the asymptotic behavior of infectious disease,
i.e., the long-term properties of (S(t),V(t), E(t),I(t)). By letting z =Inf8 —Inf
we can equivalently transform system 1 into

ds(t) = (n —aS—BESL_ gy wV) dt,

1+kI
dV(t) = (S +~1 + gE — (m+w)V)dt,
dE(t) = (ﬁli,f} —(m+o+ §)E) at, (1.3)
dI(t) = (0F — (m +~ + n)I)dt,
dz(t) = —02(t)dt + 6dB(t).

The rest of this paper is structured as follows: Section 2 show the existence and
uniqueness of the global solution. Sections 3 and 4, present the necessary condi-
tions for the existence of a stationary distribution and the conditions for extinction,
respectively. Finally, the main conclusion of the paper are discussed in Section 5.

2. Existence and uniqueness of the global solution

Theorem 2.1. For any initial condition (S(0),V(0), E(0),1(0), 2(0)) € R4 xR the
system 1 admits a unique global solution almost surely , and the solution remains
forever in the invariant set:

I = {(S,V,E,I,z) ERL xR|S(t)+V(t)+ Et) + I(t) g%

,Sgso}

Remark 2.2. By defining a desirable non-negative C2-function
W=[S—1-InS|+[V-1-lV]+[E-1-InE]+[I-1—-Inl]+e* —-1-2
The remainder of the proof is almost the same as Theorem 3.1 in [9] and is thus
omitted.
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3. Stationary distribution

Theorem 3.1. If R§ > 1, where

82
0

Bllo(m + w)et

R = T atwmty tnm ot

then the stochastic system described by equation 1 admits at least one ergodic
stationary distribution, denoted by n(.), within the domain T.

Proof. Let defining a series of suitables C? functions:

(bl = —hlS—CllIlV
o =—InFE+ copy —c3Inl + c4l

c28

R —
93 = 2 deo(m +y +n)

¢4:flnSfanflnIfln(SofS)fln(EfoEfoI)Jrezfzfl
m
¢ = Mo3 + p4

Applying It6’s formula for the functions above, we have

1 Be*SI c1
.iﬂ(bl——s (H—aS— 1+k1—m5+wv> - V(aS—I—”yI—I—&E—(m—Fm)V)

11 _
<——+4a+m+ (x —2/awa+c(m+w) + Be*I

S
I mm+a+tw) 5 9 1
< IR 7 z4 =
= S+ "+ w +6 (Coe +4Co)
11 _1I 2 _ 2 T1 _I
< O, ,mmtatw) , g0 (ezz_e%) +Beger L 4 8L
S m+w m m  4ey
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For ¢ we have:

_ Be*ST
E(1+ kI)
coB1 E

+ 26 —030—+C3(m—|—'y+77)+040E—04
460 1

m+y+n

2
toa———— +5 C2Co ( 2 —e%)

1I m(m+a+w ~
+(m+0‘+£)_02*+02¥+ﬁC0026
S m+w

m+vy+n

52
0

II
Lo < —
m

(1+KI)

<(m+o+¢) —4</B€Z026304H0'm+,\/+77 +C2m(m—|—a+w)

k m+w

82
0

m+y+n
Tk

_II 2
+ ﬁ—czco (eZZ — e%)

3=

+es(m4+v+n)+c + c40 E + Begege

CQBI

460

_|_

(mtot€) - \/ Begeneslle ™ T I TN g, mmtatw)
k m+w

- II 7
m+y+n + Begese L 4 c23
k m 4, Co

+es(m+y+n) +e

_H z
+ B—cacy (ezz —e 7 \/30203041"[0 +Z+n)(e% —e1)
m

For ¢3 we have:

m+y+n . m(m+ a + w)
k ? m+w

g(bg, S (m + o0+ {) — 4<//BGZCQC3C4HO'

m+y+n
k

JoE + hy(2) + ha(2) (3.3)

+Cg(m+’y+7])+64

c2f3
deo(m + v +1n)
Blo(m + w)el%
m(m + a+w)(m+v +n)
2
deo(m +~ +1)

_ 2 I1
+ Begese’™ —
m

+ (64 -+

52
0

+ BCOCQG

<S(m+o+¢§)—

3IH

+ (ca + JoE + hi(z) + ha(2)

where we have:

— 2
I 52
CQm(m+a+w):Cg(m+7+n)264m+7+n_ Bllo(m + w)eiss

m+w k Cm(m 4 atw)(m+y+n)

And

_II 2 _ 2 .
hi(z) = BECQCQ (e2z — e%) Jho = (4</BCQC304HUW)(QG{W —e1)
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Then we have:

(m+o+8(R5—1) cof3
Z(ZSSS_ 2 +(C4+m)0’E+h1(2)+h2(2)
(3.4)
where
Re Bllo(m + w)e foo _m(m+o+E(RE—1)
0 — =

7c —
m(m +a+w)(m+y+n)m+o+¢) " 9fege’s 11
For ¢, and acording to we have:

I I oS E
Lo < —GFatmt Bt = — 24 (mtw) - T2+ by ) +m
wk 52

Vv
I
- 5 il tutatw—go—g 02" —1)+ e

S = (SH+V+E+I) S0 -8 2

Ppy <L oE nl oW (3
'Ss v T D _(9iviE+l) S-S

_I0 62
+5m+2a+2w+'y+17+(,6’m+2)ez—9z(ez—1)

using the fact

_II 4§ 0
B::sup{5m+2a+2w+’y+n+ <B+>ez—z(ez—1)}<oo
2€R m 2 2

we can choose a constant M such that

7M(m+a+§)(73871)

5 + B < 2. (3.6)
By combining we obtain for ¢ :
cof3 I oS oFE
Lop< -2+ M — YJoF—— — — — —
0= + (C4+4co(m+'y+n))a S Vv I
B nl wk 0z

— ——(*—1)+ Mh Mh
T (5rviBE+D S5 2 Y TMnE M)
(S, V,E,I,z)+ Mhy(z) + Mha(z).
Now let construct a compact set
ﬂSVEI@eru<S<§—e

e<kE

A 1
S+E+V+I<——8 < g}
€
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where € is a small constent satisfying the inequlities bleow.
let T\H = H¢ = |JI_, H¢, we have

H%{sv?E,f,z €T Ee (0,0}, Hy = {(S,V,E,1,2) €T | S € (0,6},

( )

={(S,V,E,1,2) €T | E € [e,00),I € (0,€%)},
]HI4:{(S V,E, I,2) €T |S € [e,0),V € (0,e)},
H = {(S,V,E,I,z) €T | E € [e,00),5 € (S”— €*,00) }
Hg:{SVEIZ)6F|S+V+E+IE[A—6 o0), I € (€2, )},

1
;= {(S VB L) T 2] € (Lo0)).

In view of inf|,s.-1 {z(e* = 1)} =2 <1 — e_%) , we obtain

c2f
1, — M O i E—
F(S,2V,E,I,z) <—-2+ (C4+4co(m+’y+n))06

S _17 if (S,ME,I,Z) 6]HI(1:7

T min{ll
FSV.EL2) <—2+ M(es + —20 1 min{lha,onw}
deg(m+y+n)" m ¢

6
< -1, if (S,V,E, I,2) € | J H,

CQﬁ H 9 _1
< _ e . — €
F(S,V,E.1,2) < 2+M(C4+460(m+’7+77))0m 2e (1 € )

< -1, if (S,V,E,I,z) € H.

In summury we have F'(S,V,E,I,z) < —1 for any (S,V, E,I,z) € IT'\H := H°.
following a standard argument presented in [9], we find that the process {z(t)}i>0
converges weakly to the unique stationary distribution, which is the normal dis-

tribution N (0, %). This stationary distribution has a density function given by :

(z) = %e_é%zzﬁz € R, and we have for any a > 0:

0 (M= _ _as \? (a0)? a0)?
/e‘”w(z)dz: \[/e ( s 2f) T gy = , .S
R VT Jr
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So and by using the It6’s integral, we have:

E¢(S, V. E, 1,2) _Ep(5(0), V(0), £(0), 1(0), 2(0))

o<
- T T
T
+%;0 B(F(S(#), V(8), B(#), I(1), 2(1)))dt
T T
+ ME (;/0 hl(z(t))dt> + ME (;/0 hg(z(t))dt> .
(3.8)
Using the fact that
F(S(). V(1) B(). 1), (1) <M(ea + ——28 ol _x
o B deo(m+y+mn)" m
V(S,V,E,I,2) €T
1 T
T/o B(F(S(t), V (1), (), I(t), 2(£)))dt
K T
S5 [ Hs@.ve).Bw).1w).x(0)emy dt
TA S \% E I H (39)

1 T
-7 /O Li(s0.v().B(0).1(0). () er\ipdt

K+1 (T
=-1+— / L{(s(t),v(0),E),1(1),2(t))cHy dL.
0

In addition and by the ergodicité of {z(¢)};>0 we have
limy o E (% fOT hl(z(t))dt) =0, a.s and limy_, o E (% fOT hg(z(t))dt) =0,a.s
By combining we get

1T 1
lim inf T ; 1{(S(t),V(t),E(t),](t)7z(t))€H}dt > m >0, a.s.

T—o0
Then by Fatou’s lemma, it implies

1
K+1

S
hmmff/o P (S(0), V(0), E(0), 1(0), 2(0), H, £) dt >

T—o0
v (5(0),V(0), E(0),1(0), 2(0)) € T,
where P (5(0),V(0), E(0), I(0), 2(0),H, t) denotes the transition probability of
(S(1),V (1), E(t),I(t), 2(t)) € H
with initial value (S(0),V(0), E(0), I(0), z(0)).
According to Lemma 2.1 in [16], system 1 has at least one stationary distribution
on I' when R > 1. Which complete the proof.
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4. Extinction

Theorem 4.1. For any initial value (S(0),V(0), £(0),1(0),x(0)) € T,
the solution (S(t),V(t), E(t),I(t), x(t)) of system 1 has the following property

o E))
lim sup

t—+oo t

<min{m+oc+&{m+y+n}(R5g—1)a.s

7\/ﬁ
=1 R =VRo+ 7z 0SBV s —dew 41

. ‘(m+’Y+77)\/7270_’ w2 (m+0o+€) min(m+o+E&,m+~vy+n)
FEspecially, if R§ < 1, t_l)linooE (t) =0, t—I}TOOI( ) =0, a.s.

where w; =

Proof. Firstly, we define a matrix

BSs°
e (75
m+y+n 0

As stated in [12], it is guaranteed that for a non-singular matrix M, a left eigen-
vector (w1, ws) exists for its eigenvalue v/Ry, such that vRg (w1, ws) = (w1, ws) M

Where w1 = m7 Wy = 1.
Denoting
I/e*m+o+§E+m+v+nI we have
1 w1 Be*SI wa )
L(nV, — —mE+ —2  GF —wl
( )= Ve<m+a+fl+k1 “1 +v+170 ?
1 Wa
< —(— _BST—wE4+—= GE-— wI)
Ve<m+0+£ﬁ ! +7+770 2
1 w1 = a0
——— (e* = 1) BS"I
+Vm+o’+£(e )8
1 I wlSﬁ
< (M —I) -1
_Ve(wlaUJQ 2[ Vm+ +€|€ |
= ( Ro — ) W1E+OJQI)
m+o+£ m+'y+n
S0
- = 7 i le” — 1]
m+0+§ +m+v+n m—i—a—i—f
<min{m+o+&{m+y+ }(\/’R 1)—|— o5°8 le* — 1]
o , - —1l.
- T 0 VRo(m+ o +§)

By the ergodicity of {z(t)}+>0 and the Holder’s inequality, we have :

o1
lim —
t—oo t 0
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Integrating from 0 to ¢ and then dividing by ¢ on both sides, and combining, we get

In (7B B+ i)

lim sup
t—o0 t

<min{m+o+E&m+y+n} (\/Riofl)

05
058 \/e%—Qe%—i—l

T Ra(m+ o +€)
=min{m+o+&m+vy+n}(R;—1).

Therefore, if R§ < 1, then the disease will go to extinction. This completes the
proof. (I

5. Conclusion

This work focuses on a stochastic SVEIS epidemic model 1, where the Black-

Karasinski process is introduced to represent the random effects in disease trans-
mission. We define two critical values R and R, to analyze the asymptotic
behavior of the system. Specifically, we demonstrate the existence of a stationary
distribution when R§ > 1, and establish the exponential extinction of the disease
when R§ < 1.
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