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ABSTRACT: In this study, we introduce a class of mass-adjusted 
directed fuzzy 𝑓-divergences for discrete fuzzy states and establish data-
processing inequalities under stochastic channels. Each expected fuzzy 
object is decomposed into total mass and a normalized profile, and the 
resulting divergence is the sum of a Csiszar  

profile term and a convex mass-ratio penalty. We proved nonnegativity, 
strict separation, channel monotonicity, equality under sufficiency, 
coarse-graining inequalities, and also a strong data-processing estimate 
driven by a contraction coefficient. Here under two-sided curvature 
bounds on the generator, the profile term is quantitatively comparable 
with the fuzzy Kullback-Leibler divergence, yielding Pinsker-type lower 
bounds of this study. Binary and four-state examples, together with 
illustrate the contraction of directed fuzzy divergences under 
aggregation and noisy processing. The framework of this study covers 
fuzzy Kullback-Leibler, Pearson, Hellinger-type, and power divergences 
as special cases. 

Keywords: fuzzy divergence, non-symmetric divergence, data-
processing inequality, fuzzy channel, Csiszár 𝑓-divergence, coarse 
graining, process innovation. 

1. Introduction 

Since in the beginning Zadeh's introduction of fuzzy sets, information-theoretic 
quantities have played a central role in the measurement of uncertainty, 
discrimination, and decision quality in fuzzy environments [39]. The concept 
entropy viewpoint was axiomatized by De Luca and Termini [7, 8], while fuzzy 
divergence measures were developed by Bhandari, Pal, and Majumder [2] and 
placed on a structural footing by Montes, Couso, Gil, and Bertoluzza [24]. More 
recent and updated work extends directed divergence ideas to generalized, 
intuitionistic, picture, and Pythagorean fuzzy settings, often with various decision-
making applications [1,3,14,17,16]. 

On the probabilistic side, directed divergences and their monotonicity properties 
are very known and classical. Foundational milestones include Kullback-Leibler 
divergence [20], Shannon's information theory [30, 31], Csiszár's 𝑓-divergence and 
informativity functionals [5], Sibson's information radius [33], and modern 
refinements such as sharp 𝑓-divergence inequalities, asymptotic comparison, and 
also for strong data-processing theory [9,10,11,12,13]. The data-processing 
principle is one of the most robust structural facts in the subject, which was after 
stochastic post-processing, information cannot increase. 
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This study develops an analogous theorem-driven module for nonsymmetric fuzzy 
divergence measures. The key most observation is that a discrete fuzzy object 
naturally carries two kinds of information that are a shape component, encoded by 
a normalized membership profile, and an amplitude component, encoded by the 
total fuzzy mass. This leads to a mass-adjusted directed fuzzy divergence 

𝒟𝑓,𝑔
𝜆 (𝑎‖𝑏) = 𝐷𝑓(𝑝(𝑎)‖𝑝(𝑏)) + 𝜆𝑔 (

𝑚(𝑎)

𝑚(𝑏)
), 

where 𝐷𝑓 is a classical Csiszár divergence applied to the normalized profiles and 𝑔 

is a convex penalty for mass mismatch. The first term is genuinely channel-sensitive; 
the second term is invariant under mass-preserving channels. This separation allows 
us to prove clean fuzzy data-processing inequalities with essentially no loss of 
analytical sharpness. 

 

Figure 1. The profile-mass formalism used in the paper. 

A discrete fuzzy state is split into its normalized profile and expected total mass of 
this study. Channel action affects the profile term through a stochastic matrix and 
leaves the mass ratio invariant. This makes the data-processing argument 
transparent. 

Our emphasis is deliberately mathematical. In the finite-state setting we establish: 

(i) nonnegativity, strict separation, and an exact characterization of asymmetry; 
(ii) a data-processing inequality for arbitrary row-stochastic fuzzy channels; 
(iii) equality under a sufficiency condition formulated by a reverse stochastic 

kernel; 
(iv) a strong data-processing estimate via the contraction coefficient of the 

profile term; 
(v) comparison theorems with fuzzy Kullback-Leibler divergence under 

curvature bounds on the generator; 
(vi) explicit binary and multistate examples with figures and numerical tables. 

The resulting theory is flexible enough to recover fuzzy Kullback-Leibler, Pearson, 
Hellinger-type, and power divergences [32, 23]. 

2. Preliminaries and basic properties 

We work on the positive cone 

ℳ𝑛
∘ = {𝑎 = (𝑎1, … , 𝑎𝑛) ∈ (0, ∞)𝑛}. 

A finite fuzzy set with strictly positive membership vector is a particular element of 
ℳ𝑛

∘. The positivity hypothesis simplifies the formulas and the proof of the data-
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processing inequality; the nonnegative case with the usual absolute-continuity 
convention follows by approximation. 

 

Definition 2.1. For 𝑎 ∈ ℳ𝑛
∘ we define its total mass and normalized profile by 

𝑚(𝑎) = ∑  

𝑛

𝑖=1

𝑎𝑖 , 𝑝(𝑎) =
𝑎

𝑚(𝑎)
∈ Δ𝑛

∘  

where 

Δ𝑛
∘ = {𝑝 = (𝑝1, … , 𝑝𝑛) ∈ (0,1)𝑛: ∑  

𝑛

𝑖=1

 𝑝𝑖 = 1} 

Remark 2.2. The profile 𝑝(𝑎) captures the relative distribution of membership 
intensity across the universe, while 𝑚(𝑎) measures its overall amplitude. The 
proposed divergence treats these two sources of asymmetry separately. 

Definition 2.3. A fuzzy channel from 𝑛 states to 𝑚 states is a row-stochastic matrix 

𝐾 = (𝐾𝑖𝑗) ∈ [0,1]𝑛×𝑚 satisfying 

∑  

𝑚

𝑗=1

𝐾𝑖𝑗 = 1  for every 𝑖 = 1, … , 𝑛 

We always discard zero output columns, so that each column of 𝐾 receives positive 
mass from at least one input state. 

For a row vector 𝑎 ∈ ℳ𝑛
∘, the processed fuzzy state is the row vector 𝑎𝐾 ∈ ℳ𝑚

∘ . 
Since 𝐾 is row-stochastic, 

𝑚(𝑎𝐾) = 𝑚(𝑎)  and  𝑝(𝑎𝐾) = 𝑝(𝑎)𝐾 

The channel therefore preserves the total mass and acts linearly on the normalized 
profile. 

Definition 2.4. Let 𝑓: (0, ∞) → ℝ be convex with 𝑓(1) = 0, let 𝑔: (0, ∞) →

[0, ∞) be convex with 𝑔(1) = 0, and let 𝜆 ≥ 0. The associated mass-adjusted 
directed fuzzy divergence is defined by 

𝒟𝑓,𝑔
𝜆 (𝑎‖𝑏) = ∑  

𝑛

𝑖=1

𝑝(𝑏)𝑖𝑓 (
𝑝(𝑎)𝑖

𝑝(𝑏)𝑖

) + 𝜆𝑔 (
𝑚(𝑎)

𝑚(𝑏)
) , 𝑎, 𝑏 ∈ ℳ𝑛

∘ 

The first term is the Csiszár 𝑓-divergence of the profiles; the second term penalizes 
mass asymmetry. 

The profile part will be denoted by 

𝐷𝑓(𝑝‖𝑞) = ∑  

𝑛

𝑖=1

𝑞𝑖𝑓 (
𝑝𝑖

𝑞𝑖

) , 𝑝, 𝑞 ∈ Δ𝑛
∘  

Hence 
𝒟𝑓,𝑔

𝜆 (𝑎‖𝑏) = 𝐷𝑓(𝑝(𝑎)‖𝑝(𝑏)) + 𝜆𝑔(𝑚(𝑎)/𝑚(𝑏)) 

Proposition 2.5. Let 𝑓 and 𝑔 be convex with 𝑓(1) = 𝑔(1) = 0. 

(a) For all 𝑎, 𝑏 ∈ ℳ𝑛
∘ one has 𝒟𝑓,𝑔

𝜆 (𝑎‖𝑏) ≥ 0. 
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(b) If 𝑓 is strictly convex at 1, then 

𝒟𝑓,𝑔
0 (𝑎‖𝑏) = 0 ⟺  𝑝(𝑎) = 𝑝(𝑏). 

Table 1. Representative members of the mass-adjusted directed fuzzy 𝑓-divergence 
family. Here 𝜌 = 𝑚(𝑎)/𝑚(𝑏) and 𝛼 ≠ 0,1. 

Generator 𝒇(𝒕) Mass penalty 
𝒈(𝝆) 

Resulting 
measure 

Symmetry 
status 

DPI 

𝑡log 𝑡 − 𝑡 + 1 𝜌log 𝜌 − 𝜌 + 1 fuzzy Kullback-
Leibler 
divergence 

directed yes 

(𝑡 − 1)2 (𝜌 − 1)2 fuzzy Pearson 
𝜒2 divergence 

directed yes 

(√𝑡 − 1)2 (√𝜌 − 1)2 Hellinger-type 
fuzzy 
divergence 

profile term 
symmetric 

yes 

𝑡𝛼 − 𝛼𝑡 + 𝛼 − 1

𝛼(𝛼 − 1)
 

𝜌𝛼 − 𝛼𝜌 + 𝛼 − 1

𝛼(𝛼 − 1)
 

power 
divergence 
family 

generically 
directed 

yes 

 

(c) If 𝑓 and 𝑔 are strictly convex at 1 and 𝜆 > 0, then 

𝒟𝑓,𝑔
𝜆 (𝑎‖𝑏) = 0 ⟺  𝑎 = 𝑏. 

Proof. By Jensen's inequality, 

𝐷𝑓(𝑝(𝑎)‖𝑝(𝑏)) = ∑  

𝑛

𝑖=1

𝑝(𝑏)𝑖𝑓 (
𝑝(𝑎)𝑖

𝑝(𝑏)𝑖

) ≥ 𝑓 (∑  

𝑛

𝑖=1

 𝑝(𝑎)𝑖) = 𝑓(1) = 0. 

Since 𝑔 ≥ 0 and 𝜆 ≥ 0, part (a) follows. 

If 𝜆 = 0 and 𝒟𝑓,𝑔
0 (𝑎‖𝑏) = 0, then equality holds in Jensen's inequality above. 

Strict convexity of 𝑓 implies that the ratios 𝑝(𝑎)𝑖/𝑝(𝑏)𝑖 are constant in 𝑖. Summing 
against 𝑝(𝑏)𝑖 shows that the constant must be 1, hence 𝑝(𝑎) = 𝑝(𝑏). The converse 
is immediate. This proves (b). 

For (c), the vanishing of 𝒟𝑓,𝑔
𝜆 (𝑎‖𝑏) implies both 𝐷𝑓(𝑝(𝑎)‖𝑝(𝑏)) = 0 and 

𝑔(𝑚(𝑎)/𝑚(𝑏)) = 0. By (b) the profiles coincide, and strict convexity of 𝑔 at 1 
gives 𝑚(𝑎) = 𝑚(𝑏). 
Therefore 𝑎 = 𝑚(𝑎)𝑝(𝑎) = 𝑚(𝑏)𝑝(𝑏) = 𝑏. 

The next proposition makes the source of non-symmetry explicit. 

Proposition 2.6. Define the reciprocal generators 

𝑓⋄(𝑡) = 𝑡𝑓(1/𝑡), 𝑔⋄(𝑡) = 𝑔(1/𝑡), 𝑡 > 0 

Then, for all 𝑎, 𝑏 ∈ ℳ𝑛
∘, 

𝒟𝑓,𝑔
𝜆 (𝑏‖𝑎) = 𝒟𝑓⋄,𝑔⋄

𝜆 (𝑎‖𝑏). 

In particular, 𝒟𝑓,𝑔
𝜆  is symmetric if and only if 𝑓 = 𝑓⋄ and 𝑔(𝑡) = 𝑔(1/𝑡) for all 

𝑡 > 0. 
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Proof. Write 𝑝 = 𝑝(𝑎) and 𝑞 = 𝑝(𝑏). Then 

𝐷𝑓(𝑞‖𝑝) = ∑  

𝑛

𝑖=1

𝑝𝑖𝑓 (
𝑞𝑖

𝑝𝑖

) = ∑  

𝑛

𝑖=1

𝑞𝑖

𝑝𝑖

𝑞𝑖

𝑓 (
𝑞𝑖

𝑝𝑖

) = ∑  

𝑛

𝑖=1

𝑞𝑖𝑓
⋄ (

𝑝𝑖

𝑞𝑖

) = 𝐷𝑓 ⋄ (𝑝‖𝑞). 

The identity for the mass term is immediate. 

Table 1 lists several important choices of generator and mass penalty covered by 
the theory. 

3. Data-processing inequalities 

We now prove the main structural result. The argument is the classical Jensen proof 
of the data-processing inequality, but the mass term requires separate bookkeeping. 

Theorem 3.1 (Data-processing inequality). Let 𝑓: (0, ∞) → ℝ be convex with 
𝑓(1) = 0, let 𝑔: (0, ∞) → [0, ∞) be convex with 𝑔(1) = 0, and let 𝐾 be a fuzzy 
channel. Then, for all 𝑎, 𝑏 ∈ ℳ𝑛

∘, 
𝒟𝑓,𝑔

𝜆 (𝑎𝐾‖𝑏𝐾) ≤ 𝒟𝑓,𝑔
𝜆 (𝑎‖𝑏) 

Proof. Set 𝑝 = 𝑝(𝑎) and 𝑞 = 𝑝(𝑏). Since 𝑚(𝑎𝐾) = 𝑚(𝑎) and 𝑚(𝑏𝐾) = 𝑚(𝑏), 
the mass penalty is invariant: 

𝑔 (
𝑚(𝑎𝐾)

𝑚(𝑏𝐾)
) = 𝑔 (

𝑚(𝑎)

𝑚(𝑏)
) 

Thus, it remains to prove 
𝐷𝑓(𝑝𝐾‖𝑞𝐾) ≤ 𝐷𝑓(𝑝‖𝑞) 

Fix an output index 𝑗. Because 𝐾 is row-stochastic and the 𝑗-th output column is 
nonzero, 

(𝑞𝐾)𝑗 = ∑  

𝑛

𝑖=1

𝑞𝑖𝐾𝑖𝑗 > 0 

Define weights 

𝜔𝑖𝑗 =
𝑞𝑖𝐾𝑖𝑗

(𝑞𝐾)𝑗

, 𝑖 = 1, … , 𝑛 

Then 𝜔𝑖𝑗 ≥ 0 and ∑  𝑖 𝜔𝑖𝑗 = 1. Moreover, 

(𝑝𝐾)𝑗

(𝑞𝐾)𝑗

=
∑  𝑖  𝑝𝑖𝐾𝑖𝑗

∑  𝑖  𝑞𝑖𝐾𝑖𝑗

= ∑  

𝑛

𝑖=1

𝜔𝑖𝑗

𝑝𝑖

𝑞𝑖

 

By convexity of 𝑓, 

𝑓 (
(𝑝𝐾)𝑗

(𝑞𝐾)𝑗

) ≤ ∑  

𝑛

𝑖=1

𝜔𝑖𝑗𝑓 (
𝑝𝑖

𝑞𝑖

) 

Multiplying by (𝑞𝐾)𝑗 and summing over 𝑗 gives 
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𝐷𝑓(𝑝𝐾‖𝑞𝐾) = ∑  

𝑚

𝑗=1

  (𝑞𝐾)𝑗𝑓 (
(𝑝𝐾)𝑗

(𝑞𝐾)𝑗

)

 ≤ ∑  

𝑚

𝑗=1

 ∑  

𝑛

𝑖=1

  𝑞𝑖𝐾𝑖𝑗𝑓 (
𝑝𝑖

𝑞𝑖

)

 = ∑  

𝑛

𝑖=1

  𝑞𝑖 (∑  

𝑚

𝑗=1

 𝐾𝑖𝑗) 𝑓 (
𝑝𝑖

𝑞𝑖

)

 = ∑  

𝑛

𝑖=1

  𝑞𝑖𝑓 (
𝑝𝑖

𝑞𝑖

) = 𝐷𝑓(𝑝‖𝑞)

 

which proves the claim. 

A first consequence is the monotonicity of fuzzy divergence under aggregation. 

Corollary 3.2 (Coarse graining). Let {𝐵1, … , 𝐵𝑚} be a partition of the underlying 
universe and let 𝐾𝒫 be the deterministic channel defined by 

(𝐾𝒫)𝑖𝑗 = {
1, 𝑥𝑖 ∈ 𝐵𝑗

0, 𝑥𝑖 ∉ 𝐵𝑗
 

Then 

𝒟𝑓,𝑔
𝜆 (𝑎𝐾𝒫‖𝑏𝐾𝒫) ≤ 𝒟𝑓,𝑔

𝜆 (𝑎‖𝑏) 

Definition 3.3. A fuzzy channel 𝐾 is said to be sufficient for the pair ( 𝑎, 𝑏 ) if there 
exists a row-stochastic matrix 𝑅 such that 

𝑝(𝑎) = (𝑝(𝑎)𝐾)𝑅, 𝑝(𝑏) = (𝑝(𝑏)𝐾)𝑅. 

Theorem 3.4 (Equality under sufficiency). If 𝐾 is sufficient for ( 𝑎, 𝑏 ), then 

𝒟𝑓,𝑔
𝜆 (𝑎𝐾‖𝑏𝐾) = 𝒟𝑓,𝑔

𝜆 (𝑎‖𝑏) 

Proof. By Theorem 3.1, 
𝒟𝑓,𝑔

𝜆 (𝑎𝐾‖𝑏𝐾) ≤ 𝒟𝑓,𝑔
𝜆 (𝑎‖𝑏) 

Applying Theorem 3.1 again to the channel 𝑅 and the processed pair ( 𝑎𝐾, 𝑏𝐾 ) 
yields 

𝒟𝑓,𝑔
𝜆 (𝑎‖𝑏) = 𝒟𝑓,𝑔

𝜆 ((𝑎𝐾)𝑅‖(𝑏𝐾)𝑅) ≤ 𝒟𝑓,𝑔
𝜆 (𝑎𝐾‖𝑏𝐾) 

Combining the two inequalities proves equality. 

The strong data-processing coefficient of the profile term is defined by 

𝜂𝑓(𝐾) = sup
𝑝,𝑞∈Δ𝑛

∘

𝑝≠𝑞

 
𝐷𝑓(𝑝𝐾‖𝑞𝐾)

𝐷𝑓(𝑝‖𝑞)
 

By Theorem 3.1, one has 0 ≤ 𝜂𝑓(𝐾) ≤ 1. 

Proposition 3.5 (Strong data-processing estimate). For every 𝑎, 𝑏 ∈ ℳ𝑛
∘, 

𝒟𝑓,𝑔
𝜆 (𝑎𝐾‖𝑏𝐾) − 𝜆𝑔 (

𝑚(𝑎)

𝑚(𝑏)
) ≤ 𝜂𝑓(𝐾) [𝒟𝑓,𝑔

𝜆 (𝑎‖𝑏) − 𝜆𝑔 (
𝑚(𝑎)

𝑚(𝑏)
)]. 

In particular, if 𝑚(𝑎) = 𝑚(𝑏), then 
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𝒟𝑓,𝑔
𝜆 (𝑎𝐾‖𝑏𝐾) ≤ 𝜂𝑓(𝐾)𝒟𝑓,𝑔

𝜆 (𝑎‖𝑏). 

Proof. With 𝑝 = 𝑝(𝑎) and 𝑞 = 𝑝(𝑏) one has 

𝒟𝑓,𝑔
𝜆 (𝑎‖𝑏) − 𝜆𝑔 (

𝑚(𝑎)

𝑚(𝑏)
) = 𝐷𝑓(𝑝‖𝑞) 

and similarly for the processed pair. Hence 

𝒟𝑓,𝑔
𝜆 (𝑎𝐾‖𝑏𝐾) − 𝜆𝑔 (

𝑚(𝑎)

𝑚(𝑏)
) = 𝐷𝑓(𝑝𝐾‖𝑞𝐾)

 ≤ 𝜂𝑓(𝐾)𝐷𝑓(𝑝‖𝑞)

 = 𝜂𝑓(𝐾) [𝒟𝑓,𝑔
𝜆 (𝑎‖𝑏) − 𝜆𝑔 (

𝑚(𝑎)

𝑚(𝑏)
)]

 

If 𝑚(𝑎) = 𝑚(𝑏), then 𝑔(1) = 0 and the second statement follows. 

 

Proposition 3.6. Let 𝐾 be a fuzzy channel. 

(a) If 𝐾 is a permutation matrix, then 𝜂𝑓(𝐾) = 1. 

(b) If all rows of 𝐾 are identical, then 𝜂𝑓(𝐾) = 0. 

Proof. A permutation merely relabels coordinates, so 𝐷𝑓(𝑝𝐾‖𝑞𝐾) = 𝐷𝑓(𝑝‖𝑞) for 

all 𝑝, 𝑞, which gives (a). If all rows are identical, then 𝑝𝐾 = 𝑞𝐾 for every pair of 
profiles 𝑝, 𝑞, hence 𝐷𝑓(𝑝𝐾‖𝑞𝐾) = 0 and (b) follows. 

4. Comparison with fuzzy Kullback-Leibler divergence 

Let 
Φ(𝑡) = 𝑡log 𝑡 − 𝑡 + 1, 𝑡 > 0 

Then 𝐷Φ(𝑝‖𝑞) = KL(𝑝‖𝑞), the usual Kullback-Leibler divergence. The fuzzy 
Kullback-Leibler divergence with matching mass penalty is therefore 

𝒟Φ,Φ
𝜆 (𝑎‖𝑏) = KL(𝑝(𝑎)‖𝑝(𝑏)) + 𝜆Φ (

𝑚(𝑎)

𝑚(𝑏)
) 

The next theorem gives a generator-comparison principle under a curvature bound. 
Theorem 4.1. Let 0 < 𝑟 ≤ 𝑅 < ∞, and let 𝑓 ∈ 𝐶2([𝑟, 𝑅]) satisfy 𝑓(1) = 0. 
Assume that 

0 < 𝑐1 ≤ 𝑡𝑓′′(𝑡) ≤ 𝑐2  for all 𝑡 ∈ [𝑟, 𝑅]. 
If 𝑝, 𝑞 ∈ Δ𝑛

∘  and 

𝑟 ≤
𝑝𝑖

𝑞𝑖

≤ 𝑅  for 𝑖 = 1, … , 𝑛 

then 
𝑐1KL(𝑝‖𝑞) ≤ 𝐷𝑓(𝑝‖𝑞) ≤ 𝑐2KL(𝑝‖𝑞) 

Proof. Since Φ′′(𝑡) = 1/𝑡, the assumptions imply 

(𝑓 − 𝑐1Φ)′′(𝑡) = 𝑓′′(𝑡) −
𝑐1

𝑡
≥ 0, (𝑐2Φ − 𝑓)′′(𝑡) =

𝑐2

𝑡
− 𝑓′′(𝑡) ≥ 0 
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on [𝑟, 𝑅]. Hence both 𝑓 − 𝑐1Φ and 𝑐2Φ − 𝑓 are convex on [𝑟, 𝑅], and both vanish 
at 1. Applying their induced Csiszár divergences to the ratios 𝑝𝑖/𝑞𝑖 ∈ [𝑟, 𝑅] yields 

𝐷𝑓−𝑐1Φ(𝑝‖𝑞) ≥ 0, 𝐷𝑐2Φ−𝑓(𝑝‖𝑞) ≥ 0 

which is exactly the desired pair of inequalities. 

Corollary 4.2 (Pinsker-type lower bound). Under the assumptions of Theorem 
4.1, 

𝐷𝑓(𝑝‖𝑞) ≥
𝑐1

2
‖𝑝 − 𝑞‖1

2 

Consequently, if 𝑚(𝑎) = 𝑚(𝑏), then 

𝒟𝑓,𝑔
𝜆 (𝑎‖𝑏) ≥

𝑐1

2
‖𝑝(𝑎) − 𝑝(𝑏)‖1

2. 

Proof. Combine Theorem 4.1 with the classical Pinsker inequality 

KL(𝑝‖𝑞) ≥
1

2
‖𝑝 − 𝑞‖1

2 

If 𝑚(𝑎) = 𝑚(𝑏), then the mass penalty vanishes. 

Remark 4.3. For the Pearson generator 𝑓(𝑡) = (𝑡 − 1)2 one has 𝑡𝑓′′(𝑡) = 2𝑡. 
Hence, on a ratio interval [𝑟, 𝑅], 

2𝑟KL(𝑝‖𝑞) ≤ 𝜒2(𝑝‖𝑞) ≤ 2𝑅KL(𝑝‖𝑞). 

This provides a clean bridge between fuzzy Pearson divergence and fuzzy 
KullbackLeibler divergence, complementing bounds of the type studied in [21, 29, 
32]. 

5. Binary channels and explicit contraction formulas 

For 𝜀 ∈ [0,1/2], let 

𝐵𝜀 = (
1 − 𝜀 𝜀

𝜀 1 − 𝜀
) 

be the binary symmetric channel. If 

𝑎𝑚,𝑝 = 𝑚(𝑝, 1 − 𝑝), 𝑏𝑛,𝑞 = 𝑛(𝑞, 1 − 𝑞) 

then 
𝑎𝑚,𝑝𝐵𝜀 = 𝑚(𝑝𝜀 , 1 − 𝑝𝜀), 𝑏𝑛,𝑞𝐵𝜀 = 𝑛(𝑞𝜀 , 1 − 𝑞𝜀) 

where 
𝑝𝜀 = (1 − 2𝜀)𝑝 + 𝜀, 𝑞𝜀 = (1 − 2𝜀)𝑞 + 𝜀 

Hence the fuzzy Kullback-Leibler divergence takes the explicit form 

𝒟Φ,Φ
𝜆 (𝑎𝑚,𝑝𝐵𝜀‖𝑏𝑛,𝑞𝐵𝜀) = 𝑝𝜀 log 

𝑝𝜀

𝑞𝜀

+ (1 − 𝑝𝜀)log 
1 − 𝑝𝜀

1 − 𝑞𝜀

+ 𝜆Φ(𝑚/𝑛) 

Proposition 5.1. If 0 ≤ 𝜀1 ≤ 𝜀2 < 1/2, then for every convex normalized 
generator 𝑓 and every convex normalized mass penalty 𝑔, 

𝒟𝑓,𝑔
𝜆 (𝑎𝐵𝜀2

‖𝑏𝐵𝜀2
) ≤ 𝒟𝑓,𝑔

𝜆 (𝑎𝐵𝜀1
‖𝑏𝐵𝜀1

) 

Proof. Set 
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𝛿 =
𝜀2 − 𝜀1

1 − 2𝜀1

 

Since 0 ≤ 𝜀1 ≤ 𝜀2 < 1/2, one has 0 ≤ 𝛿 ≤ 1/2, and a direct computation shows 

𝐵𝜀2
= 𝐵𝜀1

𝐵𝛿 

Theorem 3.1 applied to the channel 𝐵𝛿 proves the claim. 

Figure 2 visualizes Proposition 5.1. The mass ratio is fixed, so the mass penalty 
contributes the same vertical shift for every 𝜀; in the picture we display the profile 
term only. Figure 3 shows grid-based estimates of the strong data-processing 
coefficient for binary channels under the Kullback-Leibler and Pearson generators. 

6. A four-state numerical illustration 

We now evaluate the theory on a simple four-state fuzzy system. Let 

𝑎 = (0.9,0.4,0.7,0.2), 𝑏 = (0.6,0.5,0.3,0.4),
𝑚(𝑎)

𝑚(𝑏)
=

2.2

1.8
= 1.222 … 

We compare four channels: 

(i) the identity channel; 
(ii) a local diffusion channel preserving the four-state resolution; 
(iii) a deterministic two-block aggregation channel merging states 1,2 and 

3,4; 
(iv) a rank-one channel whose rows are all equal. 

We evaluate the fuzzy Kullback-Leibler divergence with 𝜆 = 0.25 and the 
Pearsontype fuzzy divergence with the same weight and a quadratic mass penalty. 
The resulting values are shown in Table 2. 

The numerical behavior is consistent with the theory. First, every processed value 
is smaller than the identity value, as predicted by Theorem 3.1. Second, the rank-
one channel reduces all profile information to zero, in accordance with Proposition 
3.6; what remains is exactly the mass penalty. Third, the aggregation 

 

Figure 2. Profile-term contraction for the binary symmetric channel. 

The curves show KL(𝑝𝐵𝜀‖𝑞𝐵𝜀) as a function of the input profile parameter 𝑝, with 
𝑞 = 0.32. Increasing channel noise shrinks the directed divergence uniformly, in 
agreement with Proposition 5.1. 
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Figure 3. Grid-based estimates of the strong data-processing coefficient for binary 
channels. 

The two observed contraction curves almost coincide and closely follow (1 − 2𝜀)2. 
The figure gives a numerical picture of Proposition 3.5. 

channel contracts more strongly than the local diffusion channel, reflecting the loss 
of resolution under coarse graining. 

Remark 6.1. Because the total mass ratio is preserved by every row-stochastic 
channel, all contraction effects in Table 2 are attributable to the profile term. This 
is precisely the advantage of the profile-mass decomposition: it separates intrinsic 
information loss from the channel-invariant amplitude discrepancy. 

Table 2. Numerical contraction of two non-symmetric fuzzy divergences under 
representative channels. The identity channel gives the largest value, while the rank-
one channel annihilates the profile term and leaves only the mass penalty. 

Channel Output 
dimension 

𝓓𝚽,𝚽
𝟎.𝟐𝟓(𝒂𝑲‖𝒃𝑲) Pearson-type 

fuzzy 
divergence 

Mass 
ratio 

Identity 4 0.136972 0.278048 1.222222 
Local 
diffusion 

4 0.054390 0.103969 1.222222 

Two-block 
aggregation 

2 0.006614 0.014063 1.222222 

Rank-one 
collapse 

4 0.005760 0.012346 1.222222 

7. Conclusion 

We proposed a mathematically transparent family of non-symmetric fuzzy 
divergence measures based on a profile-mass decomposition and proved a general 
data-processing inequality for fuzzy channels. The theory combines the flexibility of 
Csiszár 𝑓-divergences with a mass-ratio penalty that preserves sensitivity to 
amplitude mismatch. Besides the basic monotonicity theorem, we obtained 
equality under sufficiency, strong data-processing estimates, and generator-
comparison bounds with the fuzzy Kullback-Leibler divergence. The finite-state 
examples confirm that both aggregation and noise suppress directed fuzzy 
divergence in a quantitatively predictable way. 

This study suggests several directions for further study that are optimal contraction 
constants for wider classes of channels, continuous-state fuzzy kernels, and 
information geometry for directed fuzzy divergences on manifolds or statistical 
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models. These concept that fit naturally into nonlinear and stochastic/global 
analysis themes while remaining will address in rigorous fuzzy information theory. 
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