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Abstract. In this paper, we present a stochastic SVEIS epidemic model per-

turbed by a Black-Karasinski process. Using a Lyapunov functional approach,
we derive a sufficient condition, Rs

0 > 1 for the existence of a stationary dis-

tribution, which indicates disease persistence. Additionally, we theoretically

demonstrate that the disease will die out at an exponential rate if Re
0 < 1.

Our results show that random fluctuations will facilitate disease outbreak.

1. Introduction

Epidemiological modeling is a crucial tool for understanding and predicting the
dynamics of infectious diseases. Since the foundational work of Kermack and McK-
endrick in the early 20th century [1], mathematical models have become central
to the study of epidemiology. These models are often based on compartmental
frameworks, where the population is divided into distinct groups according to dis-
ease status, such as susceptible, exposed, or infected. The evolution of the disease
is then described through a system of ordinary differential equations that govern
the transitions between these compartments.
Mathematical models play a vital role in predicting the progression of an epi-
demic and designing strategies to mitigate its spread. In this study, we focus on
the SVEIS (Susceptible-Vaccinated-Exposed-Infectious-Susceptible) model intro-
duced by Yunquan Song and Xinhong Zhang in [11]. The deterministic form of
the SVEIS model is expressed as the following system of equations:

dS(t) =
(
Π− αS − βSI

1+kI −mS + ωV
)
dt,

dV (t) = (αS + γI + ξE − (m+ ω)V )dt,

dE(t) =
(

βSI
1+kI − (µ+ σ + ξ)E

)
dt,

dI(t) = (σE − (m+ γ + η)I)dt,

(1.1)

Where All parameters are assumed to be positive constants, with their respective
descriptions provided in Table 1. By the analysis in [11] the reproduction number is

R0 =
σβΠ(m+ ω)

m (m+ α+ ω) (m+ γ + η) (m+ σ + ξ)

for more detail about asymptotically analysis and disease equilibrium see [11].
However, due to environmental variability and irregular human activities, disease
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Figure 1. Schematic diagram for SEIV model

Parameters Description
Π The Recruitment rate
α The vaccination rate
µ The natural death rate
1
ω The average time of immunity waning
1
γ The mean infectious period

β The disease transmission coefficient
1
σ The latent period
k The inhibition effect
ξ The recovery rate of exposed class
η The rate of disease-related death

Table 1. List of parameters

transmission is often influenced by different types of random noise. As a result,
key parameters in the progression of an infectious disease pandemic are not con-
stant but subject to stochastic fluctuations [2]. This highlights the necessity of
studying randomly perturbed SEIS models. Typically, two common approaches
are used to incorporate stochastic perturbations: linear Gaussian noise [3, 4] and
the Ornstein-Uhlenbeck process [5, 6]. Notably, Allen [7] emphasized that the
Ornstein-Uhlenbeck process, compared to linear Gaussian noise, has several advan-
tages, including continuity, asymptotic distribution characteristics, and its practi-
cal ability to describe the impact of environmental changes on disease dynamics.
Based on this reasoning, the incidence rate , a critical parameter in the model, can
be treated as a stochastic process governed by an Ornstein-Uhlenbeck dynamic.,
the standard Ornstein-Uhlenbeck process does not guarantee the non-negativity
required for epidemiological parameters. To address this, can be modeled using
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the Black-Karasinski process [9, 10], where the logarithm of satisfies an Ornstein-
Uhlenbeck process: the stochastic model is given by the following equation:

d lnβ = θ(ln β̄ − lnβ)dt+ δdB(t).

Here, β̄ denotes the long-term average infection rate, while B(t) represents a stan-
dard Brownian motion. Additionally, θ and δ are positive constants. In this
context, θ denotes the speed of reversion, while δ indicates the volatility intensity.
Then by this denotation a stochastic version of 1 is given by:

d lnβ = θ(ln β̄ − lnβ)dt+ δdB(t)

dS(t) =
(
Π− αS − βSI

1+kI −mS + ωV
)
dt,

dV (t) = (αS + γI + ξE − (m+ ω)V )dt,

dE(t) =
(

βSI
1+kI − (m+ σ + ξ)E

)
dt,

dI(t) = (σE − (m+ γ + η)I)dt,

(1.2)

In fact, our main aim is to study the asymptotic behavior of infectious disease,
i.e., the long-term properties of (S(t), V (t), E(t), I(t)). By letting z = lnβ − ln β̄
we can equivalently transform system 1 into

dS(t) =
(
Π− αS − β̄ezSI

1+kI − µS + ωV
)
dt,

dV (t) = (αS + γI + ξE − (m+ ω)V )dt,

dE(t) =
(

β̄ezSI
1+kI − (m+ σ + ξ)E

)
dt,

dI(t) = (σE − (m+ γ + η)I)dt,
dz(t) = −θz(t)dt+ δdB(t).

(1.3)

The rest of this paper is structured as follows: Section 2 show the existence and
uniqueness of the global solution. Sections 3 and 4, present the necessary condi-
tions for the existence of a stationary distribution and the conditions for extinction,
respectively. Finally, the main conclusion of the paper are discussed in Section 5.

2. Existence and uniqueness of the global solution

Theorem 2.1. For any initial condition (S(0), V (0), E(0), I(0), z(0)) ∈ R4
+×R the

system 1 admits a unique global solution almost surely , and the solution remains
forever in the invariant set:

Γ =

{
(S, V,E, I, z) ∈ R4

+ × R
∣∣∣∣S(t) + V (t) + E(t) + I(t) ≤ Π

m
,S ≤ S0

}
.

Remark 2.2. By defining a desirable non-negative C2-function
W = [S − 1− lnS] + [V − 1− lnV ] + [E − 1− lnE] + [I − 1− ln I] + ez − 1− z
The remainder of the proof is almost the same as Theorem 3.1 in [9] and is thus
omitted.
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3. Stationary distribution

Theorem 3.1. If Rs
0 > 1, where

Rs
0 =

β̄Πσ(m+ ω)e
δ2

16θ

m(m+ α+ ω)(m+ γ + η)(m+ σ + ξ)

then the stochastic system described by equation 1 admits at least one ergodic
stationary distribution, denoted by η(.), within the domain Γ.

Proof. Let defining a series of suitables C2 functions:

ϕ1 = − lnS − c1 lnV

ϕ2 = − lnE + c2ϕ1 − c3 ln I + c4I

ϕ3 = ϕ2 +
c2β̄

4c0(m+ γ + η)
I

ϕ4 = − lnS − lnV − ln I − ln(S0 − S)− ln(
Π

m
− S − E − V − I) + ez − z − 1

ϕ = Mϕ3 + ϕ4

Applying Itô’s formula for the functions above, we have

L ϕ1 = − 1

S

(
Π− αS − β̄ezSI

1 + kI
−mS + ωV

)
− c1

V
(αS + γI + ξE − (m+ ω)V )

≤ −Π

S
+ α+m+ (χ− 2

√
c1ϖα+ c1(m+ ω) + β̄ezI

≤ −Π

S
+

m(m+ α+ ω)

m+ ω
+ β̄I(c0e

2z +
1

4c0
)

≤ −Π

S
+

m(m+ α+ ω)

m+ ω
+ β̄

Π

m
c0

(
e2z − e

δ2

θ

)
+ β̄c0e

δ2

θ
Π

m
+

β̄I

4c0
(3.1)
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For ϕ2 we have:

L ϕ2 ≤ − β̄ezSI

E(1 + kI)
+ (m+ σ + ξ)− c2

Π

S
+ c2

m(m+ α+ ω)

m+ ω
+ β̄c0c2e

δ2

θ
Π

m

+
c2β̄I

4c0
− c3

σE

I
+ c3(m+ γ + η) + c4σE − c4

m+ γ + η

k
(1 + kI)

+ c4
m+ γ + η

k
+ β̄

Π

m
c2c0

(
e2z − e

δ2

θ

)
≤ (m+ σ + ξ)− 4 4

√
β̄ezc2c3c4Πσ

m+ γ + η

k
+ c2

m(m+ α+ ω)

m+ ω

+ c3(m+ γ + η) + c4
m+ γ + η

k
+ c4σE + β̄c0c2e

δ2

θ
Π

m

+
c2β̄I

4c0
+ β̄

Π

m
c2c0

(
e2z − e

δ2

θ

)
= (m+ σ + ξ)− 4 4

√
β̄c2c3c4Πσ

m+ γ + η

k
e

δ2

16θ + c2
m(m+ α+ ω)

m+ ω

+ c3(m+ γ + η) + c4
m+ γ + η

k
+ β̄c0c2e

δ2

θ
Π

m
+

c2β̄I

4c0
+ c4σE

+ β̄
Π

m
c2c0

(
e2z − e

δ2

θ

)
+ (4 4

√
β̄c2c3c4Πσ

m+ γ + η

k
)(e

δ2

64θ − e
z
4 )

(3.2)
For ϕ3 we have:

L ϕ3 ≤ (m+ σ + ξ)− 4 4

√
β̄ezc2c3c4Πσ

m+ γ + η

k
+ c2

m(m+ α+ ω)

m+ ω

+ c3(m+ γ + η) + c4
m+ γ + η

k
+ β̄c0c2e

δ2

θ
Π

m

+ (c4 +
c2β̄

4c0(m+ γ + η)
)σE + h1(z) + h2(z)

≤ (m+ σ + ξ)− β̄Πσ(m+ ω)e
δ2

16θ

m(m+ α+ ω)(m+ γ + η)
+ β̄c0c2e

δ2

θ
Π

m

+ (c4 +
c2β̄

4c0(m+ γ + η)
)σE + h1(z) + h2(z)

(3.3)

where we have:

c2
m(m+ α+ ω)

m+ ω
= c3(m+ γ + η) = c4

m+ γ + η

k
=

β̄Πσ(m+ ω)e
δ2

16θ

m(m+ α+ ω)(m+ γ + η)

And

h1(z) = β̄
Π

m
c2c0

(
e2z − e

δ2

θ

)
, h2 = (4 4

√
β̄c2c3c4Πσ

m+ γ + η

k
)(e

δ2

64θ − e
z
4 )
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Then we have:

L ϕ3 ≤ − (m+ σ + ξ)(Rs
0 − 1)

2
+ (c4 +

c2β̄

4c0(m+ γ + η)
)σE + h1(z) + h2(z)

(3.4)
where

Rs
0 =

β̄Πσ(m+ ω)e
δ2

16θ

m(m+ α+ ω)(m+ γ + η)(m+ σ + ξ)
, c0 =

m(m+ σ + ξ)(Rs
0 − 1)

2β̄c2e
δ2

θ Π

For ϕ4 and acording to we have:

L ϕ4 ≤ −Π

S
+ α+m+ β̄ez

Π

m
− αS

V
+ (m+ ω)− σE

I
+ (m+ γ + η) +m

− ηI
Π
m − (S + V + E + I)

+ u+ α+ ω − ωE

S0 − S
− θz(ez − 1) +

δ2

2
ez

L ϕ4 ≤ −Π

S
− αS

V
− σE

I
− ηI

Π
m − (S + V + E + I)

− ωE

S0 − S

+ 5m+ 2α+ 2ω + γ + η +

(
β̄
Π

m
+

δ2

2

)
ez − θz(ez − 1)

(3.5)

using the fact

B := sup
z∈R

{
5m+ 2α+ 2ω + γ + η +

(
β̄
Π

m
+

δ

2

)
ez − θz

2
(ez − 1)

}
< ∞

we can choose a constant M such that

−M
(m+ σ + ξ)(Rs

0 − 1)

2
+B ≤ −2. (3.6)

By combining we obtain for ϕ :

L ϕ ≤ −2 +M(c4 +
c2β̄

4c0(m+ γ + η)
)σE − Π

S
− αS

V
− σE

I

− ηI
Π
m − (S + V + E + I)

− ωE

S0 − S
− θz

2
(ez − 1) +Mh1(z) +Mh2(z)

:= F (S, V,E, I, z) +Mh1(z) +Mh2(z).

Now let construct a compact set

H =
{
(S, V,E, I, z) ∈ Γ | ϵ ≤ S ≤ S0 − ϵ2, ϵ ≤ E, ϵ2 ≤ V, ϵ2 ≤ I

S + E + V + I ≤ ∆

m
− ϵ3,

−1

ϵ
≤ z ≤ 1

ϵ

}
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where ϵ is a small constent satisfying the inequlities bleow.
let Γ\H = Hc =

⋃7
i=1 Hc

i , we have

Hc
1 = {(S, V,E, I, z) ∈ Γ | E ∈ (0, ϵ)} ,Hc

2 = {(S, V,E, I, z) ∈ Γ | S ∈ (0, ϵ)} ,
Hc

3 =
{
(S, V,E, I, z) ∈ Γ | E ∈ [ϵ,∞), I ∈ (0, ϵ2)

}
,

Hc
4 =

{
(S, V,E, I, z) ∈ Γ | S ∈ [ϵ,∞), V ∈ (0, ϵ2)

}
,

Hc
5 =

{
(S, V,E, I, z) ∈ Γ | E ∈ [ϵ,∞), S ∈ (S0 − ϵ2,∞)

}
Hc

6 =

{
(S, V,E, I, z) ∈ Γ | S + V + E + I ∈ [

∆

m
− ϵ3,∞), I ∈ (ϵ2,∞)

}
,

Hc
7 =

{
(S, V,E, I, z) ∈ Γ | |z| ∈ (

1

ϵ
,∞)

}
.

(3.7)

In view of inf |z|>ϵ−1 {z (ez − 1)} = 1
ϵ

(
1− e−

1
ϵ

)
, we obtain

F (S, V,E, I, z) ≤− 2 +M(c4 +
c2β̄

4c0(m+ γ + η)
)σϵ

≤ −1, if (S, V,E, I, z) ∈ Hc
1,

F (S, V,E, I, z) ≤− 2 +M(c4 +
c2β̄

4c0(m+ γ + η)
)σ

Π

m
− min{Π, α, σ, η, ω}

ϵ

≤ −1, if (S, V,E, I, z) ∈
6⋃

i=2

Hc
i ,

F (S, V,E, I, z) ≤− 2 +M(c4 +
c2β̄

4c0(m+ γ + η)
)σ

Π

m
− θ

2ϵ

(
1− e−

1
ϵ

)
≤ −1, if (S, V,E, I, z) ∈ Hc

7.

In summury we have F (S, V,E, I, z) ≤ −1 for any (S, V,E, I, z) ∈ Γ\H := Hc.
following a standard argument presented in [9], we find that the process {z(t)}t≥0

converges weakly to the unique stationary distribution, which is the normal dis-

tribution N
(
0, δ2

2θ

)
. This stationary distribution has a density function given by :

π(z) =
√
θ

δ
√
π
e−

θ
δ2

z2

,∀z ∈ R, and we have for any a > 0:

∫
R
eaxπ(z)dz =

√
θ

δ
√
π

∫
R
e
−
(√

θz
δ − aδ

2
√

θ

)2
+

(aσ)2

4θ dz = e
(aσ)2

4θ , a.s.
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So and by using the Itô’s integral, we have:

0 ≤ Eϕ(S, V,E, I, z)

T
=
Eϕ(S(0), V (0), E(0), I(0), z(0))

T

+
1

T

∫ T

0

E(F (S(t), V (t), E(t), I(t), z(t)))dt

+ME

(
1

T

∫ T

0

h1(z(t))dt

)
+ME

(
1

T

∫ T

0

h2(z(t))dt

)
.

(3.8)
Using the fact that

F (S(t), V (t), E(t), I(t), z(t)) ≤M(c4 +
c2β̄

4c0(m+ γ + η)
)σ

Π

m
:= K

∀ (S, V,E, I, z) ∈ Γ

1

T

∫ T

0

E(F (S(t), V (t), E(t), I(t), z(t)))dt

≤ K

T

∫ T

0

1{(S(t),V (t),E(t),I(t),z(t))∈H}dt

− 1

T

∫ T

0

1{(S(t),V (t),E(t),I(t),z(t))∈Γ\H}dt

= −1 +
K + 1

T

∫ T

0

1{(S(t),V (t),E(t),I(t),z(t))∈H}dt.

(3.9)

In addition and by the ergodicité of {z(t)}t≥0 we have

limT→∞ E
(

1
T

∫ T

0
h1(z(t))dt

)
= 0, a.s and limT→∞ E

(
1
T

∫ T

0
h2(z(t))dt

)
= 0,a.s

By combining we get

lim inf
T→∞

1

T

∫ T

0

1{(S(t),V (t),E(t),I(t),z(t))∈H}dt ≥
1

K + 1
> 0, a.s.

Then by Fatou’s lemma, it implies

lim inf
T→∞

1

T

∫ T

0

P (S(0), V (0), E(0), I(0), z(0),H, t) dt ≥ 1

K + 1
,

∀ (S(0), V (0), E(0), I(0), z(0)) ∈ Γ,

where P (S(0), V (0), E(0), I(0), z(0),H, t) denotes the transition probability of

(S(t), V (t), E(t), I(t), z(t)) ∈ H

with initial value (S(0), V (0), E(0), I(0), z(0)).
According to Lemma 2.1 in [16], system 1 has at least one stationary distribution
on Γ when Rs

0 > 1. Which complete the proof.
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4. Extinction

Theorem 4.1. For any initial value (S(0), V (0), E(0), I(0), χ(0)) ∈ Γ,
the solution (S(t), V (t), E(t), I(t), χ(t)) of system 1 has the following property

lim sup
t→+∞

ln
(

ω1

m+σ+ξE + ω2

m+γ+η I
)

t
≤ min {m+ σ + ξ,m+ γ + η} (Re

0 − 1) a.s.

where ω1 = σ
(m+γ+η)

√
R0

, ω2 = 1, Re
0 =

√
R0 +

σS0β̄

√
e
δ2
θ −2e

δ2
4θ +1√

R0(m+σ+ξ)min(m+σ+ξ,m+γ+η)

Especially, if Re
0 < 1, lim

t→+∞
E (t) = 0, lim

t→+∞
I (t) = 0, a.s.

Proof. Firstly, we define a matrix

M =

(
0 β̄S0

m+σ+ξ
σ

m+γ+η 0

)

As stated in [12], it is guaranteed that for a non-singular matrix M , a left eigen-
vector (ω1, ω2) exists for its eigenvalue

√
R0, such that

√
R0 (ω1, ω2) = (ω1, ω2)M

where ω1 = σ
(m+γ+η)

√
R0

, ω2 = 1.

Denoting
Ve =

ω1

m+σ+ξE + ω2

m+γ+η I, we have

L (lnVe) =
1

Ve

(
ω1

m+ σ + ξ

β̄ezSI

1 + kI
−ϖ1E +

ω2

m+ γ + η
σE − ω2I

)
≤ 1

Ve

(
ω1

m+ σ + ξ
β̄S0I − ω1E +

ω2

m+ γ + η
σE − ω2I

)
+

1

Ve

ω1

m+ σ + ξ
(ez − 1) β̄S0I

≤ 1

Ve
(ω1, ω2) (M − I2)

[
E
I

]
+

I

Ve

ω1S
0β̄

m+ σ + ξ
|ez − 1|

=
1

ω1

m+σ+ξE + ω2

m+γ+η I

(√
R0 − 1

)
(ω1E + ω2I)

+
I

ω1

m+σ+ξE + ω2

m+γ+η I

ω1S
0β̄

m+ σ + ξ
|ez − 1|

≤ min{m+ σ + ξ,m+ γ + η}
(√

R0 − 1
)
+

σS0β̄√
R0(m+ σ + ξ)

|ez − 1|.

By the ergodicity of {z(t)}t≥0 and the Hölder’s inequality, we have :

lim
t→∞

1

t

∫ t

0

∣∣∣ez(s) − 1
∣∣∣ ds = ∫

R
|ez − 1|π(z)dz ≤

(∫
R
(ez − 1)

2
π(z)dz

) 1
2

=

√
e

δ2

θ − 2e
δ2

4θ + 1, a.s.
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Integrating from 0 to t and then dividing by t on both sides, and combining, we get

lim sup
t→∞

ln
(

ϖ1

m+σ+ξE + ω2

m+γ+η I
)

t
≤min{m+ σ + ξ,m+ γ + η}

(√
R0 − 1

)
+

σS0β̄√
R0(m+ σ + ξ)

√
e

δ2

θ − 2e
δ2

4θ + 1

=min{m+ σ + ξ,m+ γ + η} (Re
0 − 1) .

Therefore, if Re
0 < 1, then the disease will go to extinction. This completes the

proof. □

5. Conclusion

This work focuses on a stochastic SVEIS epidemic model 1, where the Black-
Karasinski process is introduced to represent the random effects in disease trans-
mission. We define two critical values Rs

0 and Re
0, to analyze the asymptotic

behavior of the system. Specifically, we demonstrate the existence of a stationary
distribution when Rs

0 > 1, and establish the exponential extinction of the disease
when Re

0 < 1.
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